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Preface

Analog andmixed-signal integrated circuits are the foundation ofmodern electronics,
with circuit analysis serving as the bedrock of their design. While many texts cover
circuit theory and synthesis, they often fall into two extremes: undergraduate books
focusing on basic linear analysis (phasors, theorems, and transforms), or classic grad-
uate texts from the 1960s and 70s that dive into deepmathematics often disconnected
from modern design needs.
As designers, we identified the tools required by the aspiring analog, mixed-signal,

and RF engineer. We believe a designer’s toolkit must include:

a. Noise analysis: Rigorous calculation and interpretation of noise in electronic
circuits.

b. Weak nonlinearities: Techniques for analyzing weakly nonlinear behavior in
electronic circuits.

c. Distributed networks: A fundamental understanding of circuits involving ideal
transmission lines.

d. Linear periodically time-varying (LPTV) systems: The analysis of circuits that
change over time, such as mixers and samplers.

To our knowledge, no single text covers these essential topics from the ground up.
While each subject is vast, a designer primarily needs a “working knowledge”—the
ability to apply theory and interpret results from simulations or measurements.
These topics are often squeezed into design courses that are already dense with archi-
tecture and topology, leaving little room for fundamental analysis.
This book addresses that reality. Based on over a decade of graduate-level instruc-

tion at the Indian Institute of Technology Madras, the University of California at Los
Angeles, and Oregon State University, the material is designed to be taken alongside
analog design electives. In our experience, this concurrent approach allows students
to immediately apply theoretical analysis to practical circuit architectures, leading to
a deeper appreciation and mastery of the craft.



xiv Preface

Organization of the Book

Chapter 1 reviews the preliminaries, and forms the foundation for the rest of this
book. The student has likely seen several portions of this material in earlier classes,
in which case this is a refresher. We begin with the modified nodal analysis (MNA)
formulation for systematically writing circuit equations in a linear time-invariant
network. We use this formulation to derive the extra-element theorem. It turns out
that the very important concepts of reciprocity and inter-reciprocity, which form a
central theme through much of this book, are natural consequences of interpreting
the MNA equations of the network. We apply these principles to the sensitivity anal-
ysis of networks.
Analog and mixed-signal circuits are fundamentally limited by noise. Chapter 2

introduces the student to techniques for analysis of noise in electronic circuits. Build-
ing on the foundations laid in Chapter 1, we derive the Nyquist and Bode’s noise
theorems, useful to quantify noise in RLC networks. We also derive the notion of
equivalent noise voltage and current of two ports, which naturally leads to the con-
cept of noise factor, which is essential for link-budget calculations.
In Chapter 3, we delve into what happens to circuit performance when the input

signal strength is too large. Network elements, even those that are supposed to be
linear, are weakly nonlinear in practice. Consequently, errors which depend on
the input in a nonlinear fashion, called distortion, manifest at the circuit output.
These errors are problematic, and often degrade performance of the system. In this
chapter, we introduce the student to various kinds of nonlinear errors, such as
harmonic and intermodulation distortion. We then develop the method of current
injection, which is a simple and systematic way of analyzing the effect of weak non-
linearities in electrical networks. We apply this technique to several practical circuits
like amplifiers and filters.
When circuit dimensions become comparable to the signal wavelength, lumped-

element assumptions fail. Chapter 4 introduces the student to analysis of circuits with
ideal transmission lines. One might wonder if this is useful in practice, since circuit
dimensions are very small in an IC environment. Though the circuits might them-
selves be very small, they often need to interface to other ICs, or to measurement
equipment. These interfaces can have dimensions that are a significant fraction of a
wavelength, or even several wavelengths long, and need to be treated as distributed
elements.We thenmotivate the need for scattering parameters as the standard param-
eter set to characterize networks at high frequencies. We conclude this chapter by
introducing the student to the operating principle behind the vector network analyzer
(VNA).
The next two chapters are intended to introduce the reader to linear periodically

time-varying (LPTV) circuits and systems. Given the ubiquitous use of time variance
in RF and mixed-signal circuits, a working knowledge and understanding of LPTV
systems is an essential part of a designer’s training. Yet, we are not aware of any
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textbook that builds these foundations. Consequently, designers usually pick these
skills up “on the job,” and tend to rely extensively on simulations. While there is no
substitute for CAD tools, an inadequate understanding of what happens under the
hood in a simulator is problematic as it results in designers “flying blind.” Chapter
5 introduces the basics of linear time-varying and periodically time-varying circuits,
and the notion of harmonic transfer functions. We then describe the MNA formula-
tion of circuit equations for LPTV circuits, which forms the basis for more advanced
material in Chapter 6. At every step, we draw parallels to the (more familiar) analysis
of their time-invariant counterparts. Finally, we develop the𝑁-path principle, which
is a technique that is extensively used in applications that range from time-interleaved
data converters to tunable RF filters.
If reciprocity and inter-reciprocity were useful tools in the analysis of linear time-

invariant networks, they are even more so in LPTV circuits and systems. Chapter 6
discusses this important aspect of LPTV circuits. The discussion builds on the MNA
formulation of the circuit equations of Chapter 5, and derives the transfer-function
and frequency-reversal theorems. In many practical applications, the output of an
LPTV network is sampled. Examples include sample-and-hold circuits, delta-sigma
data converters, and switched-capacitor filters. We derive the properties of such sys-
tems, which are facilitated by our study of inter-reciprocity. Next, we discuss noise in
LPTV circuits. It turns out that the noise in RLC networks with periodically operating
switches can be determined using analogs of the Nyquist and Bode noise theorems.
Our philosophy is that the basic ideas and principles behind the analysis of LPTV

circuits have strong parallels to those used in LTI circuit analysis, which students
are familiar with. Though the discussions are necessarily heavy with notation, we
attempt to give the “intuition behind themath” andmake the field less intimidating to
a novice. Aspects relating to circuit simulation are sprinkled at appropriate junctures
throughout the text.
Chapters 7 and 8 are the “application chapters”; they cover commonly used sub-

systems in analog and mixed-signal designs. The first of these chapters, namely
Chapter 7, focuses on continuous-time filters. We introduce the reader to the prin-
ciples of magnitude approximation, covering Butterworth and Chebyshev low-pass
filters. The chapter details the physical realization of these filters using opamp-
RC, Rauch, and 𝐺𝑚-𝐶 topologies. Aspects central to filter design practice, namely
dynamic-range scaling, differential operation, and analysis and compensation of
finite opamp bandwidth are covered.
The last chapter of the book is dedicated to switched-capacitor circuits and filters.

Switched-capacitor (SC) technology, which allows for precise filter and amplifier real-
ization in CMOS processes, is a very important technology used in many analog
subsystems like filters and data converters. The aim of this chapter, which assumes
no prior background in this area, is to build and analyze basic switched-capacitor cir-
cuits from the ground up. After deriving topologies for basic building blocks like inte-
grators and filters, we focus on non-ideal effects such as charge injection, and noise.
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This puts the student on solid ground when pursuing advanced analog and mixed-
signal design courses.
At IIT Madras, the audience for this 14-week course with four lectures per week

(called Advanced Electrical Networks [AEN]) consists of senior undergraduate and
graduate students interested in circuits who are concurrently taking other analog
design electives. In our experience, the circuit-design courses give context for the top-
ics covered in the semester-long AEN class, and are better appreciated by the students
as they see the practical relevance of the topics.
The book has benefited from the extensive feedback of several students, and

colleagues from academia and industry. In particular, we would like to acknowl-
edge Jaival Shah and Danyal Shamsi (IIT Madras), Sashank Krishnamurthy (Intel
Corporation), John Khoury (Silicon Laboratories Inc.), Stef van Zanten and Eric
Klumperink (University of Twente), and Ashwin Kumar (IIT Kanpur). The National
Programme on Technology Enhanced Learning (NPTEL), an initiative of the Gov-
ernment of India, facilitated the recording and hosting of live lectures cover-
ing the subject matter discussed in this book. They are available as two massive
open online courses (MOOCs), namely Circuit Analysis for Analog Designers
(https://nptel.ac.in/courses/117106148) and Introduction to Time-Varying Electrical
Networks (https://nptel.ac.in/courses/108106174).
Given the constraints of space and time, several worthy topics had to be given short

shrift, and some eliminated altogether. Nevertheless, we hope that the book will be
useful to students, and engineers for self study.

Shanthi Pavan
Chennai, India

Gabor C. Temes
Corvallis, USA



1

Introduction and Basic Concepts

Understanding how electrical circuits behave is fundamental to all of integrated
circuit (IC) design. Whether we are designing amplifiers, filters, or data converters,
every system can ultimately be reduced to a network of interconnected elements that
obey a few simple physical laws. This chapter develops the methods used to analyze
such networks systematically and efficiently. The material discussed here feeds into
the rest of the chapters of this book in one way or another.
We begin by revisiting the essential circuit laws—Ohm’s law, Kirchhoff’s current

law (KCL), and Kirchhoff’s voltage law (KVL)—and use them to relate currents and
voltages in electrical networks [1]. These laws form the basis for setting up equations
that describe circuit behavior. We give the physical intuition behind the Tellegen’s
theorem, a result that seems very intriguing at first [2].
We then introduce the concept of nodal analysis, which provides a structuredway of

formulating circuit equations in linear networks. From there, we build up tomodified
nodal analysis (MNA) [3], a powerful and general technique that can be applied to any
linear circuit. MNA forms the computational foundation of circuit simulators such as
SPICE [4] and provides a unified framework for hand and computer-based analysis
[5] alike.
As circuits become more complex, elements such as controlled sources must be

incorporated. We will see how these components can be represented through com-
pact “MNA stamps” that can be directly inserted into circuit equations. Using this
approach, we can efficiently analyze circuits that include both passive and active
devices without changing the overall formulation. We use the MNA approach to con-
clude that any transfer function in a linear network can be related to a component
value in a bilinear form. This leads to the so-called extra-element theorem [6].
It turns out that the MNA formulation of network equations naturally leads to the

concept of reciprocity and the adjoint (inter-reciprocal) network. The adjoint network
is a very valuable computational and analytical tool that forms the basis for advanced
topics such as noise and sensitivity computation [7]. The concepts of reciprocity and
inter-reciprocity [8] are a continuous theme throughout this book.



2 1 Introduction and Basic Concepts

1.1 Classification of Circuits

1.1.1 Linear and Nonlinear Circuits
An electric circuit is linear if its response (with all initial conditions being zero) is
proportional to the excitation. For such a circuit, superposition is applicable, i.e., the
overall response is the sum of the responses due to the individual sources. Mathemat-
ically, if the circuit’s response to x1(t) and x2(t) are y1(t) and y2(t) respectively, the
response to �x1(t) + �x2(t) is �y1(t) + �y2(t) for all constants � and � (Figure 1.1).

Figure 1.1 Is this a linear system?

The system above has an input/output relationship given by vo(t) = p(t)vi(t). Is it
a linear system?

Input Output

va(t) p(t)va(t)
vb(t) p(t)vb(t)

�va(t) + �vb(t) p(t)(�va(t) + �vb(t))
= �p(t)va(t) + �p(t)vb(t)

From the input–output table above, we see that superposition is valid. The system,
therefore, is linear.

Circuits where superposition does not hold are nonlinear. In practice, electronic
circuits may behave approximately linearly, but only within a range of signals
(Figure 1.2).

The system above has an output given by

vo(t) =
{
A(�v31(t) + v2(t))

}1∕3
�,

indicating that it is nonlinear in general. However, in the special case that
v2 = 0, vo(t) = (�A)

1∕3
�v1(t), leading us to conclude that the system behaves
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linearly in spite of signals being processed in a nonlinear fashion inside. Such sys-
tems are called externally linear, internally nonlinear systems.

Figure 1.2 Is this system linear or nonlinear?

1.1.2 Time Invariant and Time-Varying Circuits
A circuit is time invariant if its response, when initially relaxed, to a given excita-
tion is the same regardless of the time instant at which the source is connected. It is
time-varying otherwise. Time (in)variance and (non)linearity are different aspects of
a circuit that do not have anything to do with each other. The reader is encouraged to
think of examples of linear and time-invariant, nonlinear and time-invariant, linear
and time-varying, and nonlinear and time-varying systems.

1.1.3 Passive and Active Circuits

Figure 1.3 Associated directions of voltage and current at a network port.N is a symbol used to denote
a network.

A network N is passive if it cannot provide more energy to the outside world than
what was stored in it. Assume thatN is connected to the outside world through two
terminals (Figure 1.3). Note that the reference directions of the voltage and currents
are such that the reference current flows from the positive to the negative terminal in
the circuit. These are associated directions andwill be assumed throughout this work.
The power flowing into the network from the outside at time t is then P(t) = v(t)i(t),
and the energy delivered into it during the time period from 0 to t is
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E(t) =∫

t

0

v(t)i(t) dt. (1.1)

For a passive circuit, E(t) is nonnegative. For E(t) < 0, the circuit is active. Strictly
speaking, a device can only supply net electric energy to the outside if it converts
chemical or solar energy into electric form, like a battery or solar cell. However, the
adjective “active” is also often applied to circuits that are capable of converting the
power from a fixed voltage or current source into a magnified signal, like a voltage
amplifier. For a circuit with several terminal pairs, the total energy delivered at all
terminal pairs determines the active or passive property.
Terminal pairs where the current entering at one terminal is the same as the current

leaving at the other are called ports. Thus, the structure in Figure 1.3 is a one-port cir-
cuit. Circuits may be lossless or lossy. The energy stored in a lossless circuit equals the
energy supplied to it from the outside. For a lossy circuit, the stored energy is less than
the energy input from outside. Thus, in a lossy network, the electromagnetic energy
is transformed into some other form of energy, such as heat or light. A circuit ismem-
oryless if its response at a given time depends only on its excitation at the same time.
This will happen if there are no energy-storing elements in the circuit. Otherwise, the
circuit is called memoried, or dynamic.

Energy Efficiency of Charging a Capacitor

Figure 1.4 What is the energy supplied by the battery?

Figure 1.4 shows a simple circuit that illustrates some of the concepts discussed. A
battery with a voltage VB is switched at t = 0 to the series-connected R and C. (R
may be the on-resistance of the switch.) The capacitor is initially uncharged. Let us
determine the energy stored in the capacitor after the charging is completed, and
the energy delivered by the battery. The final energy stored in C is (1∕2)CV2

B. The
current flow during charging is i = Cdv∕dt, so the total energy EB supplied by the
battery at the end of the charging process is

EB(∞) =∫

∞

0

VBC
dv
dt
dt = CV2

B. (1.2)
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This is twice the energy stored inC. Thus, half of the energy provided by the battery
is lost in the charging process, dissipated in the switch resistance R. This energy is
given by

ER(∞) =∫

∞

0

Ri2(t)dt =
1

2
CV2

B, (1.3)

as expected. It is interesting to note that the energy efficiency of the charging pro-
cess is 50%, independent of the resistance of the switch. However, the speed of the
charging process is increased when R is lowered.

1.2 Circuit Components

The circuit components discussed next include passive elements such as R, L, C, as
well as active elements such as controlled sources and operational amplifiers. It will
be assumed that all elements are ideal, i.e., linear and time-invariant (LTI). Then,
their defining voltage–current relations are the following:

Resistor R ∶ v = Ri and i = Gv, where G = 1∕R. (1.4)

The equation above is Ohm’s law. Here,R is the resistance andG the conductance of
the resistor. Both have positive values. The power dissipated in the resistor is given by
P = vi = Ri2. P is clearly nonnegative, and therefore so is its time integral, the energy
E. Hence, the resistor is a passive element.

Capacitor C ∶ i = C
dv
dt

and v = 1

C
∫

t

0

i(x)dx + v(0) . (1.5)

Here, C > 0 is the capacitance of the element. Finding the energy entering a
capacitor using the time integral of the power vi shows that its value at time t is
E(t) = (1∕2)Cv2(t) > 0. Thus, the capacitor is also a passive element. From (1.5),
we see that there cannot be a step change in the voltage across a capacitor unless
an impulse current flows through it. Equivalently, if the voltage across a capacitor
experiences a step change, one must conclude that an impulse current has flown
through it.

Inductor L ∶ v = L
di

dt
and i =

1

L
∫

t

0

v(x)dx + i(0) . (1.6)

Here, L > 0 is the inductance of the element. Integrating the power vi gives
E(t) = (1∕2)Li2(t) > 0 for the energy that entered the inductor by time t. Thus, the
inductor is also a passive element. From (1.6), we see that there cannot be a step-
change in the current through an inductor unless an impulse voltage is applied across
it. This also means that if the current through an inductor experiences a step change,
an impulse voltage must have occurred across its terminals.
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The energy entering the resistor leaves the circuit in the form of radiation of heat or
an electromagnetic wave and is lost for the circuit. However, the energy entering the
capacitor is stored in the electric field between the plates; the energy of the inductor
is stored in the magnetic field within and around the device. The stored energies can
be redeemed by the circuit.
The voltages and currents in (1.4)–(1.6) are physical quantities. They are generally

functions of time. As the equations indicate, the relations describing the operation
of the circuit in which they are present are integro-differential ones. They can be
reduced to algebraic equations, and thus their solution greatly simplified, by using
the Laplace transformation. Denoting the transformed variables by capital letters, this
changes the voltage–current relation of the capacitor into I = sCV andV = I∕sC. Sim-
ilarly, for an inductor, the relations become V = sLI and I = V∕sL. For the resistor,
Ohm’s law remains unchanged between V and I.
The ratio Z = V∕I between the Laplace-transformed quantities is called the

impedance, and its reciprocal Y = I∕V is called the admittance. The Laplace-
transformed variables are closely related to the phasors used in sinusoidal steady-state
analysis. The equations used for Laplace-transformed variables in terms of the vari-
able s remain valid for phasors if s is replaced by j!. The admittance of a capacitor
is j!C, which is zero at DC. This means that the average current flowing through a
capacitor in a circuit “that works” (in the sense that none of the voltages or currents
blow up to∞) is zero. Likewise, since the DC impedance of an inductor is zero, the
average voltage across it must be zero.
The active components often encountered include the independent and dependent

(controlled) sources. The voltage across an independent voltage source is defined by
the designer, and it is independent of the current drawn from it. Similarly, the current

VCVS VCCS

CCVSCCCS

Figure 1.5 The four linear dependent (controlled) sources.
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provided by an independent current source is a given quantity and is independent of
the voltage across it.
A dependent voltage source provides a voltage vj in branch j which is a function of

another voltage vk (VCVS) or current ik (CCVS) in the circuit. Usually, the function is
linear, so the voltage is given by vj = �vk or by vj = rik. Similarly, a dependent current
source has a value determined by the voltage (VCCS) or current (CCCS) in another
branch. Usually, it is a linear dependence, so that the current is given by ij = gvk or
ij = �ik. Figure 1.5 illustrates the symbols used for independent and dependent
sources.

Figure 1.6 (a) Model for an ideal opamp. (b) The input terminals form a virtual short if the opamp has
DC negative feedback around it.

An important concept in analog circuit design is that of the operational amplifier
(Figure 1.6a), often called the workhorse of analog engineering. It can be thought of
as a voltage-controlled voltage source with an output voltage v3 = �(v1 − v2), where �
is ideally infinite. When an opamp is embedded in a circuit as shown in Figure 1.6b,
and there is DC negative feedback around it, v1 and v2 are equal. Since the opamp is a
VCVS, i = 0. Its input terminals, therefore, are said to form a virtual short.1

1.3 Kirchhoff’s Laws and the Incidence Matrix

The analysis of circuits is based on Kirchhoff’s current law (KCL) and voltage law
(KVL). TheKCL states that the sumof all currents leaving any node at any time is zero.
This is because charges ideally cannot accumulate at a node. (In a real circuit, para-
sitic capacitances are present at all nodes. Their currents must be included to make

1When there is a real short circuit between two nodes, the voltage between them is zero, and
the current can be arbitrary. In a virtual short, the voltage between the nodes is zero, and the
current flowing between the nodes is also zero.
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Figure 1.7 Example network with four nodes and six branches.

this statement valid.) The KVL states that the sum of all branch voltages in a loop is
zero. Kirchhoff’s laws are illustrated for a simple circuit in Figure 1.7. The “skeleton”
of the circuit, called its graph, is shown in Figure 1.8. The junctions between elements
are the nodes, and the elements themselves are abstracted out as branches. Our exam-
ple circuit consists of four nodes and six branches. The nodes and branches are num-
bered. The voltage of the jth node is denoted by vj. The voltage across and current
through the kth branch are denoted by ek and ik, respectively. As discussed earlier (see
Figure 1.3), the direction of current in a branch is chosen so that ek(t)ik(t) represents
the instantaneous power dissipated in the branch.

Figure 1.8 Graph of the network of Figure 1.7.

The aim of circuit analysis is to “solve” the network, which means that we need
to determine the node voltages, branch voltages, and branch currents. Since currents
only flow in response to potential differences, any one of the nodes can be chosen
as the datum or reference with respect to which the potential of all other nodes is
measured. This is numbered as node 0 and is often referred to as the ground node.
In a network with n nodes, therefore, there are (n − 1) node voltages to be found. The
network is solved by using Kirchhoff’s current law (KCL), Kirchhoff’s voltage law
(KVL), and the branch relationships, i.e., the relationships between ek and ik.
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KCL for our example circuit leads to

−i1 + i4 − i6 = 0

i1 + i2 − i5 = 0

−i2 + i3 + i6 = 0

−i3 − i4 + i5 = 0.

It is efficient at this point to introduce vector and matrix notations. We define the
incidence matrix A of the graph of the circuit. Its element in row j and column k is

ajk = +1, if branch k leaves node j
ajk = −1, if branch k enters node j
ajk = 0, otherwise.

The incidence matrix for the graph of Figure 1.8 is shown below. Each row corre-
sponds to a node, and there is a column for each branch. A contains all the informa-
tion there is in the graph. For instance, examining the third column indicates that the
branch b3 originates at node 3 and terminates at node 0 . The second row of A tells
us that branches b1 and b2 leave node 2 while b5 arrives into the node. Notice that
there are precisely two nonzero entries in every column and that the sum of every
column is zero. This means that one row of A can be removed without losing any
information.

b1 b2 b3 b4 b5 b6

1

2

3

0

⎡
⎢
⎢
⎢
⎢
⎢

⎣

−1 0 0 1 0 −1

1 1 0 0 −1 0

0 −1 1 0 0 1

0 0 −1 −1 1 0

⎤
⎥
⎥
⎥
⎥
⎥

⎦

.

Removing the (redundant) row corresponding to the ground node, we have the so-
called reduced incidence matrix denoted by Ar given below.

b1 b2 b3 b4 b5 b6

1

2

3

⎡
⎢
⎢
⎢

⎣

−1 0 0 1 0 −1

1 1 0 0 −1 0

0 −1 1 0 0 1

⎤
⎥
⎥
⎥

⎦

.

Ar is an (n − 1) × bmatrix, where n and b denote the number of nodes and branches
in the circuit, respectively. The branch currents can be collected into a column vector
i =

[
i1 i2 … ib

]T
. Then, all the KCL equations can be written in the simple form

Ari = 0. (1.7)
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where 0 is the column vector of (n − 1) zeros. The (reduced) incidence matrices only
depend on the network’s graph, and say nothing of the components constituting the
branches.
Kirchhoff’s voltage law (KVL) can simply be stated as follows. The branch voltage is

the difference between its node voltages. This is equivalent to saying that the sum of
branch voltages in a loop is zero. Since the potentials of all other nodes are measured
with respect to that of node 0 , the latter’s voltage is assumed to be 0. KVL for our
circuit example gives the equations

e1 = v2 − v1
e2 = v2 − v3
e3 = v3
e4 = v1
e5 = −v2
e6 = v3 − v1.

Similarly, collecting the branch and node voltages into column vectors e and v,
respectively, the KVL equations can be written in the concise form

e = AT
r v. (1.8)

The equations (1.7) and (1.8) above hold for all networks—linear, nonlinear, time
invariant or time varying.

1.4 Tellegen’s Theorem

The sum total of the instantaneous power dissipated in all branches of the network is
given by

Ptot =
∑

k

ekik = eTi. (1.9)

Using (1.8) and (1.7), we see that

Ptot = vTAri
⏟⏟⏟

= 0 (KCL)

= vT0 = 0. (1.10)

This indicates that the sum of instantaneous powers in all branches of a network is
zero; the power dissipation in a branch is due to power generated in other branches
of the circuit. It is important to note that this is satisfied at every instant of time—not
in some average sense.2 This is one form of the famous Tellegen’s Theorem. The reader
might wonder what all the fuss is about; net power cannot be generated or dissipated

2Evidently, Nature (unlike our economists) takes Polonius’ advice of neither being a
borrower nor lender (of power) seriously.
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in a network after all! However, there is more to this than meets the eye, as we see
below.

Figure 1.9 Two networks with the same graph. The branch voltages and currents of the networks are
denoted by ek , ik and êk , îk respectively.

Consider the networksN and N̂ shown in Figure 1.9a,b respectively. They are evi-
dently different. Assuming the resistors obey Ohm’s law,N is linear andmemoryless,
while N̂ is nonlinear and has memory. However, their graphs are identical, and the
branches and nodes are numbered the same way. The branch voltages and currents
ofN are denoted by ek, and ik and those in N̂ are denoted by êk, and îk respectively.
Let us compute the quantity

∑
k
ek îk, which has the dimensions of power. To be

clear, what we are doing is computing the product of a branch voltage inN and the
current in the corresponding branch in N̂ and summing this “power-like” quantity
over all branches. In vector notation, this is eT î. By KVL, eT = vTAr. We thus have the
surprising result

∑

k

ek îk = eT î = vTAr î = vT0 = 0. (1.11)

In a similar fashion, it is easy to see that
∑

k

êk îk =
∑

k

ek îk =
∑

k

êkik = 0 (1.12)

where the summation runs across all the branches in the network. What throws one
off about this result is that it appears that N and N̂ must somehow know what is
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happening in the other network for the result to be true. Clearly, however, there is
nothing in common between the networks other than that their graphs (and therefore
their incidence matrices) are the same. It seems difficult to wrap our heads around
the fact we can make any statement at all about

∑
k
ek îk given that the networks are

completely independent, let alone the sum being zero! Fortunately, as we see below,
this result is not as intriguing as it seems at first.

Figure 1.10 (a) Ñ is formed by adding currents sources in parallel with the branches ofN. (b) Every
branch inN has in (anti)parallel with it a current source whose value is the same as that of the corre-
sponding branch in N̂. The composite branch carries a current (ik − îk).

To intuitively understand the result, consider the new network Ñ shown in
Figure 1.10a. It is formed fromN using the following artifice. In parallel with every
branch of N, we add a current source whose value is identical to the current flow-
ing in the corresponding branch of N̂, but in the opposite direction. Since the branch
currents îk satisfy KCL, it follows that the net current injected into each node is zero.
In general, the kth branch has in parallel with it a current source îk connected in the
opposite direction as shown in Figure 1.10b. This composite branch can be thought
of as a single branch with a current (ik − îk).
Since the currents injected into every node ofN are zero, it follows that the node

voltages v1, … , v3 in Ñ in Figure 1.10a are identical to those inN in Figure 1.9a.
The graph of Ñ and a simplified version are given in Figure 1.11. Using Tellegen’s

theorem on the network of Figure 1.11b, we have
∑

k

ek(ik − îk) =
∑

k

ekik −
∑

k

ek îk = 0. (1.13)

This is a just a statement of power conservation applied to Ñ. Since
∑

k
ekik = 0 (by

power conservation inN), it is evident that
∑

k

ek îk = 0. (1.14)



1.4 Tellegen’s Theorem 13

1
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3

0

1 2

34 5

6

1̂ 2̂

3̂4̂

5̂

6̂

1
2

3

0

( 1 − 1̂) ( 2 − 2̂)

( 3 − 3̂)( 4 − 4̂)
( 5 − 5̂)

( 6 − 6̂)

Figure 1.11 Graph of Ñ, and its simplified equivalent.

We started withN and added current sources to arrive at Ñ. Had we started with N̂
instead, we would conclude that

∑

k

êkik = 0. (1.15)

To summarize, though Tellegen’s theoremwhen applied to different networks looks
intriguing at first, it can be intuitively understood.

1

2

3

0

( 1 − 1̂)

−+

ˆ1
( 2 − 2̂)

− +

ˆ2

( 3 − 3̂)

−

+

ˆ3

( 4 − 4̂)

−

+

ˆ4

( 5 − 5̂)

+

−
ˆ5

( 6 − 6̂)
+ −

ˆ6

p q

( − ˆ )

+ −( − ˆ )

Figure 1.12 Inserting voltage sources in every branch of Ñ, in a direction as to oppose the branch
voltage. The voltage source is chosen to be that of the corresponding branch in N̂.

We now describe a modification of the graph of Figure 1.11b that is useful in under-
standing the incremental behavior of nonlinear networks. As discussed earlier, the
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branch voltages in Figure 1.11b are identical to those inN since the net current we
injected into every node when we formed Ñ was zero. Taking this a step further,
we insert in series with the kth branch of the graph of Figure 1.9b a voltage source
identical to that in the corresponding branch of N̂, namely êk. The voltage source
is inserted in the sense that it decreases the branch voltage as shown in Figure 1.12.
Going around every loop, we see that the net voltage we have introduced into the
loop is zero, since the êk’s satisfy KVL. As a consequence, the branch currents cannot
change; they remain (ik − îk).

1.5 The Incremental Network and Small-Signal Analysis

What does all this mean in practice, and why is this construct useful? What we have
concluded from the previous section is the following. Suppose that two networks,
N and N̂, have the same graph and their branch voltages/currents are denoted by
ek∕ik and êk∕îk, respectively. A new network with the same graph but with branch
voltages/currents (ek − êk)∕(ik − îk) satisfy KVL and KCL, respectively. It turns out,
as we see below, that this is the basis for small-signal (also known as incremental)
circuit analysis.
Consider the two networks shown in Figure 1.13a,b. They are identical except that

the sources in N̂ are increased by ∆Va and ∆Ib. Note that the increments need not be
small. g1(⋅) and g2(⋅) denote nonlinear conductances so that the branch current i1 is
related to the branch voltage according to i1 = g1(e1).
The “difference” network is shown in Figure 1.13c. The branch voltages and cur-

rents in this network are ∆ek and ∆ik, which are used to denote (êk − ek) and (îk − ik)

respectively. We see that independent sources are the increments in the voltage
and current excitations, namely ∆Va and ∆Ib. The branch relations in the network
of Figure 1.13c relate ∆ek to ∆ik. For instance, the first branch relation is derived
as follows.

i1 = g1(e1) fromN

i1 + ∆i1 = g1(e1 + ∆e1) from N̂

∆i1 = g1(e1 + ∆e1) − g1(e1).

(1.16)

Using the Taylor expansion for g1(⋅) around e1, we have

∆i1 =
dg1(x)

dx

|||||||x=e1
∆e1 +

1

2

d2g1(x)

dx2

|||||||x=e1
∆e21 +⋯ (1.17)

If the ∆Va and ∆Ib qualify as small-signal excitations so that the higher-order terms
in the Taylor series are negligible, the first branch can be replaced by a linear con-
ductance whose value is given by dg1(x)∕dx evaluated at x = e1. e1 is the so-called
“operating point” of the nonlinear element g1(⋅), and the difference network becomes
linear. It is commonly referred to as the incremental circuit, where the component
values depend on the operating point as shown in Figure 1.13d.
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Figure 1.13 (a) Original network, consisting of nonlinear conductances g1(⋅) and g2(⋅). (b) Network
in (a), but the exciting sources changed. The changes need not necessarily be small. (c) The changes in
branch currents and voltages satisfy KCL/KVL. The elements in the network are nonlinear. (d) In the
special case where the changes in branch voltages can be considered small, the nonlinear elements can
be replaced by their incremental equivalents.

To summarize, to determine the changes in branch voltages and currents in a net-
workN with nonlinear conductances due to a small change in the excitation sources,
we proceed as follows.

a. Determine the branch voltages and currents inN. Since the relations that govern
the branch currents and voltages are nonlinear in general, it is often not possible
to solve the set of KCL/KVL equations analytically. In such a case, the solution
must be found numerically. The branch voltages/currents constitute the operat-
ing points of the corresponding conductances.

b. Create a linear network with the same graph asN. This is the incremental net-
work. The sources that excite this network are the changes in the exciting sources.
The component values are linear conductances whose values are the slopes of
the nonlinear conductances determined at the corresponding operating point.
The branch voltages and currents in the incremental network correspond to
changes in the branch voltages/currents in N due to a change in the exciting
sources.

c. Solve the incremental network. This can be done analytically, since the network
is linear. This will yield all the ∆ek and ∆ik. The branch voltages and currents in
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N due to the changed excitations are simply given by (ek + ∆ek) and (ik + ∆ik)

respectively.

1.6 Solving Linear Networks Using Modified Nodal Analysis

In this section, we develop the modified nodal analysis (MNA) method of writing
down circuit equations. For simplicity, we consider memoryless networks. The same
concepts hold for networks containing inductors and capacitors operating in the sinu-
soidal steady state. We start with the basic example of Figure 1.14, which consists
of conductances and independent current sources. How do we “solve” the network?
By “solve”, we mean—determining all the node voltages and branch currents in the
network.

Figure 1.14 Example network to illustrate the nodal analysis.

a. Choose an arbitrary node as the groundnode,with respect towhich all other node
potentials are measured. In the example of Figure 1.14, the node 0 is chosen as
the ground node.

b. The unknowns to be evaluated are the node voltages. In our example network,
they are v1, v2, and v3.

c. Write Kirchhoff’s current law (KCL) at every node other than the ground node.
For our example network, we have the following.

ga(v1 − v2) + gcv1 = ia

ga(v2 − v1) + gd(v2 − v3) = ib

gbv3 + gd(v3 − v2) = −ib

The set of equations above is expressed in matrix form as follows. Let us take a
look at the anatomy of the matrices—this will perhaps help us write the matrices
right away without having to go through the effort of writing KCL at each node,
collecting terms, etc.

⎡
⎢
⎢
⎢
⎣

#$ + #& −#$ 0
−#$ #$ + #) −#)
0 −#) #* + #)

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

1

2

3

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

2$
2*
−2*

⎤
⎥
⎥
⎥
⎦

←
←
←

(1.18)
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The unknowns are the node voltages v1, v2, and v3. They form the column vector
of unknowns on the left-hand side. In general, if the number of nodes is n, there
will be (n − 1) unknowns. The square matrix on the left-hand side is 3 × 3: this
makes sense, as there are three unknowns and three equations. Each row of the
matrix arises fromwriting KCL at a node. Each column of thematrix corresponds
to a node potential. For instance, the entry in the second row and first column,
namely−ga, indicates that−ga is the coefficient of v1 in theKCL equationwritten
for node 2 . The right-hand side is a column vector with known entries, which
are the independent currents entering the nodes.

d. Careful observation of the square matrix on the left-hand side of (1.18) reveals
that each element in the network has a unique pattern of entries associated with
it. For instance, the conductance ga connected between nodes 1 and 2 appears
in rows 1 and 2, and columns 1 and 2. This makes sense—after all, the current
through ga must appear in the KCL equations written at nodes 1 and 2 . Fur-
thermore, the current through ga depends on v1 and v2; ga must thereby appear
in columns 1 and 2. This specific pattern is called the stamp of the conductance.
The stamp of a conductance connected between nodes p and q is given in
Figure 1.15. It is a square matrix whose dimension is equal to the number of
unknowns. Its only nonzero entries are shown in the figure. In similar fashion,
we see that a current source connected between nodes p and q is given in
Figure 1.16. It is a columnmatrix with height equal to the number of unknowns.
Its only nonzero entries are shown in the figure.

e. The unknown, namely the node-voltage vector, is determined by inverting the
conductance matrix and multiplying it with the excitation vector.

Figure 1.15 Conductance connected between the pth and qth nodes, and its stamp.

Figure 1.16 Current source connected between the pth and qth nodes, and its stamp.
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Figure 1.17 Example network containing a voltage-source excitation.

Consider now a network that contains a voltage-source excitation, such as the one
shown in Figure 1.17. The voltage source poses a problem for nodal analysis, since
the current that flows through is independent of the voltage. This is unlike a conduc-
tance, where the current depends on the voltage across it. Evidently, our procedure
for solving the networkmust bemodified. To address the problem, we denote the cur-
rent through the voltage source vb by ib and treat it as an unknown. An additional
unknown will need an additional equation. It is simply the constraint imposed by vb,
which is

v2 − v3 = vb. (1.19)

In matrix form, the equations are given by

⎡
⎢
⎢
⎢
⎢
⎢

⎣

ga + gc −ga 0 0

−ga ga + gd −gd 1

0 −gd gd + gb −1

0 1 −1 0

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

A

⎡
⎢
⎢
⎢
⎢
⎢

⎣

1

2

3

ib

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟

X

=

⎡
⎢
⎢
⎢
⎢
⎢

⎣

ia

0

0

b

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟

E

(1.20)

A few observations are in order. The shaded entries are due to the voltage source.
The network is captured in the augmented nodal matrix, denoted by A. Its order has
increased by 1 when compared to the network in Figure 1.14, since the number of
unknowns is now 4. The 1 in the last column of row 2, and −1 in the last column of
row 3 make explicit that ib is being drawn from node 2 and pushed into node 3 . ib
is added to the column of unknowns, denoted by X. vb is added as a new row to E,
which is the vector of independent excitation sources on the right-hand side.X is seen
to be given by X = A−1E. The way of writing network equations is nodal analysis,
except that it has been modified to be able to support voltage sources. It is therefore
called modified nodal analysis (MNA), and the stamps of the circuit elements are all
referred to as MNA stamps. Figure 1.18 shows the MNA stamp of a voltage source
connected between the pth and qth node.
To summarize, when a voltage source is encountered, a new row and column are

added to the augmented nodal matrix. The extra column has 1 and −1 in the pth and
qth positions, respectively. The new row is the transpose of the extra column. The
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Figure 1.18 Voltage source connected between the pth and qth nodes, and its MNA stamp.

current through the voltage source is appended to the columnof unknowns. The value
of the voltage source is appended to the vector of independent sources.
Let us now move to the MNA stamps of controlled sources. We first consider

the voltage-controlled current source (VCCS), using the network of Figure 1.19 for
illustration.

Figure 1.19 Example network containing a VCCS.

Applying KCL at each node yields three equations, which in matrix form are writ-
ten as follows. The terms shaded in gray are due to the VCCS. Since the current
source is connected between nodes 2 and 3 , the gm terms appear in the second and
third rows. Furthermore, since the current is proportional to the potential difference
between 1 and 3 , gm appears in the first and third columns. Since nonewunknowns
are introduced, the three node potentials need to be determined. Figure 1.20 shows a
VCCS connected between arbitrary nodes and the corresponding MNA stamp.

⎡
⎢
⎢
⎢

⎣

ga + gc −ga 0

−ga + gm ga + gd −gd −gm

−gm −gd gb + gd + gm

⎤
⎥
⎥
⎥

⎦

⎡
⎢
⎢
⎢

⎣
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2

3

⎤
⎥
⎥
⎥

⎦
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⎡
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⎢
⎢

⎣
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0

0

⎤
⎥
⎥
⎥

⎦

. (1.21)

Figure 1.20 A voltage-controlled current source and its MNA stamp.
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Let us now derive the stamp of a voltage-controlled voltage source (VCVS). We use
the network of Figure 1.21 for illustration. The four node voltages are unknowns, as
is the current ix through the voltage source.

Figure 1.21 Example network containing a VCVS.

Applying KCL at each node yields four equations. In addition, the VCVS yields the
additional equation

v2 − v4 − �v1 + �v3 = 0. (1.22)

In matrix form, the five equations are expressed as follows. The terms shaded in gray
are due to the VCVS. Since ix flows from node 2 to 4 , 1 and −1 appear in the last
column of the second and fourth rows respectively.

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎥
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⎥
⎥
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. (1.23)

Figure 1.22 shows a VCVS connected between arbitrary nodes, and the corresponding
MNA stamp.

Figure 1.22 A VCVS and its MNA stamp.

Next, we derive the stamp of a current-controlled current source (CCCS). We use
the network for Figure 1.23 for illustration. The four node voltages are unknowns, as
is the current ix through the zero-voltage source. Applying KCL at each node yields
four equations. In addition, the zero-voltage source implies that

v1 − v4 = 0. (1.24)
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Figure 1.23 Example network containing a CCCS.

In matrix form, the five equations are expressed as follows. The terms shaded in
gray are due to the CCCS. Since ix flows from node 1 to 4 , 1 and −1 appear in the
last column of the first and fourth rows, respectively.

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

gc 0 0 0 1

0 ga + gd −gd −ga −�
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⎥
⎥
⎥
⎥
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⎥
⎥
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. (1.25)

Figure 1.24 shows a CCCS connected between arbitrary nodes, and the correspond-
ing MNA stamp.
The last controlled source remaining is the current-controlled voltage source

(CCVS). We derive its MNA stamp using the network of Figure 1.25 for illustration.
The unknowns are the four node voltages and the currents ix and iy through the
zero- and controlled-voltage sources, respectively. Applying KCL at each node yields
four equations. There are two additional unknowns; two more equations are needed.
They are the constraints imposed by the voltage sources and given by

v1 − v4 = 0 (1.26)

Figure 1.24 A CCCS, and its MNA stamp.

and

v2 − v3 = Rix. (1.27)
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Figure 1.25 Example network containing a CCVS.

In matrix form, the six equations are expressed as shown below. The terms shaded
in gray are due to the CCVS. Since ix flows from node 1 to 4 , 1 and −1 appear in the
penultimate column of the first and fourth rows, respectively. As iy flows from node
2 to 3 , 1 and−1 appear in the last column of the second and third rows, respectively.
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(1.28)

Figure 1.26 shows a CCVS connected between arbitrary nodes and the correspond-
ing MNA stamp.

Figure 1.26 A CCVS and its MNA stamp.

The ideal opamp is a commonly used network element. If an opamp has DC neg-
ative feedback around it, its two input terminals form a virtual short. This means
that they have the same potential, and no current flows into these terminals. Let us
derive the MNA stamp of an opamp, using the network of Figure 1.27 for illustra-
tion. The unknowns are the five node voltages, the currents ix and iz flowing into the
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opamps, and iy flowing into the input source vs. Applying KCL at each node yields
five equations. Three more equations are needed, as there are as many additional
unknowns. The equations are

v1 = vs
v1 = v3
v4 = 0.

Figure 1.27 Example network containing ideal opamps.

The first of these is imposed by the voltage source, while the other two are the result
of the opamps’ input terminals forming a virtual short. In matrix form, the eight
equations are expressed as shown below. The terms shaded in gray are due to the op-
amps. Since ix flows out of 2 , 1 appears in the penultimate column of the second
row. Likewise, as iz flows out of node 5 , 1 appears in the last column of the fifth row.
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. (1.29)

Figure 1.28 gives the MNA stamp of an opamp connected between arbitrary nodes.
It is important to bear in mind that there must be DC negative feedback around the
opamp for the virtual-short concept to hold.
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Figure 1.28 An ideal opamp and its MNA stamp.

1.6.1 Networks with Multiple Ideal Opamps

Figure 1.29 (a) NetworkN containing two ideal opamps. (b) Network N̂ with the outputs of the op-
amps interchanged. All node voltages and branch currents remain unchanged since theMNA equations
are identical.

We now make a useful observation in circuits that contain multiple ideal opamps.
For starters, consider a network N with two ideal opamps connected to nodes p ,
q , r and a , b , c as shown in Figure 1.29a. The relevant portion of the MNA
matrices, i.e., that pertaining to the two opamps is shown below N. Let us now try
the reverse—to determine the connections of the opamps from the MNA matrices.
From the last two rows, it is evident that vp = vq and va = vb, indicating that p – q
and a – b form virtual shorts. What it is not clear, however, is how rows r and c

should be assigned to the opamps. Interchanging the roles of r and c , as seen in
N̂ (Figure 1.29b) would result in the same MNA equations! The node voltages and
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branch currents inN and N̂ are thus seen to be identical, though the circuits might
appear very different. In a circuit withm ideal opamps, there are thereforem! seem-
ingly different variations that basically are the same circuit.3 The “trick” of inter-
changing opamp outputs, therefore, is useful to generate alternative circuits that
attempt to realize the same functionality—some of which may be better than others
when practical opamp nonidealities are considered. One should note that the signs
of the opamps in each of the alternative circuits have to be reevaluated to ensure that
there is indeed DC negative feedback around them.

Figure 1.30 (a) Circuit of Figure 1.27, but with the output terminals of the opamps interchanged. The
output is v5. (b) Redrawing the circuit.

We illustrate with an example. Referring to Figure 1.27, let v5 denote the output of
the circuit. The voltage gain is given by

v5
vs
= − (1 +

R2
R1
)
R4
R3
. (1.30)

Figure 1.30a shows the circuit of Figure 1.27, but with the outputs of the opamps
interchanged. Part (b) of the figure shows a redrawn version. The output is still v5.

3The ! inm! not only denotes the factorial but also excitement at this result!
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Note that the signs of the first opamp have to be appropriately chosen so that both
opamps have dc negative feedback around them. Furthermore, the output is the
potential of node 5 . Straightforward analysis shows that

v2
vs
= (1 +

R2
R1
) . (1.31)

As a consequence,
v5
vs
= − (1 +

R2
R1
)
R4
R3
. (1.32)

The gain is indeed the same in both circuits, even though they look very different;
the amplifier of Figure 1.27 is a cascade of two stages, while that of Figure 1.30b uses
overall feedback. However, as our analysis shows, these two very different-looking
circuits are actually the same if the opamps are ideal. The reader should verify that the
MNA equations for the circuit of Figure 1.30b are identical to those for the network
of Figure 1.27. It must therefore follow that the node voltages and branch currents in
the circuits must therefore be the same. We reiterate that this only holds when the
opamps are ideal—with real opamps, however, the performance of the two circuits
will not be the same—one could perform better than the other.

To summarize, a systematic way of generating the MNA equations of a network is
the following.
a. The augmented nodal matrix A is square with a dimension that equals the

number of node voltages plus the number of currents through voltage sources.
A is initialized with all zero entries.

b. Going element by element in the network, we add toA the MNA stamp of the
corresponding element. It is thus seen that A is simply the sum of the MNA
stamps of all the elements in the network.

c. The unknown vector X is determined using X = A−1E, where E is the source
(or excitation) vector.

Figure 1.31a–e tabulates the MNA stamps of conductance and the four controlled
sources for ready reference.
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Figure 1.31 Summary of MNA stamps.
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1.6.2 Sinusoidal Steady-State: Capacitors and Inductors

Figure 1.32 The MNA stamp of (a) a capacitor and (b) an inductor. Sinusoidal steady-state operation
at a frequency f is assumed.

The discussion so far focused on memoryless networks. It is straightforward to see
that the principles hold for networks operating in the sinusoidal steady state. The
unknowns and excitations are now phasors. When capacitors and inductors are
included in the network, their (frequency-dependent) MNA stamps are necessary. It
is easy to see that the MNA stamp of the capacitor is a symmetric matrix as shown
in Figure 1.32a. The stamp is seen to be similar to that of a conductance, except that
the entries correspond to the frequency-dependent admittance of the capacitor. It is
tempting to use the same approach for the inductor. This, however, is problematic
since the entries in the stamp would then be of the form ±1∕(j2�fL) which go to
infinity at DC. The solution to this problem is to introduce the inductor current as
a new unknown IL and add the equation V1 − V2 − j2�fLIL = 0 to the set of nodal
equations. In the nodal matrix, this corresponds to an additional row and column as
shown in Figure 1.32b.
The same approach can be used to write the MNA equations when transfer func-

tions need to be computed; j2�f in the discussion above is replaced by the Laplace
variable s.
The reader might wonder why all the discussion about writing MNA equations is

relevant in the first place, when it seems more suited for a book devoted to describ-
ing the operation of circuit simulation programs. It turns out that understanding the
MNA formulation is valuable in multiple ways, such as the following.

• As we will see going forward, the MNA formulation allows one to systematically
derive reciprocal and inter-reciprocal networks, which are immensely useful in
their own right.

• During the design of analog andmixed-signal subsystems and systems, it is often
necessary to be able to simulate circuit blocks in the time domain. In many



1.6 Solving Linear Networks Using Modified Nodal Analysis 29

cases, the level of detail needed is more than just the “top-level” transfer func-
tion. TheMNA formulation allows a designer to create state-spacemodels for cir-
cuit blocks, which can in turn be used for system-level simulations in tools like
MATLAB.

(Continued)

Example: Descriptor State-Space Modeling of a Second-Order Filter

Suppose that the second-order filter structure shown in Figure 1.33 needs to be
simulated in the time domain as part of a larger system. The opamp is modeled as
a VCCS with a transconductance given by gota. Furthermore, assume that we are
interested in the voltage waveform at all nodes. The reader is no doubt familiar
with the state-space description of a linear system, namely

ẋ = Ax + Bu , y = Cx + Du. (1.33)

x is the vector of state variables, A, B, C, D are the state matrices, and y and u
denote the output and input vectors, respectively.

Figure 1.33 Modeling an analog sub-block for time-domain simulations.

When applied to the filter of Figure 1.33, the “standard” state-space description
is problematic due to the following. The states are the capacitor voltages v2 and
(v3 − v4). All other node voltages and voltage-source currents (a total of five in
number) are linearly related to the state variables. Writing out the state matrices
in terms of the node voltages is cumbersome.
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(Continued)

The problem above is avoided by the use of the descriptor-state space formulation,
which allows us to use the MNA equations directly. The mechanics of the pro-
cess is first described, following which we delve into practical details. The MNA
equations, written in terms of the Laplace-transformed unknowns in the network
(namely the node voltages and input-source current), are expressed as follows.

s
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⎢
⎢
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The “capacitor” terms in the augmented nodal matrix are separated from the
conductance part, as shown above. Consequently, the MNA equations can be
expressed as

sCX + GX = E.

The capacitance matrix C is clearly singular, since two of its rows are zero. This
makes sense since there are only two independent voltages (those across the capac-
itors), while there are five unknowns. In the time domain, the MNA equations
reduce to

Cẋ + Gx = E.

If C were nonsingular, both sides of the equation above could be multiplied by
C−1, resulting in the state equations ẋ = −C−1GX + C−1E. Since C is singular, its
inverse does not exist. However, it is still possible to solve the set of equations above
(these are called differential algebraic equations, or, DAEs). In MATLAB, the sys-
tem above can be described using thedss command. The code fragment that can
be used to plot all the unknowns due to a step change in vi is given below.
Listing 1.1 Descriptor State-Space Systems

1 % MATLAB code
2 %
3 % C\dot{x} = -Gx + e;
4 % A is the matrix that multiplies x.
5 % B = e/v_i = [0 0 0 0 1]';
6 %
7 A = -G;
8 B = [0 0 0 0 1]';
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9 D = 0;
10 sys_biquad = dss(A,B,eye(5),D,C);
11 % Defines biquad in descriptor state-space form
12 % The outputs are all the node voltages, and current

through the input source.
13 [x, t] = step(sys_biquad,10); % computes step response

for 10 seconds

1.7 Bilinear Form of a Transfer Function, and the
Extra-Element Theorem

Figure 1.34 How does vo∕is depend on g?

Consider a networkN, as shown in Figure 1.34. How does the transimpedance vo∕is
depend on a conductance g connected betweennodes p and q ? Let us use the “MNA
way” to answer this question. Writing the nodal equations, we have
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(1.34)

The empty spaces in the nodal matrix are entries that do not have g in them. Further-
more, the entries marked g and −g could have additional terms in them. We express
the equations as

A(g)V = E, (1.35)
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to reflect the fact that the nodal matrixA depends on g.V is the vector of (unknown)
node voltages, and E is the vector of excitations. The empty rows in E are zero. In the
discussion that follows, we use Ak to denote a matrix where the ktℎ column of A is
replaced by E∕is. As an example, A1 is given by

1 p q
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.
(1.36)

From Figure 1.34, we see that vo = v2 − v3. Using Cramer’s rule, we have

vo
is
=
det(A2(g)) − det(A3(g))

det(A(g))
, (1.37)

where det(A) denotes the determinant of A. How does det(A(g)) depend on g? To
answer this question, we perform a series of row and column operations on A(g) as
follows.
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We first add the pth row of A(g) to the qth row. As a consequence, the qth row will
no longer have g in it. Next, we add the pth column of A(g) to the qth column. The
resulting matrix will contain g only it its pth row and pth column. By inspection, it is
clear that the determinant of this matrixmust be of the form k1g + k2. In other words,
the highest power of g must be unity. Since this matrix is derived from A(g) through
row and column additions, its determinant is identical to det(A(g)). We thus see that

det(A(g)) = k1g + k2. (1.38)

Using similar arguments, it is straightforward to see that

det(A2(g)) − det(A3(g)) = k3g + k4. (1.39)



1.7 Bilinear Form of a Transfer Function, and the Extra-Element Theorem 33

From the equations above, we conclude that the transfer function vo∕is must be of the
form

vo
is
=
k3g + k4
k1g + k2

. (1.40)

It is thus seen that the transfer function is a bilinear form, i.e., a ratio of first-order
polynomials in g. While we derived this for a current excitation and voltage output, it
is straightforward to see that this is valid for any transfer function. It turns out, as we
see below, that (1.40) lends itself to an alternative (and sometimes useful) interpreta-
tion. It can be recast as

vo
is
=
k4
k2

1 +
k3

k4
g

1 +
k1

k2
g
= (

vo
is
)
oc

1 + (zn∕R)

1 + (zd∕R)
, (1.41)

where R = 1∕g.

a. k4∕k2 is the transfer function of N when g = 0, i.e., when the conductance is
replaced by an open circuit. It is therefore denoted by (vo∕is)oc.

b. zn can be interpreted as follows. From (1.41), we see that choosing R to be −zn
results in vo∕is = 0. In other words, if the conductance g is chosen so that the out-
put vo is zero (i.e., the output has been nulled) whenN is excited by the current
is, then that value of conductance is given by−1∕zn. Rather than vary g to obtain
an output null, one could instead inject a current ix between nodes p and q as
shown in Figure 1.35, and vary it so that the output vo is zero. Let the resulting
voltage that is developed across the current source be vx. It is clear that vx∕ix = zn.

Figure 1.35 If R is replaced by −zn, vo will be zero. ix is varied to obtain a null output, and vx∕ix = zn.

c. As seen from (1.40), zd is given by k1∕k2. Recall that

det(A(g)) = k1g + k2. (1.42)

This means that k1 and k2 can be obtained as follows.

k1 =
d

dg
det(A(g))

|||||||||g=0

, k2 = det(A(0)). (1.43)
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Recall that the derivative of the determinant of a matrix with respect to a variable
x can be expressed as

d

dx
det

⎡
⎢
⎢
⎢

⎣

a(x) b(x) ⋯

c(x) d(x) ⋯

⋯ ⋯ ⋯

⎤
⎥
⎥
⎥

⎦

= det

⎡
⎢
⎢
⎢

⎣

a′(x) b(x) ⋯

c′(x) d(x) ⋯

⋯ ⋯ ⋯

⎤
⎥
⎥
⎥

⎦

+ det

⎡
⎢
⎢
⎢

⎣

a(x) b′(x) ⋯

c(x) d′(x) ⋯

⋯ ⋯ ⋯

⎤
⎥
⎥
⎥

⎦

+⋯

where the prime denotes the derivative of the function with respect to its argu-
ment. Using this, we see that zd can be expressed as follows:

zd=
k1
k2

=
1

det(A(0))

d(det(A(g)))

dg

|||||||g=0

=

det

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪

⎩

p q

p

q

⎡
⎢
⎢
⎢
⎢
⎢

⎣

0

1

−1

0

⎤
⎥
⎥
⎥
⎥
⎥

⎦

⎫
⎪
⎪
⎪

⎬
⎪
⎪
⎪

⎭

− det

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪

⎩

p q

p

q

⎡
⎢
⎢
⎢
⎢
⎢

⎣

0

1

−1

0

⎤
⎥
⎥
⎥
⎥
⎥

⎦

⎫
⎪
⎪
⎪

⎬
⎪
⎪
⎪

⎭
det(A(0))

=
vp − vq
1A .

In the expression above, the numerator is the difference between two determi-
nants. These determinants are det(A(0)) with the pth and qth columns replaced
by column vectors that contain 1 and −1 in the pth and qth rows, respectively.
This makes sense, as only the pth and qth columns of A(g) contain g. It is clear
that zd can be interpreted as the difference between the potentials of nodes p

and q when a 1A current source is connected between these nodes as shown in
Figure 1.36. Note that the input excitation is disabled, i.e., is = 0.

Figure 1.36 zd is the impedance looking into nodes p–q when is = 0.
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To summarize:

a. The transfer function of a networkN is a bilinear function of its component val-
ues. Denoting the impedance of a component by z, any transfer function T can
be expressed as

T = T∞
⎛
⎜

⎝

1 +
zn

z

1 +
zd

z

⎞
⎟

⎠

. (1.44)

T can be a voltage gain, current gain, (trans)impedance, or (trans)admittance.
T∞ denotes the value of T when z is infinite (1.44), which quantifies the effect of
introducing z intoN on T∞ by multiplying with a correction factor, is called the
extra-element theorem.

b. zn is found by replacing z by a current source ix whose value is such that the
output is nulled and determining the ratio of the voltage developed across it to ix.
Since the network has two excitations and the output is zero, this is referred to as
null double injection.

c. zd is the impedance looking into N when the input excitation is set to 0;
i.e., the input voltage (current) is replaced by a short (open) circuit as seen in
Figure 1.37d.

(Continued)

Example: Using the Extra-Element Theorem

Figure 1.37 (a)N: we treat C as the extra element. (b) Finding the transfer function without C.
(c) Finding zn. (d) Finding zd.



36 1 Introduction and Basic Concepts

(Continued)

We illustrate the application of the extra-element theorem using the network of
Figure 1.37a. Suppose we wish to find Vo(s)∕Vi(s). We treat the capacitor C as the
“extra element”, and proceed as follows.

a. We set C = 0 to find the transfer function Vo(s)

Vi(s)

|||||||oc
. The resulting network is

shown in Figure 1.37b. It is seen that

Vo(s)

Vi(s)

|||||||oc
=

R4
R4 + (R3 ∥ (R1 + R2))

. (1.45)

b. To find zn, we replace the capacitor with a current source ix with the aim of
nulling the output. The resulting circuit is shown in Figure 1.37c. We observe
the following.
1 Since vo = 0, the current through R3 is vi∕R3.
2 This current flows through R2, resulting in vx = −vi(R2∕R3).
3 Applying KCL, we see that

−ix = vig3 + (vi − vx)g1 = vi(g1 + g3 + g1g3∕g2). (1.46)

zn is thus given by

zn =
vx
ix
=

g3∕g2
g1 + g3 + g1g3∕g2

. (1.47)

c. To find zd, we set vi = 0 and find the looking-in impedance across the capaci-
tor. By inspection, we have

zd = ((R4 ∥ R3) + R2) ∥ R1. (1.48)

d. By the extra-element theorem, the transfer function is
Vo(s)

Vi(s)
=

R4
R4 + (R3 ∥ (R1 + R2))

1 + sCzn
1 + sCzd

. (1.49)

1.8 Transposed MNA Stamps

We now draw the attention of the reader to an interesting aspect of MNA stamps. We
ask the question—suppose we transpose the MNA stamp of an element. What circuit
element would the transposed stamp correspond to? Again, the reader might wonder
why this discussion is useful. First, this exercise might be seen as one that deepens
our understanding of MNA stamps. More importantly, it turns out that it aids the
seamless derivation of reciprocal and inter-reciprocal networks.
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Webeginwith the simplest possible element, namely a conductance. Since theMNA
stamp of a conductance is a symmetricmatrix, the element corresponding to its trans-
pose is the conductance itself. The MNA stamps of a capacitor and an inductor are
also symmetric. It thus follows that the elements that correspond to the transpose of
their MNA stamps are the elements themselves.

Figure 1.38 A VCVS and its MNA stamp. The transposed MNA stamp corresponds to a CCCS with its
controlling and controlled ports interchanged.

The situation is different with controlled sources, as we explain with the help of an
example (Figure 1.38). The figure shows a voltage-controlled voltage source and its
MNA stamp. The transposed MNA stamp can be immediately recognized as that of a
current-controlled current source. However, the controlling and controlled ports are
reversed. A sanity check is the following. When � = 0, the VCVS is an open circuit
(i.e., conductance of zero) between its input terminals and a short circuit (infinite
conductance) between the output terminals. As we have seen earlier, a network of
conductances remains unchanged when its MNA matrix is transposed. It must thus
follow that with � = 0, the element corresponding to the transpose of theMNA stamp
of theVCVSmust also reduce to an open circuit between 1 and 2 , and a short circuit
between nodes 3 and 4 , which is indeed the case, as seen from Figure 1.38.
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Practical Tip: Current Upwards or Downwards?

Figure 1.39 Does the �i in the transposed element go up or down?

A common source of confusion is the orientation of the CCCS. A simple way to
mark the correct direction, without having to write out the MNA stamp, transpose
it, and recognize the orientation, is the following. Assume that � is positive. Apply-
ing a positive voltage at the input port of the VCVS yields a positive voltage at the
output port (Figure 1.39). The samemust happen in theCCCS.Attempting to apply
a positive voltage to the controlling port of the CCCS causes current to flow down-
wards in Figure 1.38. That should cause an increase in the voltage of the controlled
port, just like in the VCVS. Thismeans that the current �i should be chosen to flow
upwards.

Figure 1.40 shows the four controlled sources and the elements that correspond
to the transpose of their MNA stamps (which are also referred to as the inter-
reciprocal elements). In all cases, note that when the controlling parameter is set to
zero, the port impedances in the original and the inter-reciprocal elements remain
the same.
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Figure 1.40 Inter-reciprocal elements corresponding to the four controlled sources.

1.9 Reciprocity and Inter-Reciprocity

In this section, we describe the property of inter-reciprocity using the background
given in the previous section. We illustrate with an example. For simplicity, the dis-
cussions below use memoryless networks. Extension to networks with memory oper-
ating in the sinusoidal steady state is straightforward.
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Figure 1.41 Example network used to illustrate reciprocity and inter-reciprocity.

Consider the networkN of Figure 1.41. The network equations are seen to be

⎡
⎢
⎢
⎢

⎣

ga + gc −ga 0

−ga + gm ga + gd −gd

−gm −gd gb + gd

⎤
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

A

⎡
⎢
⎢
⎢

⎣

v1
v2
v3

⎤
⎥
⎥
⎥

⎦
⏟⏟⏟
X

=

⎡
⎢
⎢
⎢

⎣

is

0

0

⎤
⎥
⎥
⎥

⎦
⏟⏟⏟
E

. (1.50)

The output voltage is given by vo = (v2 − v3), and can be written in matrix form as

vo =
[
0 1 − 1

]
X. (1.51)

Using (1.50), we see that vo can be expressed as

vo =
[
0 1 −1

]

⏟⎴⎴⏟⎴⎴⏟
Measurement

A−1

⎡
⎢
⎢
⎢

⎣

is

0

0

⎤
⎥
⎥
⎥

⎦
⏟⏟⏟

Excitation

. (1.52)

The equation above can be interpreted as follows. The excitation vector E is pro-
cessed by the network represented by the MNA matrix A to result in a node-voltage
vector X = A−1E. The output voltage vo is obtained by subjecting X to the measure-
ment matrix, given by

[
0 1 − 1

]
in the example above.

Since vo is a scalar, (1.52) can be rewritten by transposing its right-hand side, and
moving the scalar is as shown below.

vo =
[
1 0 0

]

⏟⎴⏟⎴⏟
Measurement

(AT)−1
⎡
⎢
⎢
⎢

⎣

0

is

−is

⎤
⎥
⎥
⎥

⎦
⏟⏟⏟
Excitation

. (1.53)

The equation above can be interpreted as follows. The excitation vector
[
0 is − is

]T
is

processed by a network whose MNA matrix is AT. The resulting node-voltage vector
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is subjected to the measurement vector
[
1 0 0

]
. The output that results is vo. A few

remarks are in order.

a. The exciting current is placed between nodes 2 and 3 . These nodes represented
the output port inN.

b. Recall that A was obtained by summing up the MNA stamps of the constituent
network elements inN. The network N̂ whose MNA matrix is AT is thus seen
to be comprised of elements whose MNA stamps are the transpose of the corre-
sponding elements inN. This suggests that ifN is given, N̂ can be obtained by
appropriate element-wise replacement. A conductance inN remains unchanged
since the MNA stamp of a conductance is symmetric. Controlled sources are
replaced according to the rules given in Figure 1.40. It is straightforward to see
that the MNA stamp of the element on the right in Figure 1.40 is the transpose of
that of the element on the left. N̂ is called the inter-reciprocal network. It is also
referred to as the adjoint network.

c. The output voltage is measured between 1 and ground. Recall that the exciting
current source was connected between these nodes inN.

Figure 1.42 Exciting the inter-reciprocal network corresponding to the network of Figure 1.41 at the
“output” port yields the same voltage vo at the “input” port.

The interpretation of (1.53) as described above leads to the network shown in
Figure 1.42. From the discussion above, we see that inter-reciprocity follows quite
naturally from the way one interprets the relationship between vo and is. In the spe-
cial case of a network without any dependent sources,N and N̂ are identical, which
leads to the more familiar concept of reciprocity.

Figure 1.43 N is excited with a voltage, and the output is a voltage. The inter-reciprocal network is
excited with a current, and the output is also a current.
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Let us now try this out with a voltage-source excitation. Consider the networkN of
Figure 1.43. The MNA equations, written in matrix form, are given by

⎡
⎢
⎢
⎢
⎢
⎢

⎣

ga + gc −ga 0 1

−ga + gm ga + gd −gd 0

−gm −gd gb + gd 0

1 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

A

⎡
⎢
⎢
⎢
⎢
⎢

⎣

v1
v2
v3
is

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟
X

=

⎡
⎢
⎢
⎢
⎢
⎢

⎣

0

0

0

vs

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟
E

. (1.54)

The output voltage is given by vo = (v2 − v3), and can be written in matrix form as

vo =
[
0 1 − 1 0

]
X. (1.55)

Using (1.54), we see that vo∕vs can be expressed as

vo
vs
=
[
0 1 −1 0

]

⏟⎴⎴⎴⏟⎴⎴⎴⏟
Measurement

A−1

⎡
⎢
⎢
⎢
⎢
⎢

⎣

0

0

0

1

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟

Excitation

=
[
0 0 0 1

]

⏟⎴⎴⏟⎴⎴⏟
Measurement

(AT)−1

⎡
⎢
⎢
⎢
⎢
⎢

⎣

0

1

−1

0

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⏟⏟
Excitation

=
io
is
. (1.56)

The equation above can be interpreted as follows. The excitation vector
[
0 is − is 0

]T

is processed by a networkwhoseMNAmatrix isAT. The resulting vector of unknowns
is subjected to the measurement vector

[
0 0 0 1

]
. Recall that the first three rows of

the excitation vector represent currents. The first three columns of the measurement
row matrix correspond to node voltages, while the last column corresponds to the
current flowing through the voltage source connected between node 1 and ground.
This interpretation is captured in the network N̂ in Figure 1.43. The network itself
is derived fromN using element-by-element replacement rules that we have already
discussed. N̂ is excited by a current source between nodes 2 and 3 , and by a zero-
volt source between nodes 1 and 0 . The “measurement” is the current flowing
through the voltage source. By inter-reciprocity, vo∕vs inN is identical to io∕is in N̂.

Practical Point: Which of the Following Is Correct?

The figure above shows a common source of confusion with respect to reciprocal
and inter-reciprocal networks. The networkN with a voltage-source excitation is
shown on the left. N̂ is the inter-reciprocal network. Which of the two pictures on
the right (b or c) correctly demonstrates the concept of inter-reciprocity?
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Figure 1.44 A common source of confusion.

The key point to note is that when the independent sources in N and
N̂ are “de-energized”, meaning that the voltage source is replaced by a
short circuit and a current source by an open circuit, the port impedances of N
and N̂ should be the same. For instance, the ports of the left- and right-hand sides
ofN are short and open circuits, respectively when vs = 0. The same holds for the
network of Figure 1.44b, but not for that of Figure 1.44c. Therefore, vo∕vs forN and
io∕is for N̂ are identical. However, vo∕vs in Figure 1.44c is not identical to vo∕vs in
Figure 1.44a.

The example of Figure 1.41 considered a network with an excitation that was a cur-
rent, while the output was a voltage. It is straightforward to see (using the approach
described above) that a voltage input and/or current output also behave in a simi-
lar manner, as shown in Figure 1.45. An observation is in order here. Notice that in
Figure 1.45a–d, setting the excitation sources to zero makes the terminating
impedances at ports 1–1′ and 2–2′ identical inN and N̂.
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Figure 1.45 The ratio of the response to the excitation inN is identical to that in N̂. N̂ is derived by
replacing every element inN with one whose MNA stamp is the transpose of that inN.

1.10 Why are Reciprocity and Inter-Reciprocity Useful?

While the concepts described in the previous section are interesting and the end
results intriguing, the immediate question that comes to mind is if all of this is any-
thing more than a mathematical curiosity. It turns out, as we will see below, that
reciprocity and inter-reciprocity are very relevant in practice. Consider the problem
of determining the output of a network when excited by multiple inputs, as shown in
Figure 1.46a. Such a situation occurs during noise analysis. For example, evaluating
the output noise of a standard fully differential two-stageMiller-compensated opamp
would need us to determine about a dozen transfer functions. One would naturally
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Figure 1.46 (a) The problem of determining the transfer functions from many inputs to a single out-
put. Applying superposition would need the network to be evaluated (m+n) times. (b) Using the inter-
reciprocal (or adjoint) network yields all the (m+n) transfer functions in one shot.

be tempted to solve this problem using superposition—i.e., by analyzing the network
by considering one source at a time. The output is seen to be

vo =
m∑

k=1

Hvkvsk +
n∑

l=1

Hilisl. (1.57)

For our example in Figure 1.46a, this would result in a total of (m + n) evaluations of
the network, with each evaluation yielding the transfer function from one source to
the output. This is tedious and computationally inefficient.
The problem can be solved in a much more efficient manner by using the concept

of inter-reciprocity, as shown in Figure 1.46b. We form the inter-reciprocal network
using the rules described in Section 1.9. We excite the output port of N̂ with a cur-
rent source and de-energize all the independent sources. Consequently, the voltage
sources are replaced by short circuits, while the current sources are opened. We eval-
uate the network only once. By the properties of the inter-reciprocal network, the
currents flowing in the short-circuited ports (corresponding to the exciting voltage
sources in N) are given by Hvkis. Similarly, the voltages across the open-circuited
ports (which correspond to the exciting current sources inN) are given byHilis. Once
theHvk andHil are determined, they can be used in (1.57) to determine vo. The labor
savedwith respect to evaluating the desired (m + n) transfer functions (naively) using
superposition is evident. In a practical circuit simulator, the overhead in determining
the adjoint is negligible, since all that one needs to do is to transpose theMNAmatrix.
This is easily accomplished in an algorithm that finds the matrix inverse, since all
that is needed in a computer implementation is an interchange of the row and col-
umn addresses when fetching the corresponding matrix elements frommemory. Not
surprisingly, the adjoint (inter-reciprocity) network is routinely used in circuit simu-
lators for the purposes of noise analysis.
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Example: R-2R DAC
Figure 1.47a shows an R-2R DAC. The four current sources are identical and have
strength I. Depending on the bits b0, … , b3 the currents are steered either into the
network of resistors or into ground. The opamp is ideal. To find the DAC output vo,
one could use superposition to find the transfer resistance from each current source
to the output.

Figure 1.47 (a) An R-2R DAC. Transfer resistances from the four current sources to the output voltage
vo need to be found. (b) The opamp interpreted as a voltage-controlled voltage source. The transpose
element corresponding to the opamp. ix → 0 as � →∞. (c) The inter-reciprocal (or adjoint) network can
be used to obtain all the transfer functions in one shot.
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Amore efficient way is to use the inter-reciprocal network. To draw the adjoint, we
need to replace every element with its inter-reciprocal cousin. The resistors, there-
fore, remain as they are in the original network. What do we do with the opamp?
Remember that the opamp in the original network can be thought of as a VCVS with
infinite gain, as shown in Figure 1.47b.4 In the adjoint (Figure 1.47b), therefore, it
must be replaced by a CCCS with infinite current gain, but with the controlling and
controlled ports reversed. Again, thanks to negative feedback and infinite gain ix = 0.
We thus see that not only is the node potential 2 zero, but also ix = 0. There is there-
fore a virtual short between 2 and ground. Consequently, the CCCS with infinite
gain is also an ideal opamp. To draw the adjoint of the network of Figure 1.47a, there-
fore, the opamp needs to be “flipped” as shown in Figure 1.47c. By inter-reciprocity,
the transfer resistances from the current sources to vo in the original network can be
obtained by exciting the “output” port of the inter-reciprocal network with a current
I and determining the voltages developed across the current sources. It is seen (by
inspection) that the transfer resistances are R1, (1∕2)R1, … , (1∕8)R1. The DAC output
is thus given by

vo = IR1 (b3 +
1

2
b2 +

1

4
b1 +

1

8
b0). (1.58)

1.10.1 Transfer Functions in a Biquadratic Section
Consider the network of Figure 1.48a. The opamps are ideal. The input source is vs,
and there are internal voltage sources v1, … , v4.5 It is required to find the transfer
functions from the internal sources to the output.
Straightforward analysis shows that

Vo(s)

Vs(s)
=

1

D(s)
=

1
s2

!2o
+

s

Q!o
+ 1

where !2o = 1∕(R1R2C1C2) and Q =
√
C2∕C1R3∕

√
R1R2. Using superposition to find

the required transfer functions is too cumbersome. The inter-reciprocal network,
shown in Figure 1.48b, comes in handy. The opamps are flipped, and the VCVS with
a gain of −1 is replaced by a CCCS with the same gain but with the controlling and
controlled ports flipped. The adjoint network is excited by a current source is. The
transfer functions from is to i1, … , i4 in the adjoint are the same as those from v1, … , v4
to vo in the original network. Furthermore, with respect to the adjoint, we note that:

a. The voltages across the resistors labeled R1 are identical. Consequently, i1 = i3.
Furthermore, I1(s)∕Is(s) = H(s).

4Negative feedback and infinite gain force the virtual short between nodes 1 and ground.
5As we will see in Chapter 7, these represent noise sources.
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Figure 1.48 (a) A biquadratic section with several internal voltage sources. (b) The inter-reciprocal (or
adjoint) network can be used to obtain all the transfer functions in one shot.

b. The voltages across the resistors labeled R2 and R3 are identical. As a result,
i2R2 = i4R3.

c. I2(s) = −sC1R1I1(s).

From the observations above, andusing the properties of the inter-reciprocal network,
we conclude that

Vo(s)

V1(s)
=
I1(s)

Is(s)
= H(s)

Vo(s)

V2(s)
=
I2(s)

Is(s)
= −sC1R1H(s)

Vo(s)

V3(s)
=
I3(s)

Is(s)
= H(s)

Vo(s)

V4(s)
=
I4(s)

Is(s)
= −sC1R1(R2∕R3)H(s).
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1.11 Transfer-Function Sensitivity

Figure 1.49 (a) Original network. (b) Network with a resistor changed from R to R + ∆R.

It is often desired to find the change in the transfer function of a network due to
small changes in the values of its elements. It turns out that the inter-reciprocal (or
adjoint) network concept is very useful in such computations. To develop this, we first
consider the change in the transfer function of a networkN due to the change in a
single resistorR. In the discussion that follows,we assumenetworkswithoutmemory,
but the results also hold for Laplace-transformed quantities. The original network,
shown in Figure 1.49a, is excited by vs and results in an output vo =Hvs. Let i denote
the current flowing through the resistor. Suppose R changes to (R + ∆R) as in Figure
1.49b. The resulting output is (vo + ∆vo) and the current is modified to (i + ∆i). The
resistor (R + ∆R) can be split into a resistor R in series with ∆R.
Since the current flowing through ∆R is (i + ∆i), it can be replaced by a voltage

source ∆v1 = i∆R (neglecting the second-order term ∆i∆R) as shown in Figure 1.50a.
Consider the network in Figure 1.50a, where a voltage source vx is inserted in series

with R. We denote the transfer function from vs to v1 byHs1, while that from vx to vo is
denoted byH1o. Using this, we see that the output in Figure 1.50b can be expressed as

vo + ∆vo =Hvs +
Hs1vs
R

⏟⏟⏟
i

∆RH1o. (1.59)

The change in the transfer functionH due to the change in the resistor R is thus seen
to be

∆H =
∆vo
vs

=Hs1H1o
∆R

R
. (1.60)

The sensitivity of the transfer functionH to the resistor R, formally defined as

SHR =
∆H∕H

∆R∕R
, (1.61)
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Figure 1.50 (a) Interpreting the effect of ∆R as a voltage source I∆R in series with R. (b) Defining the
transfer functionsHs1 andH1o. (c) DeterminingH1o using the adjoint network.

is seen to be SHR =Hs1H1o∕H. How does one findH1o? Oneway is to evaluateN again,
now with vx as the excitation. An alternative method is to form the adjoint network
N̂, excite its output port with a current and determine the current flowing through
vx, as shown in Figure 1.50c. Regardless of the method chosen, we see that evaluation
of the sensitivity to a single parameter needs the solution of two networks. This seems
reasonable—to find the change in H due to a change in R, one would need to find H
for the two different values of R and subtract the transfer functions. Furthermore, it
seems that using the adjoint has no particular advantage in the sense that the analysis
is no easier than the simple-minded method.
Now, what if one needed to determine the sensitivity to many (saym) parameters?

The discussion above would have us believe that one would need to evaluate the net-
work twice for each parameter change, thereby requiring a total of 2m analyses. Using
the adjoint network concept, however, multi-parameter sensitivity can be computed
by solving the network just twice, irrespective of the number of parameters. The idea
is illustrated using Figure 1.51. Part (a) of the figure shows the networkN. Suppose
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Figure 1.51 (a) Original network, the solution of which yields all the Hsk . (b) Solving the adjoint net-
work yields all theHko in one shot.

that we need to determine the change in the transfer function from vs to vo due to
small changes in the values of the resistors R1, … , Rm. From the discussion in the
single-parameter case, we see that

∆H =
∆vo
vs

=
m∑

k=1

HskHko

∆Rk
Rk

. (1.62)

The Hsk represent the transfer functions from vs to the voltages across the resistors
Rk. Evaluating these transfer functions would need one evaluation of N. The Hko

represent the transfer functions from voltage sources inserted in series with each of
the resistors to the output. To evaluate these one at a time would need us to solveN
m times. An efficient way of accomplishing this is to use the adjoint network N̂ as
shown in Figure 1.51b. The input source is replaced by a short circuit. The output port
is excited by a current is, and the currents through the voltage sources are determined
to yield theHko. This needs N̂ to be evaluated only once. TheHsk and theHko found
in the two steps above can then be used in (1.62) to yield ∆H.
The discussion above assumed that the resistors changed by small amounts; the

extension of this analysis to controlled sources is straightforward and is illustrated for
a VCVS in Figure 1.52. Part (a) of the figure shows a VCVS with gain �. It is part of a
larger networkN. To find the change in vo due to a change in �, the transfer function
Hs1 from vs to the controlled voltage as well asH1o (which is that from vx to vo) have to
be found. The latter is determined from the adjoint network as shown in Figure 1.52b.
To summarize, therefore, the change in the transfer function due to m parameters

can be determined by solving two networks once each—the original networkN and
its adjoint N̂.
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Figure 1.52 (a) Original network. Hs1 and H1o need to be determined. (b) Determining H1o using the
adjoint network.

Example: Effect of Component Variations on a Series-Feedback Amplifier

Figure 1.53 (a) Original network. (b)Hs1 andH1o need to be determined. (c) DeterminingH1o using
the adjoint network.
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Consider the series-feedback amplifier shown in Figure 1.53a. It is desired to find
the change in vo due to changes in A, R1, and R2. The first step is to determine the
Hsk from vo, v1, and v2. Denoting

LG ≡ A
R1

R1 + R2
(1.63)

straightforward analysis yields

v1 = vs
LG

(1 + LG)

v2 = vs
LG

(1 + LG)

R2
R1

vo = vs
LG

(1 + LG)
(1 +

R2
R1
) .

(1.64)

The next step is to determine theHko. For this, voltage sources vx1, vx2 and vx3 are
inserted in series with R1, R2 and the output of the VCVS respectively, as shown
in Figure 1.53b. To determine all the Hko in one shot, the adjoint network is con-
structed. The result is shown in Figure 1.53c. The “output” port is excited by a
current is, and the currents through the 0 V voltage sources are determined. Anal-
ysis of this network yields

ix1 = −is
LG

(1 + LG)

R2
R1

ix2 = is
LG

(1 + LG)

ix3 = is
1

(1 + LG)
. (1.65)

Using the equations above along with (1.62), we obtain

∆vo
vs

=
1

(1 + LG)
2
∆A −

LG2

(1 + LG)
2

R2

R21
∆R1

+
LG2

(1 + LG)
2

∆R2
R1

. (1.66)

The equation above is easily verified by differentiating the expression for the gain
of the amplifier of Figure 1.53a. As A→∞, (1.66) reduces to

∆vo
vs

→−
R2

R21
∆R1 +

∆R2
R1

(1.67)

which makes intuitive sense.
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Chapter Summary

• Kirchhoff’s Current and Voltage Laws, and Tellegen’s Theorem: Circuit
theory rests on Ohm’s law, Kirchhoff’s Current Law (KCL), and Kirchhoff’s
Voltage Law (KVL), which together provide the framework for analyzing any
linear electrical network. Tellegen’s theorem is a consequence of KCL/KVL.

• Modified Nodal Analysis (MNA) Formulation of Circuit Equations:
This is an extension of nodal analysis that accommodates components whose
current cannot be determined from the branch voltage (e.g., voltage sources,
inductors). Using MNA “stamps” of components, the circuit equations can be
written by inspection. The MNA formulation is not only the cornerstone of
circuit simulators but also immensely useful in understanding reciprocity and
inter-reciprocity.

• Bilinear Form of a Transfer Function and the Extra-Element Theorem:
Any transfer function in a linear network is a bilinear form with respect to
a component value. This observation is not only useful in noise analysis (see
Chapter 2) but also facilitates the derivation of the extra-element theorem.

• Reciprocity, Inter-reciprocity, and Adjoint Networks: These concepts
are immensely useful when one is required to determine the transfer func-
tions from multiple inputs to a single output. Such a scenario is routinely
encountered in noise and sensitivity analysis. TheMNA formulation of circuit
equations is a way of understanding (inter)reciprocity from the ground up.

Problems

Figure 1.54
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Problem 1. Figure 1.54 shows four networks. vi is a unit step.

– For each network, determine vo(0+), vo(∞), and dvo(t)
dt

at t = 0+.

– For the networks in Figure 1.54c,d determine d2vo(t)
dt2

at t = 0+.

Figure 1.55

Problem 2.        In Figure 1.55, vi is a unit step. Determine d3vo(t)
dt3

at t = 0+.

Figure 1.56

Problem 3. Figure 1.56 shows the directed graph of a network, with the nodes and
branches marked. Choose node 0 to be the reference (datum) and determine the incidence
matrix of this graph.

Problem 4. Consider two topologically identical networks N and N̂. We denote
the branch currents and branch voltages in these networks (as a function of time)
by vk(t), ik(t) and v̂k(t), îk(t) respectively. Further, let t1 and t2 be two different time
instants. Determine
a. ∑

k

vk(t1)ik(t2)

b. ∑
k

vk(t1)îk(t2)

c. ∑
k

v̂k(t1)
dik

dt

|||||||t=t2
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Figure 1.57

Problem 5. N consists of resistors only. We perform the following two experiments
indicated in Figure 1.57:

Experiment 1. DriveN with two voltage sources v1 and v2 and measure the resulting port
currents i1 and i2 respectively.

Experiment 2. DriveN with two voltage sources v3 and v4 and measure the resulting port
currents i3 and i4 respectively.

Prove that the two sets of measurements are related as follows:
v1i3 + v2i4 = v3i1 + v4i2

Figure 1.58

Problem 6. In the network of Figure 1.58, the opamp is ideal. Determine the transfer
functions from vi, v1, v2, v3 to vo. The positive terminals of the voltage sources are marked
with a dot.
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Figure 1.59

Problem 7. In the networks of Figure 1.59, the opamps are ideal. Write the MNA
equations for these networks. The nodes are numbered.

Figure 1.60

Problem 8. Write the MNA equations for the active-RC integrator of Figure 1.60. The
nodes are numbered. What is the input–output transfer function as Gm →∞?

Problem 9. Two integrators of the kind shown in Figure 1.60 are cascaded. Write the
MNA equations for the cascade. You might want to use the results of the previous problem
to reduce the effort involved.
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Figure 1.61

Problem 10. Figure 1.61 shows a network that consists of only resistors, inductors and
capacitors. All the resistors (m in total) are pulled out of the network as shown and
current sources placed in parallel with them. Denote the transfer function from the ltℎ
current source to the output by Hil( j2�f). If Z( j2�f) denotes the impedance looking
into the network (with all current sources turned off), show that

m∑

l=1

Gl|Hil(j2�f)|
2 = Re{Z(j2�f)},

where Gl denotes the ltℎ conductance.

Figure 1.62

Problem 11. In Figure 1.62, N̂ is the adjoint network corresponding to N. Determine
v1i3
v2i2

+ 2.
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Figure 1.63

Problem 12. As we have seen, the gain from vs to v5 is identical in both the circuits
of Figure 1.63 if the opamps are ideal. Calculate the gain of the circuits if the gain of
the opamps is not infinite, but a value A≫ 1. Repeat the exercise if the opamp’s transfer
function is modeled as A(s) = 2�fu

s
.
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2

Noise in Linear Time-Invariant Networks

Noise sets the lower limit on the smallest signal that a system can process while still
producing an intelligible output and therefore fixes the effective resolution, dynamic
range, and sensitivity of every analog and mixed-signal block we design or use. This
chapter develops what we need to understand and analyze how noise propagates
through linear time-invariant (LTI) circuits.We focus on input-/output-referredmod-
els, power spectral densities, and how noise is processed by transfer functions. The
emphasis is on engineering intuition; the aim is to give the circuit designer the ability
to make reliable noise calculations.
As one can imagine, the study of noise is a vast subject in itself, and entire books

describing one aspect of noise or the other have beenwritten [1, 2]. The treatment here
is aimed at circuit and systemwork: it is sufficient for budgeting, specification, topol-
ogy comparison, and architecture-level trade-offs.We donot delve into the underlying
physical mechanisms (microscopic origins of thermal, shot, or flicker noise) beyond
what is needed to parameterizemodels. Readers seeking either: (i) the detailed device-
physics origins of noise or (ii) a rigorous stochastic-process foundation for the results
used here should consult advanced books on the subject.
We first describe noise models for commonly used components. We then study how

noise propagates in networks and how to determine output noise. Next, we analyze
how the effect of multiple noise sources in a network can be abstracted if one is only
interested in the port behavior. This naturally leads to a metric, namely the noise
factor, that quantifies the degradation in SNR experienced by a signal as it is processed
by a network.

2.1 Noise in Network Components

Suppose a resistor of valueR in thermal equilibriumwith its surroundings (at an abso-
lute temperature T) is connected to an ideal bandpass filter with center frequency fo,
bandwidth∆f, and unity passband gain as shown in Figure 2.1. The input impedance
of the filter is infinite. It turns out that a random waveform vo(t) is observed at the
filter’s output as shown in the figure. Furthermore, the following hold:
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Figure 2.1 A resistor placed at the input of a bandpass filter with center frequency fo and bandwidth
∆f. The output of the filter is vo(t) and has a mean-square value of 4kTR∆f.

a. The average value of vo(t) is zero, irrespective of R, fo, or ∆f. As ∆f becomes
very small, vo(t) largely looks like a sinusoid of frequency fo with a slowly varying
envelope and phase as shown in Figure 2.1.

b. The mean-square value of vo(t) is given by 4kTR∆f, where k is the Boltzmann’s
constant (1.38 × 10−23J/K).1 Interestingly, v2o is independent of the bandpass
filter’s center frequency fo.

c. If a histogram of the values taken on by vo(t) were plotted, one would obtain a
Gaussian distribution with zero mean and a variance 4kTR∆f.

d. Evidently, the random voltage waveform at the output of the bandpass filter is a
consequence of the agitation of charge carriers in the resistor. This is modeled as
a noise voltage source vn in series with the resistor as shown in Figure 2.1.

e. Suppose the same experiment was repeated with another resistor of value R. We
denote the waveform at the output of the bandpass filter by v̂o(t). The mean and
variance of v̂o(t) are zero and 4kTR∆f; however, v̂o(t) and vo(t) are independent.
Consequently, vo(t)v̂o(t) = 0.

f. Suppose the limit v2o∕∆f as ∆f→ 0 was plotted as a function of the bandpass
filter’s center frequency. One would obtain a flat line of value 4kTR as shown in
Figure 2.1. This is termed the spectral density of the noise voltage vn and is given
by 4kTR V2∕Hz [3, 4].

Sv(f) ≡ lim
∆f→0

v2o
∆f

= 4 kTR (Noise spectral density). (2.1)

1The reader should convince him/herself that the units of 4kTR∆f are indeed V2.
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Since the noise spectral density remains constant with frequency, it is termed
“white noise,” in line with “white light,” which consists of all colors (i.e., frequen-
cies) in equal measure. Since the origin of resistor noise is the thermal agitation
of charge carriers, it is termed “thermal noise.”

Intuitively speaking, the random output voltage associated with a resistor can be
thought of as the sum of sinusoids of all frequencies, each with a slowly varying
envelope and phase. The bandpass filter in Figure 2.1 picks out a narrow set of fre-
quencies (i.e., in the range fo − ∆f∕2 to fo + ∆f∕2) while suppressing the rest. The
mean-square value of the waveform at the output of the bandpass filter is given by
Sv(f) ⋅ ∆f = 4kTR∆f.
Figure 2.1 also gives us a way of interpreting the spectral density of a noise source,

which is the following. Process the noise waveform through a bandpass filter with a
center frequency f and bandwidth ∆f. Denote the output of the bandpass filter by
vo(t). The spectral density S(f) is given by the limiting value of v2o(t)∕∆f as ∆f→ 0.

2.1.1 Noise Models for Other Devices

Figure 2.2 Noise model for a MOS transistor operating in saturation, valid for low frequencies. The
substrate is assumed to be connected to the source. vn models flicker noise, while in models thermal
noise.

Lossless inductors and capacitors do not add noise. The noise model of a nonlinear
device depends on the operating point, just like the small-signal equivalent circuit of
the device. For instance, when aMOS transistor operates in the triode (linear) region,
the channel behaves like a resistor rds, resulting in a drain-current noise with PSD
Si = 4kT∕rds.
When operating in the saturation region, the following noise model is widely used

at low frequencies. A white noise current in is added between the source and drain as
shown in Figure 2.2. Its spectral density is given by [5, 6].

Si(f) =
8

3
�kTgm (2.2)

where gm denotes the transconductance of the device, and � is a correction factor. The
transistor is also associated with 1∕f or flicker noise, modeled as a noise voltage vn in
series with the gate, as indicated in Figure 2.2. Its spectral density is given by

Sv(f) =
Kf

WLCoxf
. (2.3)
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Here,Kf is a process- and operating-point-dependent parameter,W and L denote the
width and length of the transistor, respectively, and Cox is the oxide capacitance per
unit area.

2.1.2 Relationship Between Mean-Square Noise and Power Spectral
Density

Figure 2.3 Time-domain interpretation of noise with spectral density S(f).

Consider a noise source with a spectral density S(f), as shown in Figure 2.3. What is
the mean-square value of the noise waveform? Remember that each chunk of width
∆f centered around f can be thought of as a sinusoid with a mean-square value
S(f)∆f. The figure shows the time-domain waveform corresponding to the spectra
around f1 and f2. As expected, they look like sinusoids with frequencies f1 and f2
with randomly varying envelope and phase (the smaller the∆f, the slower these vari-
ations will be). The noise waveform is a sum of such sinusoids, each with a different
frequency. The mean-square value of a sum of sinusoids with differing frequencies is
simply the sum of their mean-square values. Consequently, it is easy to see that

v2o =∫

∞

0

S(f) df. (2.4)

2.1.3 Single- and Double-Sided Noise Spectral Density
Recall that we interpreted noise spectral density S(f) as the mean-square value at the
output of a narrowband filter with a center-frequency f normalized to the bandwidth
∆f, excited by the noise source. Physically, the filter’s center frequency f must be
positive. Thus, S(f) is nonzero only forf ≥ 0 and zero for negative frequencies. This is
what is called the single-sided noise spectral density and is commonly used in circuit
work. For instance, resistor noise has a single-sided noise-spectral density of 4kTR.
Another way of bookkeeping the noise power is possible. This is called the double-

sided noise spectral density and recognizes that the magnitude response of the band-
pass filter is even and therefore has a passband of width ∆f around −f. The noise
power spectral density is assumed to be an even function of frequency, having the
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same value at negative frequencies. The double-sided noise spectral density, there-
fore, is one half its single-sided cousin but extends to negative frequencies. For
instance, the voltage noise produced by a resistor would have the double-sided spec-
tral density of 2kTR. To determine the mean-square noise, the double-sided density
has to be integrated over the frequency range −∞ to ∞. We will generally use the
single-sided density unless otherwise mentioned.

2.1.4 Noise Processed by a Linear Time-Invariant System

Figure 2.4 Noise processed by a linear time-invariant system with transfer functionH(s).

Noise is often processed by a linear system, as shown in Figure 2.4. Suppose the input
(single-sided) noise spectral density is known to be Sx(f). The transfer function of the
system is denoted byH(s). What is the noise spectral density at the output?
The input can be thought of as a sum of sinusoids with slowly varying envelope and

phase. The power (i.e., mean-square value) of the content at frequency f in a band-
width ∆f is given by Sx(f)∆f. The power gain experienced by this sinusoid as it is
processed byH(s) is |H(j2�f)|2. Consequently,

Sy(f) = |H(j2�f)|2Sx(f), (2.5)

and

v2y =∫

∞

0

Sy(f) df =∫

∞

0

|H(j2�f)|2Sx(f) df. (2.6)

A special case of the result above is when H(s) is a constant, denoted by �. In that
case, Sy(f) = |�|2Sx(f).

Example: Equivalent Noise Model for a Resistor
Weare already familiarwith amodel for the noise of the resistor; it consists of a voltage
source vn in series with the resistor as shown in Figure 2.5a. The spectral density of vn
is 4kTR. The network can be transformed into the Norton equivalent, with a current
source in in shunt with the resistor as in Figure 2.5b. What is the spectral density of
the noise current? Clearly, in = vn∕R. in can be thought of as processing vn by a “gain”
(1∕R). Consequently,

Si(f) = (
1

R
)
2

Sv(f) = 4kT
1

R
A2∕Hz. (2.7)
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Figure 2.5 (a) Model for noise in a resistor of value R. (b) Equivalent noise model with a current source
in parallel with the resistor.

Example: Output Noise of an RC Lowpass Filter
Figure 2.6a shows a first-order RC lowpass filter. The resistor adds thermal noise,
which is represented by a voltage source vn in serieswith it. Its single-sided noise spec-
tral density (NSD) is 4kTR V2/Hz. The squared magnitude response of the transfer
function from vn to the output is

|H(j2�f)|2 =
1

1 + (2�fRC)
2
. (2.8)

The output noise voltage spectral density is thus given by

Sv(f) =
4kTR

1 + 4�2R2C2f2
. (2.9)

Figure 2.6 (a) The first-order RC lowpass filter. (b) Normalized output noise voltage spectral density as
a function of normalized frequency.
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As seen in Figure 2.6b, the NSD is 4kTR at dc and falls off at high frequencies. This
makes sense due to the following. The capacitor is an open circuit at DC, and the noise
of the resistor comes “straight through.” High-frequency components of the noise are
attenuated by the lowpass filter. The half-power frequency, which is the frequency at
which the NSD is half its peak value, is 1∕(2�RC). It is instructive and useful to find
the total integrated noise across the capacitor, which is given by

v2o = ∫

∞

0

Sv(f) df.

We proceed as follows. Denoting

u = 2�fRC so that df =
du

2�RC
,

the integral becomes

v2o =
2kT

�C
∫

∞

0

1

1 + u2
du

⏟⎴⎴⎴⏟⎴⎴⎴⏟
=�∕2

=
kT

C
.

Interestingly, the mean square noise is independent of the value of the resistor even
though it is the resistor that generates noise! What is the intuition behind this seem-
ingly puzzling result? It is the following. Suppose R is doubled. The spectral density
of the noise generated by the resistor increases by 2×; however, the bandwidth of the
filter decreases by the same factor. Evidently, the increased noise of the resistor is
compensated by the reduced bandwidth to result in an outputmean-square noise that
is independent of R.

(Continued)

Noise in a Track-and-Hold Circuit

Figure 2.7 Simplified model of a track-and-hold circuit.

It turns out that the result above is very relevant in practice. Figure 2.7 shows
the simplified model of a track-and-hold circuit, which forms the front end of
many types of analog-to-digital converters. It consists of a switch and a capaci-
tor of value C. The former is realized using a MOS transistor. It has a non-zero
on-resistance denoted by R, which is associated with a noise voltage vn whose
single-sided voltage spectral density is 4kTR.



68 2 Noise in Linear Time-Invariant Networks

(Continued)

When the clock signal (clk) is low, the switch is closed, and vo(t) tracks vin(t). For
good tracking, the switch resistance must be chosen so that RC is much smaller
than the tracking interval. vo consists of two components: the first is the input volt-
age, and the second is the noise due to vn, which has a mean-square value kT∕C.
When the switch opens, the noise is “trapped” on the capacitor. We thus see that
kT∕C noise limits the SNR of the track-and-hold circuit, and thereby that of the
analog-to-digital converter that processes this sampled voltage. To increase the
SNR by a factor of 2 (=3 dB), therefore, C has to be doubled.
Table 2.1 gives the RMS noise for a few values of C. Suppose the input is sinu-

soidal with an amplitude of 1.4 V. The RMS value of the sampled signal component
is 1V. For C = 1 pF, the SNR of the sampled sequence is limited to about 84 dB.

Table 2.1 RMS noise as a function of capacitance at T = 290K.

Capacitance (C) RMS noise (
√
kT∕C )

1 fF 2008 µV
10 fF 632.7 µV
100 fF 200.8 µV
1pF 63.3 µV
10 pF 20.1 µV
100 pF 6.33 µV

Table 2.2 gives the values of the single-sided voltage noise spectral density for a few
resistor values. A good number to remember is that a 1 kΩ resistor has an NSD of
4 nV/

√
Hz.

Table 2.2 Single-sided voltage noise spectral
density for a few resistor values at T = 290K.

Resistance (R) NSD

50Ω 0.89 nV/
√
Hz

100Ω 1.27 nV/
√
Hz

1000Ω 4 nV/
√
Hz
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2.2 Multiple Noise Sources

The next question that arises is what happens when there are multiple noise sources
in a network. We begin with the simple resistor divider shown in Figure 2.8.

Figure 2.8 A simple resistor-divider network.

The noise of the resistors, modeled by vn1 and vn2 are independent. How does the
output depend on vn1 and vn2? If vi = 0, it is evident that

vo =
R2

R1 + R2
vn1 +

R1
R1 + R2

vn2. (2.10)

As the noise sources are zero mean and independent, their contributions to the noise
power at the output can simply be added. The output voltage NSD is thus given by

So(f) = 4kTR1(
R2

R1 + R2
)
2

+ 4kTR2(
R1

R1 + R2
)
2

= 4kT
R1R2
R1 + R2

. (2.11)

In most cases in circuit work, it turns out that noise sources are independent. This
means that the output noise spectral densities due to the individual sources can sim-
ply be added. This suggests the following way to determine the output NSD in an
arbitrary network with independent noise sources.

a. Determine the transfer function from each source to the desired output. For
instance, let Hl(j2�f) denote the transfer function from the lth noise source to
the output. Furthermore, the NSD of the noise source is denoted by Sl(f).

b. Calculate the noise spectral density at the output due to the ltℎ noise source as
Sl(f)|Hl(j2�f)|

2. Do this for all the noise sources.
c. Determine the output NSD as

So(f) =
∑

l

Sl(f)|Hl(j2�f)|
2. (2.12)

2.3 Equivalent Noise of a One-Port

Consider the noisy one-port network shown in Figure 2.9a. The noise currents and
voltages are marked as is1, … , isn and vs1, … , vsm respectively. Suppose we are only
interested in its terminal behavior, i.e., with respect to the port. As far as the port
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Figure 2.9 (a) A noisy one-port with (m + n) internal noise sources. (b) Equivalent network modeling
the port behavior. (c) Using the inter-reciprocal (or adjoint) network yields all the (m + n) transfer func-
tions in one shot.

impedance is concerned, it is simply the Thevenin impedance. In series with it is a
noise voltage source, whose noise spectral density can be found using 2.12.
Determining the Hl(j2�f) is straightforward. However, a “complicated” network

is likely to have many noise sources. Evaluating the transfer function from each
source to the output using superposition is tedious and computationally expensive
since it involves solving the network (m + n) times. Fortunately, we can avoid this
by exploiting the concept of inter-reciprocity that we learned in Chapter 1. Shown in
Figure 2.9c is the adjoint network N̂, formed using the rules described in Chapter 1.
We excite the output port of N̂ with a current source and de-energize all the inde-
pendent sources. Consequently, the voltage sources are replaced by short circuits,
while the current sources are opened. We evaluate the network only once. By inter-
reciprocity, the currents flowing in the short-circuited ports (corresponding to the
exciting voltage sources in N) are given by Hvkis. Similarly, the voltages across the
open-circuited ports (which correspond to the exciting current sources inN) are given
byHilis. Once theHvk andHil are determined, they can be used in (2.12) to determine
So(f). The labor saved with respect to evaluating the desired (m + n) transfer func-
tions (naively) using superposition is evident.
In a practical circuit simulator, the overhead in determining the adjoint is negli-

gible, since all that one needs to do is to transpose the MNA matrix. This is easily
accomplished in an algorithm that finds the matrix inverse, since all that is needed
in a computer implementation is an interchange of the row and column addresses
when fetching the corresponding matrix elements from memory. Not surprisingly,
the adjoint (inter-reciprocal) network is routinely used in circuit simulators for the
purposes of noise analysis. The adjoint and inter-reciprocity, therefore, are not mere
mathematical curiosities; they are valuable tools for analysis and computation.
The one-port equivalent of N of Figure 2.9a is the network of Figure 2.9b. In the

special (and useful) case ofN being an RLC network, Seq(f) takes a special form as
we see next.
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2.3.1 Noise in RLC Networks and the Nyquist Noise Theorem
It is often necessary to determine the voltage noise spectral density at the output of an
RLC network. It turns out, as we see below, that the driving point impedance of the
network is related to the noise spectral density. This relationship, called the Nyquist
noise theorem, is a useful result that exploits reciprocity and passivity.

Figure 2.10 (a) Noise due to an RLC network—the impedance looking into the output port is denoted
by Z(j2�f). (b) Using reciprocity and power conservation to relate Z(j2�f) to theHim.

Consider the RLC one port of Figure 2.10a. Its driving-point impedance is denoted
by Z(j2�f). The conductances are all shown explicitly. The noise of a conductance
Gl is modeled by a current source in parallel with it. The single-sided spectral density
of the noise current is given by 4kTGl A2/Hz. It is desired to find the voltage noise
spectral density Sv(f) at the output of the one port. Denoting the transfer function
from the noise current of the mth conductance to the output voltage by Him(j2�f),
and since the noise sources are independent, we have

Sv(f) = 4kT
M∑

m=1

Gm|Him(j2�f)|
2. (2.13)

Suppose a sinusoidal current at a frequency f was injected across the output port as
shown in Figure 2.10b, where all the noise sources are set to zero. Using reciprocity,
we see that the Hm is also the transfer function that relates the current I injected
at the port to the voltage across Gm. The power dissipated in the network is seen to
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be Pin = I2Re{Z(j2�f)}. Since all of this has to be dissipated in the conductances,
we have

Pin = I2Re{Z(j2�f)} = I2
M∑

m=1

Gm|Him(j2�f)|
2. (2.14)

Using this with (2.13), we obtain

Sv(f) = 4kTRe{Z(j2�f)}. (2.15)

Arguments similar to the ones used above can be used to determine the short-circuit
current noise spectral density of theRLCnetwork. It turns out that the result is Si(f) =
4kTRe{Y(j2�f)}.

2.4 Total Integrated Noise in RLC Networks

A circuit designer is often required to evaluate the total integrated noise in electrical
networkswith linear passive components. Aswehave already seen, themost common
network in which the total noise is evaluated is the humble RC network shown in
Figure 2.11a.

Figure 2.11 (a) First and (b) second-order RC networks.

The resistor has a voltage noise spectral density given by 4kTRV2/Hz. To evaluate
the mean square noise across the capacitor, we first evaluate the transfer function
H1(j2�f) from vn to vo. The total noise is then given by

v2o = 4kT∫

∞

0

R|H1(j2�f)|
2df =

kT

C
. (2.16)

For a more “complicated” network, the procedure for determining the total noise
remains the same. For instance, to determine v2o in the network of Figure 2.11b, we
evaluate the transfer functions from vn1 and vn2 to vo, and denote them by H1(j2�f)

andH2(j2�f), respectively.

v2o = 4kT∫

∞

0

(R1|H1(j2�f)|
2 + R2|H2(j2�f)|

2)df. (2.17)

SinceH1(j2�f) andH2(j2�f) are second-order transfer functions, evaluation of the
integral above is complicated and challenging. Interestingly, the mean-square noise
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voltage happens to be kT∕C2. From the discussion above, we see that determining
the total integrated noise in a high-order network using integrals of the form in (2.17)
is bound to bury us in a mountain of algebra. Fortunately, it turns out that one can
(again) exploit reciprocity and passivity to greatly simplify the evaluation of total inte-
grated noise, as shown below [7].

Figure 2.12 (a) Original network with noise sources v1, … , vn. The voltage transfer function from vl to
vo is denoted by Hl(j2�f). (b) The impulse responses ℎl(t) corresponding to Hl(j2�f) can be obtained
by exciting the output with a current impulse and observing the currents in Rl .

Consider the generic linear passive RLC network of Figure 2.12a. There areM resis-
tors in the network, and the thermal noise generated by each of them is modeled by a
voltage source in series. We denote the transfer function from themth voltage source
to the output vo byHm(j2�f). Since the noise sources are independent, the totalmean
square noise at the output is given by

v2o = 4kT
M∑

m=1

∫

∞

0

Rm|Hm(j2�f)|
2df. (2.18)

By Parseval’s theorem,

∫

∞

−∞

|Hm(j2�f)|
2df = 2∫

∞

0

|Hm(j2�f)|
2df =∫

∞

0

|ℎm(t)|
2dt,
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where ℎm(t) is the impulse response corresponding toHm(j2�f). Thus, v2o is

v2o = 2kT
M∑

m=1

∫

∞

0

Rmℎ
2
m(t)dt. (2.19)

The ℎm(t) can be found by using reciprocity, as shown in Figure 2.12b. The out-
put port is excited by a current impulse. The current through the mth resistor Rm is
given by im(t) = ℎm(t) ∗ �(t), where ∗ denotes convolution. im(t) is a current and not
the impulse response ℎm(t) (which has units of 1/second). To obtain ℎm(t), the cur-
rent im(t) in Rm should be divided by one coulomb. The division by one coulomb is
necessary for dimensional correctness (see the gray box below for a more detailed
discussion).

Dimensions of Impulse Response

The frequency response H(j2�f) of a linear network that relates an input and
output having the same dimensions (say, voltage) is dimensionless. The impulse
response ℎ(t) corresponding toH(j2�f) is related to the latter according to

ℎ(t) =∫

∞

−∞

H(j2�f)ej2�ft df. (2.20)

Thus, ℎ(t)must have dimensions of s−1.
Referring to Figure 2.12, the reciprocity theorem states that the impulse response
ℎ1(t) relating vn1(t) to vo(t) in part (a) of the figure is the same as the impulse
response relating the current injected into port a-b to i1(t) in Figure 2.12b. Thus,
if the exciting current in Figure 2.12b is a current impulse, i1(t) = ℎ1(t) × �(t)

which is

i1(t)
⏟⏟⏟
amperes

=∫

∞

−∞

ℎ1(�)
⏟⏟⏟
s−1

�(t − �)
⏟⎴⏟⎴⏟
amperes

d�
⏟⏟⏟

s

. (2.21)

To obtain ℎ1(t) from i1(t), therefore, one needs to divide i1(t) (which has dimen-
sions of amperes) by 1 ampere ⋅ second = 1 coulomb.

A subtle, but important, point is the following. i1(t) has the same shape as ℎ1(t)
since it is obtained by convolving ℎ1(t) with an impulse. However, i1(t) and ℎ1(t)
do not have the same dimensions. The former has units of current, while the latter
has units of s−1.

We now examine the energy delivered and dissipated when the network of
Figure 2.12b is excited by a current impulse. Let E0 denote the energy delivered by
the impulse current to the network. The subscript 0 indicates that all of this energy
has to be delivered at t = 0, since the input current �(t) is zero for t ≠ 0. Further,
let E∞ denote the energy that remains in the network of Figure 2.12b at t =∞.
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The difference (E0 − E∞) must have been dissipated in the resistors. Energy conser-
vation, therefore, dictates that

E0 − E∞ =
∑

m

∫

∞

0

Rmi
2
m(t) dt. (2.22)

Using im(t) = ℎm(t) ⋅ 1 coulomb in the above, along with (2.19), we have

v2o =
2kT

(1 coulomb)2 (
E0 − E∞) . (2.23)

The equation above is seen to greatly simplify the evaluation of the total integrated
noise in RLC time-invariant networks. To a circuit designer, the immense value of
this theorem lies in the fact that the total integrated noise of a complicated passive
network can be obtained by inspection, as we show in several examples that follow.

Figure 2.13 (a) RC network under consideration. The mean-square noise across C2 is of interest.
(b) Determining E0. (c) Finding E∞.

Consider the network of Figure 2.13a. We wish to determine the mean-square
noise v2o. To find E0, we inject an impulse current intoC2, as shown in Figure 2.13b. At
t = 0+, it is easily seen that the voltage across C2 is 1 coulomb∕C2, while that across
C1 remains zero. E0 is thus seen to be 1 coulomb

2
∕(2C2). At t =∞, both capacitors

are discharged, resulting in E∞ = 0. Consequently,

v2o = 2kT
E0 − E∞

1 coulomb2
=
kT

C2
. (2.24)
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Figure 2.14 (a) RC network under consideration. The mean-square noise across C is of interest.
(b) Determining E0. (c) Finding E∞.

Another example network is shown in Figure 2.14a. It is desired to find the mean-
square noise across C. To find E0, we inject an impulse current into C, as shown in
Figure 2.14b. At t = 0+, the voltage acrossC is 1 coulomb∕C, and the inductor current
remains zero. E0 is thus seen to be 1 coulomb

2
∕(2C). At t =∞, the capacitor voltage

and inductor current are both zero, resulting in E∞ = 0. The mean-square noise is
thus given by

v2o = 2kT
E0 − E∞

1 coulomb2
=
kT

C
. (2.25)

Lest the reader conclude that E∞ is always zero, we consider the example network
of Figure 2.15a. We are interested in determining the mean-square noise across C2.
To that end, we inject an impulse current �(t) amperes into the output port. At
t = 0+, the voltage across C2 is 1 coulomb∕C2, and the energy stored in the net-
work is E0 = 1 coulomb

2
∕(2C2), as shown in Figure 2.15b. At t =∞, the currents

through all the resistors are zero, and all capacitors have the same voltage, given by
v∞ = 1 coulomb∕(C0 + C1 + C2). The energy stored in the network is seen to be

E∞ =
1

2
(Q0 + Q1 + Q2)
⏟⎴⎴⎴⏟⎴⎴⎴⏟

1 coulomb

v∞ =
1 coulomb2

2(C0 + C1 + C2)
. (2.26)
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Using (2.23), the mean square noise is

v2o = kT (
1

C2
−

1

C0 + C1 + C2
) =

kT(C0 + C1)

C2(C0 + C1 + C2)
.

Figure 2.15 (a) RC network under consideration. The mean-square noise across C2 is of interest.
(b) Determining E0. (c) Finding E∞.

2.4.1 Bode’s Noise Theorem
The discussion above used time-domain arguments to determine the mean-square
noise. A frequency domain approach is also possible, as we see next. This is called the
Bode Noise Theorem.
Consider the passive RLC network of Figure 2.16a. The driving point impedance of

the network is denoted by Z(s), where s is the Laplace variable. As we have already
seen, Nyquist’s noise theorem states that the noise spectral density Svo(f) is given by
4kT Re(Z(j2�f)). Thus,

v2o = 4kT∫

∞

0

Re(Z(j2�f)) df. (2.27)
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Figure 2.16 (a) The double-sided voltage noise spectral density of a passive impedance Z(s) is given
by 2kTRe(Z(j2�f)). (b, c) Physical interpretation of C∞ and C0: C∞ is the looking-in capacitance of the
network when all resistors and inductors are opened, and C0 is the capacitance looking in when all the
resistors and inductors are shorted.

Using the properties of the driving-point impedance of a passive RLC network and
contour integration, Bode showed that

∫

∞

−∞

Re(Z(j2�f)) df =
1

2
(
1

C∞
−

1

C0
), (2.28)

where
1

C∞
= lim

s→∞
sZ(s), (2.29)

and
1

C0
= lim

s→0
sZ(s). (2.30)

Physically, C∞ can be interpreted as the capacitance looking into the network when
all the resistors and inductors have been replaced by open circuits, as shown in
Figure 2.16b. Similarly, C0 is the capacitance looking into the network when all the
resistors and inductors have been replaced by short circuits, as in Figure 2.16c. Given
a network, it is straightforward to determine C∞ and C0 by inspection. Using Nyquist
and Bode’s results, the mean-square noise v2o is thus seen to be

v2o = kT (
1

C∞
−

1

C0
) . (2.31)

The equation above is called the Bode Noise Theorem.
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We now show that the result (2.23) reduces to Bode’s result (2.31). As discussed ear-
lier, E0 is the energy delivered by the impulse current to the network of Figure 2.16b.
The Laplace transform of the voltage developed across the terminals of the impulse
current �(t) is given by V(s) = Z(s) ampere ⋅ second, where Z(s) is the driving-point
impedance of the network. The ampere ⋅ second is the physical unit of the Laplace
transform of the unit current impulse. The voltage at t = 0+, obtained using the ini-
tial value theorem, is v(0+) = lims→∞ sZ(s) ⋅ 1 coulomb. Thus,

E0 =
1

2
v(0+)∫

∞

−∞

�(t) dt

⏟⎴⎴⏟⎴⎴⏟
1 coulomb

=
1

2
lim
s→∞

sZ(s)

⏟⎴⏟⎴⏟
1∕C∞

⋅ 1 coulomb2. (2.32)

To evaluate E∞ for the network of Figure 2.16c, we proceed as follows. In steady-
state (t→∞), all currents in the resistors and inductors are zero, and they can be
replaced by short circuits. What we are left with then is a network of capacitors. Two
possibilities arise with regard to this capacitive network.

a. There is a DC path from node a to node b. In this case, voltage v∞ is 0. E∞ is thus
zero.

b. There is no DC path from node a to node b. The energy stored in the network
is given by E∞ = (1∕2)Qav∞, where Qa is the total charge on all capacitor plates
connected to node a. Since there is no DC path from a to b, it follows that Qa

must equal the charge injected by the impulse current, namely 1 coulomb. Thus,
E∞ = (1∕2)v∞ ⋅ 1 coulomb.

In either case, E∞ is seen to be given by (1∕2)v∞ ⋅ 1 coulomb. From the final value
theorem, v∞ = lims→0 sZ(s) ⋅ 1 coulomb. From the discussion above, it thus follows
that

E∞ =
1

2
v(∞) ⋅ 1 coulomb = 1

2
lim
s→0

sZ(s)

⏟⎴⏟⎴⏟
1∕C0

⋅ 1 coulomb2. (2.33)

Bode’s Noise Theorem results from using (2.32) and (2.33) in (2.23).

2.5 Equivalent Noise Sources in a Two-Port Network

In most practical situations a two-port contains numerous passive elements and
active devices, each contributing its own noise. For small-signal analysis, we first
find the operating point, linearize the nonlinear elements about that point, and then
attach the corresponding noise sources to obtain a purely linear RLC network aug-
mented by controlled sources and independent noise voltages/currents. For exam-
ple, the small-signal model of a MOS transistor (with transconductance gm and
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output resistance ro) is accompanied by a channel noise current with single-sided
spectral density.

Si(f) =
8

3
� kT gm [A2∕Hz],

where � is a process/geometry-dependent nonideality factor. By contrast, a resistor of
valueR ismodeledwith the familiar voltage noise spectrum 4kTR across its terminals.
In the resulting linear network, the output response contains both the processed input
signal and the contributions of these internal noise sources propagated through the
network’s transfer functions.
From a user’s perspective, a complicated internal schematic can be abstracted by

port characteristics. The internal details matter to the designer; however, what is use-
ful to a user is a concise representation that captures both signal transfer and noise
added by the two-port. The signal transfer is modeled by any convenient two-port
description (e.g., y-, z-, ℎ-, or g-parameters). What about noise?

Figure 2.17 (a) A two-port network with multiple noise sources, driven by a source with resistance Rs.
(b) Replacing the effect of all the noise sources by an equivalent noise voltage vn,eq at the input.

An effective way to summarize a complicated set of internal noise sources is to
refer their effect to the input as an equivalent noise source whose propagation to the
output matches that of the real, noisy networks. Figure 2.17 shows the basic idea.
Part (a) shows a network driven by an input source with a resistance Rs. The desired
output is the voltage vo. There are multiple noise sources inside the network, causing
the output to be noisy. It turns out, as we see below, that the effect of all the internal
noise sources can bemodeled by a single equivalent noise voltage source in series with
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the input, namely vn,eq, as shown in Figure 2.17b, where the noise sources in the net-
work are turned off. In other words, we replace the many internal sources by a single
input-side source such that the output noise spectral density remains unchanged.
To determine the spectral density of the equivalent input-referred source, we pro-

ceed as follows. We assume that all the noise sources are voltages—this does not lead
to a loss of generality. Furthermore, it is instructive to first consider the noise sources
as being deterministic.

a. Determine the transfer function from each noise source to the output in
Figure 2.17a. Denote these byHl(j2�f) for l = 1, 2, 3, …. If we denote the trans-
forms of the noise sources (initially assumed to be deterministic) by Vl(j2�f),
the output is seen to be

Vo(j2�f) =
∑

l

Hl(j2�f)Vl(j2�f). (2.34)

b. Determine the transfer function from the equivalent noise source, namely vn,eq
in Figure 2.17b, to the output. Denote this by Heq(j2�f).

Vo(j2�f) =Heq(j2�f)Veq(j2�f). (2.35)

c. If the equivalent voltage source is to model the effect of the myriad sources inside
the network, it is evident that

Heq(j2�f)Veq(j2�f) =
∑

l

Hl(j2�f)Vl(j2�f). (2.36)

Veq(j2�f) is thus seen to be

Veq(j2�f) =
∑

l

Hl(j2�f)

Heq(j2�f)
Vl(j2�f). (2.37)

Assuming the noise sources are independent, the spectral density of the equiva-
lent input referred noise voltage is given by

Seq(f) =
∑

l

|||||||

Hl(j2�f)

Heq(j2�f)

|||||||

2

Sl(f), (2.38)

where the Sl denote the spectral densities of the internal noise sources.
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Example: Resistive Attenuator

Consider the resistor divider of Figure 2.18a. We first consider vn1 and vn2 to be
deterministic. The noise at the output, obtained by setting vs = 0 is given by

vo =
R2

R1 + R2 + Rs
vn1 +

R1 + Rs
R1 + R2 + Rs

vn2. (2.39)

Figure 2.18 (a) Resistive attenuator. (b) Equivalent input-referred voltage noise.

The transfer function from vs to vo, namely Heq, is seen to be R2∕(R1 + R2 + Rs).
Consequently, the equivalent input-referred voltage vn,eq can be obtained from

R2
R1 + R2 + Rs

vn,eq =
R2

R1 + R2 + Rs
vn1 +

R1 + Rs
R1 + R2 + Rs

vn2, (2.40)

resulting in

vn,eq = vn1 +
R1 + Rs
R2

vn2. (2.41)

The NSD of the equivalent source, namely Seq is given by

Seq = 4kTR1 + 4kT
(R1 + Rs)

2

R22
R2. (2.42)

It is clear from Figure 2.17 that Heq(j2�f) and the Hl(j2�f) depend on the
source resistance Rs. This makes sense since Rs is “part of the network.” Conse-
quently, Seq(j2�f) depends on the “external” component Rs. This is somewhat of
an anticlimax, since we expected that the equivalent noise source to be a function of
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the network, independent of the external world. Fortunately, however, it turns out
that a source-resistance independent representation is possible. To see this, it is nec-
essary to examine the dependence ofVeq(j2�f) on Rs. The key network property that
allows us to infer this is the bilinear dependence of any transfer function in a linear
network on a network parameter. We derived this in Chapter 1; we give a summary
below.
Suppose we pick any one element parameter p (e.g., the source resistance Rs) and

treat all others as fixed; then any transfer functionH(p) is a bilinear (linear fractional)
function of p:

H(p) =
A p + B

C p + D

for some constantsA, B, C, D that depend only on the rest of the network and j2�f.
In particular, no transfer function can contain p2 or higher powers in either numer-
ator or denominator when only a single element is varied. Furthermore, when mul-
tiple transfer functions are considered, it turns out that the denominators remain
unchanged. For instance, all theHl can be expressed in the form

Hl(p) =
Alp + Bl
Cp + D

.

The numerator polynomials depend on the source, but the denominators remain
unchanged. In the network of Figure 2.18, for example, the denominators of all the
transfer functions are (R1 + R2 + Rs), while the numerators of the transfer functions
from vn1 and vn2 to vo are R2 and (R1 + Rs), respectively. The example network of
Figure 2.18 ismemoryless. In general, the constantsA, B, C, D depend on frequency
(through reactive elements), but the formH(p) = (Ap + B)∕(Cp + D)with respect to
any single element remains valid for all linear time-invariant networks.
An interesting observation regarding the input-to-output transfer functionHeq is in

order. It has the bilinear form

Heq(j2�f) =
Aeq Rs + Beq

C Rs + D
.

In the limit asRs →∞, the expression above approachesAeq∕C. Physically, it is appar-
ent that as Rs →∞, the input source is effectively disconnected from the network, so
the output should vanish; therefore, Aeq must be 0.Heq(j2�f) is thus of the form

Heq(j2�f) =
Beq

C Rs + D
.

Revisiting (2.37), and expressing each of the transfer functions in their bilinear
forms, we obtain

Heq(j2�f)Veq(j2�f) =
Beq

CRs + D
Veq(j2�f)

=
∑

l

Hl(j2�f)Vl(j2�f) =
∑

l

AlRs + Bl
CRs + D

Vl(j2�f)
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from which we have

Veq(j2�f) =
∑

l

(
Al

Beq
Rs +

Bl
Beq

) Vl(j2�f)

=
∑

l

Bl
Beq

Vl(j2�f)

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
≡Va(j2�f)

+ (
∑

l

Al

Beq
Vl(j2�f))

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
≡Ia(j2�f)

Rs.

Thus the equivalent input-referred voltage decomposes as

Veq(j2�f) = Va(j2�f) + Ia(j2�f) Rs.

where Va (voltage source in series) and Ia are network-only linear combinations of
the internal sources. Why does the Rs termmake intuitive sense? As Rs becomes very
large, the input port becomesweakly coupled, so the signal gainHeq falls; to reproduce
the same output noise, the input-referred voltage must grow with Rs. This is precisely
the role of the Ia(j2�f)Rs term. A few observations are in order.

a. Recall that Aeq, Al, Beq and Bl are independent of Rs. They depend only on the
networkN. Consequently, Va(j2�f) and Ia(j2�f) are inherent properties ofN.

b. Since the noise sources are independent, the spectral densities of Ia(j2�f) and
Va(j2�f) are given by

Si(f) =
∑

l

||||||||

Al(j2�f)

Beq(j2�f)

||||||||

2

Sl(f)

Sv(f) =
∑

l

||||||||

Bl(j2�f)

Beq(j2�f)

||||||||

2

Sl(f).

c. Va(j2�f) and Ia(j2�f) are different linear combinations of the same noise
sources Vl(j2�f). It thus follows that they are correlated.

2.5.1 A Source-Independent Noise Model for the Two-Port
It would be wonderful if we could specify the noisy two-port with an intrinsic input
noisemodel that does not depend onRs. This is indeed possible bymoving sources and
invoking Norton–Thévenin equivalences, as shown in Figure 2.19a,b. Since va and ia
are independent of Rs, they are properties of the network without reference to the
source as shown in Figure 2.19c. In other words, the effect of the many noise sources
in N can be modeled by the equivalent sources va and ia. The spectral densities of
these sources are, in general, dependent on frequency. Both va and ia are properties
of the network alone (functions of the internal sources and topology), not of Rs.
Two limiting cases highlight the roles of va and ia.
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Figure 2.19 (a) Decomposing the equivalent noise voltage into a voltage and current source. (b) Equiv-
alent noise sources of the network. (c) Since va and ia do not depend on Rs, they are inherent properties
of the network.

• Ideal voltage drive (Rs → 0): the current-source term iaRs is negligible; the noise
is dominated by va.

• Ideal current drive (Rs →∞): the series voltage source is inconsequential; the
input noise is dominated by ia.

(Continued)

Input-Referred Noise Sources in a Resistive Attenuator

Consider again the resistor divider of Figure 2.20a. We saw earlier that the input-
referred equivalent noise source vn,eq is given by

vn,eq = vn1 +
R1 + Rs
R2

vn2. (2.43)

Consequently,

va = vn1 +
R1
R2

vn2 , ia =
1

R2
vn2. (2.44)

The NSD of the equivalent input-referred noise voltage and current sources,
namely Sv and Si are given by

Sv = 4kTR1 + 4kT
R21
R2

, Si = 4kT
1

R2
. (2.45)

It is evident that va and ia are correlated, since va is in part formed by vn2.
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(Continued)

Figure 2.20 (a) Resistive attenuator. (b) Equivalent input-referred sources.

2.6 Noise with Impedance Scaling and Differential
Operation

2.6.1 Impedance Scaling
We now discuss two important aspects that relate noise to power dissipation. Con-
sider the linear network N, shown in Figure 2.21a. 1 and 1′ denote the output ter-
minals. Apart from inductors, resistors, and capacitors, it includes linear controlled
sources, realized using active devices like transistors. The components inN produce
noise, resulting in an open-circuit noise voltage spectral density denoted by Sv1(f).
Suppose the outputs of two identical instances ofN, driven by the same input vs were
shorted as shown in Figure 2.21a. The equivalent representation of the output is given
in Figure 2.21b. The output noise of each instance has the same noise spectral density;
however, the noise voltages are independent. Consequently, the Thevenin equivalent
is that shown in Figure 2.21c. The signal component of the Thevenin voltage is what
one would obtain with a single instance ofN. The Thevenin impedance reduces by a
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Figure 2.21 (a) The outputs of two identical instances of a linear networkN, driven by the same input
are connected together. (b) Equivalent representation of the output. The noise produced by each instance
is independent of the other, but vn1 and vn2 have the same noise spectral density. (c) The simplified
equivalent of (b). The NSD is half that of the individual networks. The SNR is improved by a factor of
2(=3 dB).

factor of 2, since two networks are connected in parallel. The noise component, which
is (1∕2)(vn1 + vn2) has a spectral density (1∕4)(Sv1(f) + Sv2(f)) = Sv1(f)∕2. The SNR
has thus increased by a factor of 2 (i.e., 3 dB). This increase in SNR does not come for
free; two instances of N will dissipate twice as much power. This is a fundamental
trade-off; it costs twice the power to improve SNR by a factor of 2. In general, shorting
the outputs of n networks will cause the SNR to increase by a factor of n at the cost of
n times the power dissipation. The Thevenin impedance will be reduced by a factor
of n.
It is not necessary to make multiple copies ofN and short their outputs to achieve

the results described above. One could instead increase all (trans)conductances in
N by the same factor. This is illustrated in Figure 2.22 for n = 2. Conceptually, the
corresponding nodes in two copies ofN are connected together. IfN was noiseless,
the output would be unaffected, since the voltages at identical nodes in both copies
of N are the same. In effect, this is equivalent to doubling (trans)conductance in
every branch ofN. It is straightforward to see that the output noise voltage spectral
density reduces by a factor of 2. In general, increasing all (trans)conductances in a
network by a factor of n reduces noise power by a factor of n at the expense of power
dissipation that increases by the same factor.
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Figure 2.22 Impedance (down) scaling by a factor of 2.

2.6.2 Differential Operation
Figure 2.23a shows the principle behind an extensively used circuit technique called
differential operation. Two identical networks N are excited by equal and opposite
inputs, namely vs and −vs. The output of interest is the difference between the out-
puts of these networks, as shown in the figure. The port-equivalent representations
of the networks are given in Figure 2.23b. By linearity, the Thevenin voltages are of

Figure 2.23 (a) The outputs of two identical instances of a linear networkN, driven by equal and oppo-
site inputs. (b) Equivalent representation of the output. The noise produced by each instance is inde-
pendent of the other, but vn1 and vn2 have the same noise spectral density. (c) The simplified equivalent
of (b). The NSD is twice that of the individual networks. The signal power is four times higher, however,
resulting in an SNR improvement by a factor of 2(=3 dB).
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opposite signs. The noise sources vn1 and vn2 have the same spectral density but are
independent. The Thevenin equivalent of the output seen between terminals 1 and
1′ is shown in Figure 2.23c. The open-circuit voltage and Thevenin impedance are
2Vtℎ(j2�f) and 2Ztℎ(j2�f), respectively. Since the signal amplitude has doubled, its
power has increased by a factor of 4. The noise spectral density, however, has only
increased by a factor of 2 since vn1 and vn2 are independent. Consequently, the SNR
increases by a factor of 2. However, this increase is not free, as it results in twice the
power dissipation.

2.7 The Noise Factor of a Two-Port

As a signal is processed by a two-port network, the signal-to-noise ratio is degraded,
as explained using Figure 2.24. Part (a) of the figure shows the source, along with
its resistance Rs which adds noise with a spectral density 4kTRs. At a particular fre-
quency f, the SNR is given by

SNRi =
S(f)

4kTRs
,

Figure 2.24 (a) The SNR of the source at a frequency f is given by S(f)∕4kTRs. (b) The SNR at planes
a–a’ and b–b’ is the same, and is lower than that of the source.

where S(f) denotes the spectral density of the input signal. Let us examine what hap-
pens when the source is connected to the two-port, as in Figure 2.24b. The noise
sources in the network are represented by their equivalent input-referred voltage and
current sources. To quantify the degradation of the SNR due to the network, we pro-
ceed as follows.We first recognize that the SNR of the voltage at a–a′ and at the output
b–b′ is the same, sinceN is noiseless (the effect of all internal noise inN is accounted
for by va and ia). The SNR at a–a′ (and b–b′) is obtained by examining the Thevenin
equivalent of the circuit to the left of a–a′. The signal power (at a certain frequency f
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and a bandwidth∆f) is still S(f)∆f, while the noise power is 4kTRs∆f + (va + iaRs)2

where va and ia denote the noise quantities in a bandwidth∆f. The SNR at the output
ofN is thus given by

SNRo =
S(f)∆f

4kTRs∆f + (va + iaRs)2
.

The degradation of the SNR due to processing by the two-port, called the noise factor,
is seen to be

F =
SNRi
SNRo

= 1 +
(va + iaRs)2

4kTRs∆f
. (2.46)

F ≥ 1 and is a function of the operating frequency, since va and ia (and their corre-
lation) are frequency dependent. The noise figure (NF) is the noise factor expressed
in dB and is given by NF = 10 log10(F) dB. The noise figure of the two-port would be
0 dB if it were noiseless.
Another way of interpreting the noise factor is the following. We see that (2.46) can

be expressed as

F =
{4kTRs∆f + (va + iaRs)2}|H(j2�f)|

2

4kTRs∆f|H(j2�f)|2
≡

v2n1
v2n2

,

whereH(j2�f) denotes the voltage gain from a–a’ to vo in Figure 2.24b. v2n2 is what a
noiseless version of the network would produce at its output when driven by the real
source (same signal transfer as the actual network), while v2n1 is what one actually
measures with the two-port’s internal noise sources turned on. A 3 dB noise figure
corresponds to F = 2, i.e., the network adds as much output noise as comes from the
source after being processed by the network [8].

2.7.1 SNR and the “Sweet Spot” in Rs
Referring to Figure 2.24b, a question that arises is whether there is a “special” value
of Rs that maximizes the SNR at the output of the network.2 To see that there could
be an optimum Rs that achieves the best output SNR, we note the following.

a. In Figure 2.24b, the SNR at a–a’ is identical to that at the network’s output,
namely b–b’.

b. To maximize output SNR, therefore, we should minimize (va + iaRs)
2
∕4kTRs∆f.

c. Making Rs very small will emphasize the noise due to the va term, whereas mak-
ing Rs very large makes iaRs dominate; thus, an intermediate “sweet spot” in Rs
can minimize the total input-referred noise for the chosen frequency. Moreover,
the precise optimum depends on the correlation between va and ia in addition to
their spectral densities.

2It is important to note that achieving the peak SNR does not mean that other metrics, like
the voltage gain, are maximized.



2.8 Example: Noise-Factor Calculations 91

d. Since va and ia are correlated, the optimum source impedance is in general a
frequency-dependent complex quantity.

e. If va and ia are uncorrelated and their spectral densities are white, it is straight-
forward to see that the optimum source resistance is given by Rs,opt =

√
Sva∕Sia.

2.8 Example: Noise-Factor Calculations

This section develops the noise factor (noise figure) through a few simple examples.
We keep to low-frequency (memoryless) models so that gains are real numbers; the
frequency-dependent case follows by replacing gains with transfer functions.

Example 1: A “Network” That Is Just a Resistor

Figure 2.25 Determining the noise factor of a resistive attenuator.

Consider a source resistanceRs driving a network that ismerely a shunt resistorRp (an
attenuator), as shown in Figure 2.25. The output is taken across Rp. Let us compute
the noise factor

F =
(output noise with noisy network)

(output noise with noiseless network)
,

at a frequency f.

Noisy network
Both Rs and Rp are noisy. The output voltage-noise spectral density is simply the ther-
mal noise of the parallel combination:

S
noisy
o = 4kT

RsRp

Rs + Rp
.

Noiseless network
We suppress the noise of Rp; only Rs contributes. The transfer function from vn1 to the
output is Rp∕(Rs + Rp), so

Snoiselesso = 4kTRs (
Rp

Rs + Rp
)

2

.
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Noise factor and checks
Taking the ratio and simplifying, we have

F = 1 +
Rs
Rp
.

Sanity checks: Rp →∞ gives F→ 1 (no SNR loss). If Rp = Rs, then F = 2 (NF = 3 dB):
the absolute output noise drops by 2×, but the signal is attenuated by 2× in amplitude
(4× in power), so SNR degrades by 2×. The noise figure quantifies SNR loss, not the
absolute noise floor.
What is the optimum Rs that results in the maximum SNR at the output of the net-

work? It is straightforward to see that the equivalent input noise voltage of the “net-
work” is zero. Consequently, Sva = 0. The optimum Rs, which is

√
Sva∕Sia, is zero.

This, of course, makes intuitive sense.

Example 2: Low-Frequency MOS Common-Source Amplifier

Figure 2.26 (a) MOSFET model (neglecting flicker noise). (b) A common-source amplifier.

Let us determine the noise factor of a common-source amplifier. The model of the
MOS transistor at low frequencies is shown in Figure 2.26a. The transistor’s noise is
modeled by a current source between the drain and source with one-sided density
Si = (8∕3)kT � gm. The common-source amplifier is shown in Figure 2.26b. The input
source has a resistance Rs, and drives the gate. The load at the drain is a resistor RL,
which contributes a shunt current noise with spectral density 4kT∕RL. We assume
gds → 0 for simplicity.
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Noise due to Rs:
Assuming that the transistor and load are noiseless, only Rs contributes noise. The
small-signal gain from vs to vo is −gmRL; hence

Svo,1 = 4kTRs (gmRL)
2
.

Noise due to the transistor and RL:
Additional output noise arises from the two shunt current sources at the drain, each
converted to a voltage by RL:

Svo,2 =
(
(8∕3)kT�gm + 4kTGL

)
R2L.

The total output noise spectral density is thus given by

Svo = 4kTRs(gmRL)
2
+

(
(8∕3)kT�gm + 4kTGL

)
R2L.

The noise factor is the ratio of the total output noise to that due to Rs alone and is
given by

F =
Svo
Svo,1

= 1 +
2�

3gmRs
+

1

g2mRsRL
.

From the expression, we see that in a design with a high gain (i.e., gmRL ≫ 1), the
contribution of the load resistor is much smaller than that due to the transistor. This
makes sense due to the following. A drain-current disturbance must be “divided by
g2m” to appear as an equivalent gate-voltage disturbance; increasing gmRL reduces the
relative impact of RL’s noise compared to transistor noise.

(Continued)

Measuring the Noise Factor

We saw that the noise factor of a network at a frequency f can be interpreted as
the ratio of its output noise spectral density at f to that which would be obtained if
the internal noise sources were turned off.While this is a straightforward approach
for analysis/simulation, it is not possible to “turn off” the internal noise sources in
measurements. How then does one measure the noise factor in practice?
The principle [9] behind noise factor measurement is shown in Figure 2.27. The
source andN are at a temperature T1, and the resulting noise spectral density at
the output of the two-port at the frequency f, denoted by S1(f), is measured as
shown in Figure 2.27a. One way to identify the contribution of N to the output
noise is to turn the internal noise sources off; evidently that is not practical.What is
possible, however, is to make the source resistance “noisier.” A way (injury-prone,
perhaps) of doing this is to heat the resistor Rs. A better way is to use an active
device whose resistance is Rs when operated at the temperature T1, but which has
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(Continued)

a noise spectral density 4kT2Rs where T2 ≫T1, as shown in Figure 2.27b. This is
the origin of the term “hot” measurement. Note that N still operates at T1. The
resulting noise spectral density at the output of the two-port is S2. The ratio S2∕S1
is called the Y-factor, and is denoted by Y (not to be confused with admittance).

Figure 2.27 The principle behind the hot-cold measurement of noise factor. (a) The “cold” mea-
surement, where the source andN are at temperature T1. (b) The “hot” measurement, whereN is
at T1, but the source resistance is at T2 > T1.

Let Ns and Ndut denote the contributions of the source and network to the output
noise spectral density in the cold measurement, respectively. We have

S1 =Ns +Ndut

S2 =Ns (
T2
T1
) +Ndut

Recall that the noise factor F at T1 is, by definition, S1∕Ns. Using Y = S2∕S1 with
the equations above, we obtain

F =
T2 − T1
T1(Y − 1)

. (2.47)

As a sanity check, suppose Y = 1. This means that S2 = S1, indicating that making
the source noisier has had no effect on the output noise. This can only happen
when Ndut∕Ns → ∞, meaning that F → ∞.
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On the other hand, suppose the measured Y = T2∕T1, which means that S2 =
S1(T2∕T1). This indicates that the output noise has increased by the same factor
as the source noise. This is only possible if Ndut = 0, implying that F = 1. This is
indeed borne out by (2.47).

Summary

• Component noise Thermal noise of a resistor R:

Sv(f) = 4kTR and Si(f) = 4kT∕R.

These are single-sided densities. (Other device noises can be represented with
parameterized PSDs as needed.)

• Noise through LTI networks. If Y(s) =H(s)X(s), then Sy(f) =

|H(j2�f)|2Sx(f). Formultiple independent sources {nl}with transfers {Hl(s)},

So(f) =
∑

l

|Hl(j2�f)|
2Sl(f),

and the corresponding mean-square at the output is v2o = ∫
∞

0 So(f) df.
• Nyquist noise theorem. For an RLC one-port with impedance Z(j2�f),

Sv(f) = 4kT Re{Z(j2�f)}.

This result follows from power balance/reciprocity and unifies the resistor
noise formula with that applicable to general RLC networks.

• Total integrated noise via energy. In RLC networks, the total mean-square
voltage noise across a port can be written as an energy difference associated
with a unit-charge experiment (provided the mean-square noise is finite):

v2o =
2kT

(1 coulomb)2

(
E0 − E∞

)
,

which reduces to v2o = kT∕C for the first-order RC network measured
across C.

• Equivalent noise sources. The effect of multiple noise sources internal to a
two port can be modeled by equivalent input-referred noise voltage and cur-
rent sources.

• SNR, noise factor, and measurement. For a two-port, the noise factor F
quantifies the degradation in the SNR due to the network. The noise figure
is the noise factor expressed in dB, i.e., NF = 10 log10 (F) dB. The noise factor
can be measured using what is called the “hot-cold” method.
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Problems

The opamps in the problems that follow are ideal. However, unless otherwise men-
tioned, they are associated with a noise voltage at their inputs denoted by va (the cor-
responding spectral density is denoted by Sa(f)) (Figure 2.28).

Figure 2.28 Noise model for an opamp, which is otherwise ideal.

Figure 2.29

Problem 1. Determine the output noise voltage spectral density and that of the equiv-
alent input-referred noise voltage and current for the two amplifiers in Figure 2.29.

Figure 2.30

Problem 2. Determine the spectral densities of the equivalent input-referred equiva-
lent noise voltage and current of the passive two-port network in Figure 2.30.
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Figure 2.31

Problem 3. The network of Figure 2.31 shows a second-order bandpass filter whose
transfer function is of the form

H(s) =
G

s

!o

1 +
s

!0Q
+

s2

!2o

(2.48)

Determine G, !0, Q in terms of circuit parameters. Determine the output noise-
voltage spectral density and the total integrated output noise.

Figure 2.32

Problem 4. Repeat the previous problem for the circuit shown in Figure 2.32. Assume
that the opamp is ideal and noiseless.
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Figure 2.33

Problem 5. Physical inductors tend to be bulky and can only be integrated when they
are very small (a few tens of nH). This led to the invention of electronic ways of emulating
the behavior of inductors, and one popular approach is shown in Figure 2.33.

Determine how C1 must be chosen so that the circuit achieves the same transfer func-
tion as that realized by the circuit of Figure 2.32. Determine the mean-square noise at
the output, and compare it with that of the previous problem. What do you conclude?
(Assume that the opamps are noiseless.)

Figure 2.34

Problem 6. Figure 2.34 shows a low-pass filter. Determine the transfer function and
express it in standard form, which is
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H(s) =
Ao

1 +
s

!oQ
+

s2

!2o

. (2.49)

How are !o, Q, and Ao related to the component values? Determine the output noise
spectral density of the lowpass filter. The opamp is noisy, as mentioned at the beginning
of this problem set.

Problem 7. Consider a network consisting of resistors, capacitors, and voltage-
controlled current sources. The transconductance of the ltℎ VCCS is denoted by gm,l.
Every resistor is accompanied by its noise source, as usual, and every transconductance
is accompanied by a noise current in parallel with the output, with a spectral density
that is given by 4kTgm,l.

Denote the output noise voltage spectral density of the network by Sv(f). All the resis-
tors in the network are doubled, and transconductors are halved. Determine the output
voltage spectral density of the network in terms of Sv(f).

Problem 8. Consider a network consisting of resistors, capacitors, and voltage-
controlled current sources. The transconductance of the itℎ VCCS is denoted by gm,i .
Every resistor is accompanied by its noise source, as usual, and every transconductance
is accompanied by a noise current in parallel with the output, with a spectral density
that is given by 4kTgm,i .

Denote the output noise voltage spectral density of the network by Sv,out(f). Now, all
the capacitors in the network are doubled. Determine the output voltage spectral density
of the network now.

Problem 9. Consider again the bandpass filter of Figure 2.33. The opamps are ideal
and noiseless, and so is the amplifier of gain −1. The only noisy elements are the resistors.
Assume Q≫ 1.

The opamps have a peak signal swing of ±1 V at their outputs. The input |vi| < 1 V. It
is desired to maximize the dynamic range of the filter. For the purposes of this problem,
we define the dynamic range as the maximum possible SNR at the filter output. The peak
signal amplitude at the filter output is restricted to 1 V, but can be lower if one of the op-
amps saturates before the other. The noise power at the filter output is its mean square
noise. The dynamic range, therefore, is given by

Dynamic range = (
Maximum output signal power
Mean-square output noise ). (2.50)

The aim of this problem is to illustrate the fundamental difficulty of realizing a high-Q
active bandpass filter with a high dynamic range. Choose component values so that all
the following constraints are satisfied. Assume that theQ is high, so that the peaks of the
low-pass and bandpass outputs occur at the same frequency.

• Center frequency f0 is 1 MHz.
• Q = 20
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• Gain at f0 of 1.
• C1 + C = 100 pF.

Since there are six component values to be determined but only four constraints, many
component choices can realize the desired transfer function.
a. Choose component values so that the output dynamic range is maximized. What is

the maximum dynamic range in dB? Verify your noise calculations using SPICE.
b. Repeat part (a) if C1 + C = 200 pF.
c. Repeat part (a) if Q = 40, but all other constraints remained as in part (a).
d. Repeat part (a) if f0 = 2 MHz , but all other constraints remained as in part (a).

Figure 2.35

Problem 10. Determine the total integrated output noise of the low-pass filter circuit
shown in Figure 2.35. Repeat if the output terminating resistor is removed (i.e., made an
open circuit).

Problem 11. Consider a one-port consisting of resistors, capacitors, and inductors.
We saw that the noise spectral density of the open-circuit port voltage is given by
4kT Re {Z ( j2�f)}, where Z(j2�f) denotes the driving point impedance of the one
port. Show that the noise spectral density of the short-circuit port current is given by
4kT Re {Y ( j2�f)}, where Y(j2�f) denotes the port’s driving point admittance.

Figure 2.36

Problem 12. Determine the noise spectral density and mean-square noise of the cur-
rent through the inductor (Figure 2.36).
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Figure 2.37

Problem 13. The one-port network of Figure 2.37 consists of inductors, capacitors,
and resistors. Determine the mean-square value of the short-circuit current i2o .

Figure 2.38

Problem14. Figure 2.38 shows the incremental diagram of a single-stage CMOS oper-
ational transconductance amplifier. The output is nodeX. Each transistor is represented
by the model given. Denote the transconductance of the lth transistor by gml. Determine
the noise spectral density of the output short-circuit current.
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Figure 2.39

Problem 15. Figure 2.39 shows an infinite cascade of identical amplifiers. The ampli-
fier has a voltage gain denoted by A and a noise factor F when driven by a source
with resistance Rs. Furthermore, it has zero output impedance and an infinite input
impedance. Determine the noise factor of the cascade. This is called the noise measure
of the amplifier.

Figure 2.40

Problem 16. Figure 2.40 shows a cascade of two amplifiers. The voltage gains are
denoted by A1 and A2. When driven by a source with resistance Rs, their noise factors
are F1 and F2.
a. Determine the noise factor of the cascade.
b. It is also possible to achieve the same gain by interchanging the positions of A1 and

A2. Determine which of these choices (A1 − A2 or A2 − A1) will result in a lower noise
factor for the cascade?

c. Suppose there are three amplifiers with gain/noise factors A1∕F1,A2∕F2 andA3∕F3.
Any order will result in a gain A1A2A3. How will you order them in a cascade to
achieve the lowest noise factor?
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3

Weak Nonlinearities in Circuits

In Chapter 2, we discussed noise in circuits. Noise places a lower limit on the
signal strength at the input of a network for the output to be useful. In this chapter,
we delve into what happens when the signal strength is too large. One might won-
der what the problem is with large signals; the signal-to-noise ratio will only increase,
which is desirable. The problem is that in reality, most circuit components exhibit
some degree of nonlinearity. As a consequence, networks created using such compo-
nents will also be nonlinear, albeit often minimized through design efforts. It turns
out that nonlinearities cause undesirable artifacts at the output of a system. Further-
more, the strength of these artifacts increases more than linearly with the amplitude
of the input. An analogy is the following: suppose one was listening to a friend. If
(s)he whispers, it is a problem since the signal-to-noise ratio is too small. On the other
hand, it does not help if the friend screams at the top of his/her voice either, as it hurts
the ears. The “best” volume for the friend to speak with is one that is not so small,
that it is not confused with noise and not so loud as to be annoying.
In electronic circuits, the goal is typically to limit the maximum input signal ampli-

tude to a level where the artifacts due to nonlinearity begin to become annoying. In a
digital communication link, for instance, “annoyance” means an increased bit error
rate (BER). At such a level, the circuit operates in aweakly nonlinear fashion. The aim
of this chapter is to develop techniques to analyze the effect of weak nonlinearities in
circuits, primarily focusing on circuits presumed to be linear and time-invariant. To
illustrate, consider a simple example: an amplifier. Ideally, we desire this amplifier
to exhibit linearity, where the output voltage (vo) is directly proportional to the input
voltage (vi) by a factor represented as the gain a1:

vo = a1vi. (3.1)

In practice, the output voltage (vo) will deviate from the ideal linear relation-
ship (vo = a1vi) due to the presence of nonlinear terms. In most cases, the input–
output relationship can be modeled as a polynomial over the useful range of inputs
according to

vo = a1vi + a2v2i + a3v3i + … (3.2)
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where a2, a3, etc., are coefficients representing the strength of nonlinear effects. The
term a1vi represents the linear contribution, while a2v2i , a3v

3
i
and subsequent higher-

order terms constitute the nonlinear components. When we refer to weakly nonlin-
ear behavior, it implies that these nonlinear terms (a2v2i , a3v

3
i
, etc.) are significantly

smaller than the linear term (a1vi). Mathematically, this can be expressed as:

|a2v2i |, |a3v
3
i
|, ... ≪ |a1vi|. (3.3)

Figure 3.1 Transfer curve of a weakly nonlinearmemoryless amplifier with second-order nonlinearity.

In practical circuit design, unless intentional nonlinear behavior is desired, efforts
are made to ensure that the nonlinear terms are much weaker compared to the linear
term. While deliberately nonlinear circuits exist, where nonlinearity is essential for
their intended functionality, the focus of this chapter is on circuits expected to exhibit
perfectly linear behavior.
Consider an amplifier whose output voltage (vo) is the sum of a linear term (a1vi)

and a quadratic term (a2v2i ), with higher-order terms being zero:

vo = a1vi + a2v2i . (3.4)

The transfer curve is shown in Figure 3.1. For very small inputs, the quadratic term
is negligible, and the incremental gain dvo∕dvi = a1. As the input increases, the slope
of the transfer curve changes. When vi = A cos(2�ft) the output is given by

vo =
a2A

2

2
+ a1A cos(2�ft) +

a2A
2

2
cos(4�ft). (3.5)

A DC offset emerges even though the input signal is a sinusoid with a zero average
value. This offset arises because, regardless of whether the input is positive or neg-
ative, the output is consistently smaller (or larger) than the linear response would
suggest. More importantly, a second harmonic distortion is seen, and is quantified
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by HD2, which is the ratio of the amplitude of the second harmonic to that of the
fundamental [1]:

HD2 =

(
|a2A

2|

2

)

|a1A|
=
|a2A|

2|a1|
. (3.6)

It is often expressed in decibels (dB) as

HD2(dB) = 20 log10 (
|a2A|

2|a1|
) . (3.7)

The strength of the second harmonic (a2A2∕2) is proportional to the square of the
input amplitude. For a 1 dB increase in input amplitude, there is a corresponding 2 dB
increase in the second harmonic amplitude, thereby causingHD2 to increase by 1 dB.
As mentioned earlier, memoryless weakly nonlinear systems can most often be

modeled using a polynomial input–output relationship over the range of useful sig-
nals. In practice, how would we know if the system is operating in a regime where
it can be considered weakly nonlinear? The 1 dB/dB increase in HD2 is often a good
test to answer this question.

3.1 Second-Order Intermodulation Distortion

The reader might wonder what all the fuss about distortion is about. Why cannot the
effect of the second harmonic simply be filtered? The basic idea is shown in Figure 3.2.
Suppose that an ideally linear buffer (gain of 1) is accompanied by second-order dis-
tortion. Since we know that an input tone at f1 will cause an output tone at 2f1, we
propose to eliminate it by using a low-pass filter as shown in the figure. The filter’s
bandwidth B is chosen so that the second harmonic lies outside the filter’s passband.
There are (at least) two problems with this approach (even without considering the
complexities involved in realizing the filter). First, what if the frequency was so low
that the second harmonic lies within the filter’s passband? Next, while a sine wave is
used to characterize a system, it is very unlikely that real-world signals are sinusoidal.
Consider, for instance, the response of our nonlinear system excited by the sum of
two sinusoids:

vi = A cos(2�f1t) + A cos(2�f2t). (3.8)

Using this in (3.4), we obtain

vo = a1A {cos(2�f1t) + cos(2�f2t)} (linear output)
+ a2A

2 (dc offset)

+ a2
A2

2
{cos(4�f1t) + cos(4�f2t)} (harmonic distortion)

+ a2A
2 {cos(2�(f1 + f2)t) + cos(2�(f1 − f2)t)} (intermodulation distortion)

.
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Figure 3.2 Weakly nonlinear buffer followed by a sharp lowpass filter with bandwidth B, excited by a
two-tone input. Both f1 and f2 are higher than the filter’s bandwidth, but (f2 − f1) < B. (a) The input,
where the second tone is turned on after a delay td. (b) Filter output for a linear buffer. (c) Filter output
when the buffer is weakly nonlinear.

This expression shows that the output signal contains additional frequency compo-
nents beyond the original input frequencies f1 and f2 and their harmonics. Specif-
ically, it includes components at (f1 + f2) and (f1 − f2). These additional frequency
components are known as intermodulation products and are a consequence of the
nonlinear behavior of the system. When f1 and f2 are close together, the difference
frequency (f1 − f2) can fall within the desired signal bandwidth,making itmore prob-
lematic than the sum frequency (f1 + f2).
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The second-order intermodulation distortion (IM2) quantifies the ratio of the ampli-
tude of the intermodulation tones to that of the fundamental tones in the output sig-
nal and is given in decibels by

IM2(dB) = 20 log (
|a2|A

|a1|
) . (3.9)

LikeHD2, increasing the input by 1 dB causes a 1 dB increase in IM2.
It is instructive to look at time-domain waveforms to “experience” the effects of

intermodulation distortion. Consider the signal chain of Figure 3.2. The buffer is
excited by two sinusoidal signals of equal amplitude and frequencies f1 and f2. The
sine wave at f2 is turned on at a time td. The bandwidth of the filter that follows the
buffer is B. f1 and f2 are larger than B, but (f2 − f1) < B. Figure 3.2b shows the filter
output when the buffer is linear (i.e., � = 0). vf is small for t < td since f1 > B. When
the second sine wave turns on at t = td, there is a transient after which vf is the sum
of two small-amplitude sine waves, as f1 and f2 are both greater than B.
The filter output for � ≠ 0 is shown in Figure 3.2c. For t < td, where the excitation

is a single tone, we see that vf consists of a DC offset with a small-amplitude signal
superposed on it. This corresponds to the tones at f1 and 2f1 attenuated by the filter.
For t > td, we see that vf is predominantly a large low-frequency sinusoid (along with
a dc offset). This is the intermodulation tone at the frequency (f2 − f1), which cannot
be eliminated by the filter. We thus see that second-order nonlinearity can cause two
large out-of-band signals to yield an in-band component. A practical scenario where
this could occur is the baseband chain of an RF receiver.

Figure 3.3 Amplitudes of the output fundamental and intermodulation tones as a function of input
amplitude.
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Suppose we plotted the amplitude of the output tone at f1 versus that on the input
tone (both expressed in dBV1). As shown in Figure 3.3, we see a straight line with a
slope of 1 dB/dB when the amplifier is operating in its weakly nonlinear region. The
amplitude of the intermodulation tones (which is proportional to A2) on the other
hand, is a line of slope 2 dB/dB. If the amplifier remained weakly nonlinear for all
input amplitudes, the two lines when extrapolatedwouldmeet at a point. At this input
amplitude, given by |a1∕a2|, the strength of the intermodulation tones (at frequencies
(f2 ± f1)) would be equal to that of the input. The amplitude of the input that results
in equal amplitude tones at the input and intermodulation frequencies is denoted by
IIP2, short for input-referred intercept point for second-order intermodulation distor-
tion. It is important to recognize that in practice, IIP2 is a fictitious point, sinceweakly
nonlinear behavior is only valid over a range of input amplitudes; the amplifier will
saturate after that. IIP2 in dBV is given by

IIP2 (dBV) = 20 log (
|a1|

|a2|
) . (3.10)

A larger value of IIP2 indicates a more linear amplifier. Given the input amplitude A
and the amplifier’s IIP2, and assuming weakly nonlinear operation, it is straightfor-
ward to see that when all quantities are expressed in dB or dBV,

IM2 = A − IIP2. (3.11)

Second-order nonlinearity can be characterized either byHD2 or by the IIP2. While
both describe the same nonlinearity, IIP2 is often preferred for analysis and compari-
son.Why?HD2 requires two numbers to specify distortion: the distortion level (e.g., in
percent) and the input amplitude at which it is measured. In contrast, IIP2 is a single
figure of merit that characterizes second-order nonlinearity.
IIP2 models the entire weakly nonlinear operating region where the fundamental

term (a1A) and the second-order term (a2A2), when expressed in dBV, follow straight-
line relationships versus input amplitude. In this region, extrapolation of these lines
to their intersection provides an amplitude-independent description of second-order
distortion. It should be noted, however, that the IIP2model breaks down at large input
amplitudes, where higher-order nonlinearities and saturation effects become signif-
icant. In this large-signal regime, HD2 can still be specified at a particular operating
point, whereas IIP2 no longer accurately represents the system behavior.

1dBV is the voltage, expressed in dB, normalized to 1V. If the amplitude is A volts, it is
20 log(A) in dBV.
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IIP2 of a MOS Common-Source Amplifier

Figure 3.4 A common-source amplifier.

A common-source amplifier is shown in Figure 3.4. Cb1 and Cb2 are assumed to
be infinite so that they act as level-shifting batteries. The transistor, which obeys
the square-law model, is operating in saturation. Channel-length modulation is
neglected. What is the IIP2 of this amplifier?

The voltage at the drain, namely V2, is given by

V2 = Vdd −
1

2
�nCox

W

L
(VG + vi − Vtn)

2
R.

The voltage drop across Cb2 is

Vb2 = Vdd −
1

2
�nCox

W

L
(VG − Vtn)

2
R.

Consequently, vo = V2 − Vb2 is seen to be

vo = −�nCox
W

L
(VG − Vtn)Rvi −

1

2
�nCox

W

L
Rv2

i
.

In our notation, |a1| = �nCox
W

L
(VG − Vtn)R, and |a2| =

1

2
�nCox

W

L
R. The IIP2,

therefore, is

IIP2 = 2(VG − Vtn).

For instance, a gate-overdrive voltage of 0.5 V results in an IIP2 of 0 dBV.
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3.2 IIP2 of Cascaded Stages

Figure 3.5 Cascade of two amplifiers. Each amplifier has weak second-order nonlinearity.

How is the IIP2 of a cascade of amplifiers related to that of the individual stages?
Figure 3.5 shows a block diagram of a two-stage cascade. The second-order input
intercept points of the individual stages are given by

IIP2,a =
|a1|

|a2|
, IIP2,b =

|b1|

|b2|
.

The output of the cascade, namely vo, can be expressed in terms of vi as

vo = b1(a1vi + a2v2i ) + b2(a1vi + a2v2i )
2
= a1b1vi + (a2b1 + a21b2)v

2
i
+⋯ . (3.12)

Consequently, the IIP2 of the cascade is seen to be

IIP2,ab =
|a1b1|

|a2b1 + a21b2|
. (3.13)

If the signs of a2b1 and a21b2 are identical, |a2b1 + a21b2| in the expression above is
identical to |a2b1| + |a21b2|, allowing us to write IIP2,ab as

1

IIP2,ab
=

1

IIP2,a
+

|a1|

IIP2,b
. (3.14)

3.3 Differential Operation

Figure 3.6 Eliminating even-order distortion using differential operation.
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We have seen that second-order distortion can be problematic in practical systems.
Fortunately, a simple “trick” can eliminate (or greatly reduce) second- and even-order
distortion. The idea, called differential operation, is illustrated in Figure 3.6. Suppose
the input vi and its inverted version −vi are available. One amplifier is excited by vi to
result in an output denoted by vop. Another identical amplifier is excited by −vi, and
its output is denoted by vom. We see that

vop = a1vi + a2v2i + a3v3i +⋯

vom = −a1vi + a2v2i − a3v3i +⋯

The difference between vop and vom is given by

vop − vom = 2a1vi + 2a3v3i +⋯ . (3.15)

It is evident that all even terms are cancelled due to differential operation. Further-
more, any error/disturbance which is common to both amplifier outputs is cancelled
when the difference is processed. This is a very important and useful attribute of dif-
ferential operation. It is thus no wonder that this technique finds widespread use.
In practice, however, mismatch between the amplifiers will result in small, residual
even-order terms in the transfer characteristic.
To summarize, differential operation either eliminates even-order distortion, or ren-

ders it so small as to be negligible. As a consequence, third-order nonlinearity is the
dominant source of distortion in practical differential circuits. We study this next.

3.4 Third-Order Nonlinearity

Consider an amplifier whose output voltage (vo) is the sum of a linear term (a1vi) and
a cubic term (a3v3i ), with higher-order terms being zero.

Figure 3.7 Transfer curve of a weakly nonlinear memoryless amplifier with third-order nonlinearity.
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vo = a1vi + a3v3i . (3.16)

The transfer curve is shown in Figure 3.7. For very small inputs, the cubic term is
negligible, and the incremental gain dvo∕dvi = a1. When vi = A cos(2�ft) the output
is given by

vo = (a1A +
3

4
a3A

3) cos(2�ft) +
a3A

3

4
cos(6�ft). (3.17)

The amplitude of the fundamental at the output is seen to be (a1A + 3a3A
3∕4). In

most practical amplifiers, the signs of a3 and a1 are opposite. Consequently, the fun-
damental tone at the output is smaller than what would be expected from a linear
amplifier of gain a1. This is called gain compression, and the amplifier characteristic
is termed “compressive.” The amplitude at which the output is 1 dB smaller than that
of a linear amplifier with gain a1 is termed the 1 dB compression point. Denoting this
by A1 dB, we have

10−1∕20a1A1 dB = a1A1 dB +
3

4
a3A

3
1 dB. (3.18)

which results in

A1 dB ≈ 0.33

√
4

3

|a1|

|a3|
. (3.19)

As expected, third-harmonic distortion also appears at the amplifier’s output. It is
quantified by HD3, which is the ratio of the amplitude of the third harmonic to that
of the fundamental. Expressed in dB, it is approximately (after neglecting the small
(3∕4)a3A

3 of the fundamental)

HD3(dB) ≈ 20 log10 (
|a3|A

2

4|a1|
) . (3.20)

The strength of the third harmonic (a3A3) is proportional to the cube of the input
amplitude. For a 1 dB increase in the input, the third harmonic increases by 3 dB
resulting in a 2 dB increase in HD3. A 2 dB/dB increase in HD3 is often a good test to
determine if the amplifier is operating in the weakly nonlinear regime.

3.4.1 Third-Order Intermodulation Distortion
Intermodulation distortion occurs when a third-order nonlinearity is subjected to a
two-tone signal. Consider, for instance, the response of our nonlinear system excited
by the sum of two sinusoids:

vi = A cos(2�f1t) + A cos(2�f2t). (3.21)
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Using this in vo = a1vi + a3v3i , we obtain

vo = (a1A +
9

4
a3A

3) {cos(2�f1t) + cos(2�f2t)} (compressed output)

+ a3
A3

4
{cos(6�f1t) + cos(6�f2t)} (harmonic distortion)

+
3

4
a3A

3 {cos(2�(2f1 − f2)t) + cos(2�(2f2 − f1)t} (intermodulation distortion)

+
3

4
a3A

3 {cos(2�(2f1 + f2)t) + cos(2�(2f2 + f1)t)} (intermodulation distortion)

.

Figure 3.8 Output spectrum of an amplifier with weak third-order nonlinearity for a two-tone input.

A representative spectrum of the amplifier’s output is shown in Figure 3.8. As
expected, the fundamental tones (i.e., those at f1 and f2) undergo gain compression
at the amplifier output. Harmonic distortion tones appear at 3f1 and 3f2. They can
presumably be filtered out. In addition, intermodulation tones occur at frequencies
(2f2 ± f1) and (2f1 ± f2). Of these, the tones at (2f2 − f1) and (2f1 − f2) are problem-
atic since they lie close to the input frequencies and cannot be eliminated by filtering.
The amplitude of the intermodulation components is given by (3∕4)a3A3. The ratio
of the amplitude of the intermodulation tone to that of the fundamental is termed the
intermodulation distortion and denoted by IM3. Expressed in decibels, it is given by

IM3(dB) = 20 log10 (
3|a3|A

2

4|a1|
) . (3.22)
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Figure 3.9 (Very) Simplified block diagram of a direct-conversion receiver.

Why is intermodulation distortion problematic in practice? In other words, is there
a “use case” where we need to worry about it? It turns out that there are many use
cases—we discuss one below. Consider the simplified block diagram of part of an RF
receiver shown in Figure 3.9. The input vrf(t) consists of the (small) desired signal
centered at flo. Neighboring channels are occupied by signals that are much larger
than the desired signal. The RF input is demodulated to baseband by multiplying
with a local oscillator, which we assume to be a sine wave at flo.2 The baseband signal
undergoes amplification and filtering before being sampled by an analog-to-digital
converter (ADC). The input to the amplifier consists of the small desired channel at
DC, and two large unwanted signals. The lowpass filter attenuates interferers so that
the ADC output predominantly consists of samples of the desired channel.
In practice, however, the mixer, amplifier, and lowpass filter, being implemented

with transistors, are weakly nonlinear. We abstract the signal chain as shown in
Figure 3.10. The input to the filter is assumed to be demodulated by a linear mixer to
result in a baseband signal. The weak nonlinearity of the entire front end (mixer and
amplifier) is incorporated into the unity-gain buffer through the �v3

i
term. The base-

band filter has a bandwidth denoted by B. The desired component is assumed to be
so small that it is set to zero. The interferers are modeled as tones at f1 and f2 that lie
outside the filter’s passband, while their difference (2f1 − f2) < B falls in band.

2Only the in-phase path is shown here; the quadrature path where vrf(t) is multiplied by
Alo sin(2�flo(t) and subsequently amplified and filtered is omitted.
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Figure 3.10 Weakly nonlinear buffer followed by a sharp lowpass filter with bandwidth B, excited by
a two-tone input. Both f1 and f2 are higher than the filter’s bandwidth, but (2f1 − f2) < B (a) The input,
where the second tone is turned on after a delay td. (b) Filter output for a linear buffer. (c) Filter output
when the buffer is weakly nonlinear.

To “see” the effect of third-order intermodulation, the tone at f2 is turned on at
time td, as shown in Figure 3.10a. For (t < td), we notice as expected and as shown in
Figure 3.10b,c that the output of the filter is very small. This is because f1 > B. At time
t = td, the second interferer turns on. When the buffer is linear (i.e., � = 0) the filter
output remains zero but for a short-lived transient. Since the desired signal is zero, the
output of the filter is (almost) zero, as it should be. The situation, however, is different
for a nonzero �. For (t > td), the intermodulation tone at (2f1 − f2) results in a large
signal at the filter’s output and will be interpreted by the DSP as the desired signal.3

3In practice, the interferers are random signals. Consequently, the intermodulation
component at the output of the baseband filter will appear like noise, and degrade the SNR
of the desired signal.
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Figure 3.11 Amplitudes of the output fundamental and intermodulation tones as a function of input
amplitude.

If we plotted the amplitude of any one of the output tones at f1 or f2 (in dBV) as a
function of the corresponding input amplitude (also in dBV), we obtain a straight line
with a slope of 1 dB/dB when the amplifier operates in a weakly nonlinear fashion.
As Figure 3.11 shows, compression and saturation set in for larger amplitudes. The
amplitude of the intermodulation tones increases with a slope of 3 dB/dB for small
inputs and eventually saturates. If these lines are extrapolated, they intersect at a fic-
titious point. The abscissa of this point is the input intercept point for third-order
intermodulation distortion and is denoted by (IIP3). If the amplifier is operating in a
weakly-nonlinear fashion with a per-tone input amplitudeA (in dBV), and the result-
ing intermodulation distortion is IM3 (in dB), IIP3 (in dBV) can be obtained as

IIP3 (dBV) = A (dBV) −
IM3

2
(dB). (3.23)

From (3.22), it is straightforward to express IIP3 in terms of a1 and a3 as

IIP3 =
√

4|a1|

3|a3|
. (3.24)

From this and (3.19), we see that the 1 dB compression point is about 9.6 dB lower
than the IIP3.
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IIP2 and IIP3 of a Common-Emitter Amplifier

Figure 3.12 A common-emitter amplifier.

A common-emitter amplifier is shown in Figure 3.12. Cb1 and Cb2 are assumed to
be infinite so that they act as level-shifting batteries. The transistor is operating
in the active region, and its base current is assumed to be zero. The Early effect is
neglected. The base bias voltage VB is derived from an appropriate bias network
so that the quiescent collector current is Ic. The thermal voltage kT∕q is denoted
by �t. What are the IIP2 and IIP3 of this amplifier?

The voltage at the collector, namely V2, is given by

V2 = Vcc − IcRe
vi
�t .

The voltage drop across Cb2 is Vcc − IcR. Consequently, vo = V2 − Vb2 is seen
to be

vo = IcR(1 − e
vi
�t ) ≈ −

IcR

�t
vi −

IcR

2�2t
v2
i
−
IcR

6�3t
v3
i
+⋯ .

In our notation, |a1| = IcR∕�t, |a2| = IcR∕2�
2
t , and |a3| = IcR∕6�

3
t . The IIP2 and

IIP3 are given by

IIP2 = 2�t, IIP3 = 2
√
2�t.
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3.4.2 IIP3 of Cascaded Stages

Figure 3.13 Cascade of two amplifiers with weak third-order nonlinearity.

How is the IIP3 of a cascade of amplifiers related to that of the individual stages? Let
us find out. Figure 3.13 shows a block diagram of a two-stage cascade. The third-order
input intercept points of the individual stages are given by

IIP3,a =
√

4|a1|

3|a3|
, IIP3,b =

√
4|b1|

3|b3|
.

The output of the cascade, namely vo, can be expressed in terms of vi as

vo = b1(a1vi + a3v3i ) + b3(a1vi + a3v3i )
3
= a1b1vi + (a3b1 + a31b3)v

3
i
+⋯ . (3.25)

Consequently, the IIP3 of the cascade is seen to be

IIP3,ab =
√

4|a1b1|

3|a3b1 + a31b3|
. (3.26)

If both stages are expansive or compressive, |a3b1 + a31b3| in the expression above is
identical to |a3b1| + |a31b3|, allowing us to write IIP3,ab as

1

IIP23,ab
=

1

IIP23,a
+

a21

IIP23,b
. (3.27)

If one stage is expansive while the other is compressive, it is possible (for specific val-
ues of a1, a3, b1, b3) that |a3b1 + a31b3| becomes small (or zero), improving the linear-
ity of the cascade. This is an example of predistortion.

3.5 DC Transfer-Curve Derivatives: A Quick Nonlinearity
Diagnostic

Two-tone tests (IM2/IM3) are the standard way to quantify weak second- and third-
order nonlinearity in amplifiers. However, a very useful complementary diagnos-
tic is to examine the derivatives of the DC transfer curve, namely vo = f(vi). These
are much easier to obtain from DC simulation than running multi-tone transient
simulations, and it provides insight into which nonlinearity orders are present.
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Figure 3.14 (a) Transfer curve of aweakly nonlinearmemoryless amplifierwith odd-order nonlinearity.
(b) The derivative of the transfer curve. A flatter derivative indicates a more linear amplifier.

Suppose the transfer curve can be locally approximated by a polynomial around the
operating point:

vo = f(vi) ≈ a1vi + a2v2i + a3v3i +⋯

Then:
dvo
dvi

≈ a1 + 2a2vi + 3a3v2i +⋯

d2vo
dv2

i

≈ 2a2 + 6a3vi +⋯

d3vo
dv3

i

≈ 6a3 +⋯

For example, if the amplifier is dominated by odd-order nonlinearity (e.g., a cubic
term a3), the dc transfer curve f(vi) is typically S-shaped and odd-symmetric about
the origin, as shown in Figure 3.14a. In that case, the first derivative dvo∕dvi is an
even function of vi ( Figure 3.14b). The difference in the slope of f(vi) over the useful
operating range of inputs is a measure of a3, and thus third-harmonic distortion. The

third derivative d
3vo
dv3

i

is approximately constant in the weakly nonlinear region.

We have so far studied the “jargon” of weakly nonlinear amplifiers. The analysis of
the output was straightforward; for a sinusoidal input it merely involved using stan-
dard trigonometric identities. In practice, one should expect to encounter circuits that
are comprised of multiple nonlinear elements. The question that then arises is: How
does one determine the output of such a network? The next section describes the
method of current injection, which is an incredibly useful tool to have in one’s toolkit.
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We will derive the method from first principles and apply it—first to simple circuits
and finally to an active-RC biquad.

3.6 The Method of Current Injection

In this section, we derive the method of current injection, which is a general and
useful technique to determine the behavior of weakly nonlinear networks [2, 3]. As a
motivating example, consider the circuit of Figure 3.15. The conductances are weakly
nonlinear, and the kth branch current ik is related to the corresponding branch voltage
ek according to

ik = gk1ek + gk2e
2
k
+ gk3e

3
k
+⋯ (3.28)

where

|gk1ek| ≫ |gk2e
2
k
| , |gk3e

3
k
| , ⋯ . (3.29)

Figure 3.15 An example weakly nonlinear network.

The question is—how do we “solve” this network? By “solve,” we mean: what are
the node (and branch) voltages and currents? The general way to proceed is to solve
KCL, KVL, and the branch i–v equations. Since ik is related to ek in a nonlinear fash-
ion, we will end up with a set of nonlinear equations. Needless to say, solving them
would most likely need us to resort to numerical methods. Can we do better if we
knew that the components were weakly nonlinear (as in (3.29))? It turns out that we
can, as we show below.

Figure 3.16 The network of Figure 3.15, excited by a source whose magnitude is scaled by a factor �.
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Consider theweakly nonlinear network shown in Figure 3.16. The exciting source is
now �vi where � is a scaling factor. How do ek and ik varywith �? If the brancheswere
all perfectly linear, i.e., the gk2, gk3 etc. were 0, all node/branch voltages and currents
would be proportional to �. Since the branches are weakly nonlinear, we postulate
that a large portion of the node/branch voltages and currents is proportional to � and
smaller portions are proportional to �2, �3, etc. In other words, the branch voltage ek
can be written as

ek = �ek(1) + �2ek(2) + �3ek(3) +⋯ (3.30)

The quantity ek(1) is called the first-order component, ek(2) the second-order compo-
nent, etc. The branch voltage ek is thus seen to be the sum of � times the first-order
component, �2 times the second-order component, �3 times the third-order compo-
nent, and so on. The node voltages and branch currents are also expressed as the sum
of first-, second-, and higher-order components. ik is thus written as

ik = �ik(1) + �2ik(2) + �3ik(3) +⋯ (3.31)

The branch voltages and branch currents must, of course, satisfy Kirchhoff’s current
and voltage laws. At node 2 , i1 − i2 − i3 = 0. Expressing the currents as the sum of
their first-, second-, and third-order components and collecting terms with like pow-
ers of �, we have

�
{
i1(1) − i2(1) − i3(1)

}

+ �2
{
i1(2) − i2(2) − i3(2)

}

+ �3
{
i1(3) − i2(3) − i3(3)

}
= 0. (3.32)

The key point is to observe that the equation above must be valid for arbitrary values
of �. The only way this is possible is if the first-, second-, third-, and higher-order
components of the branch currents themselves satisfy KCL. Therefore

i1(1) − i2(1) − i3(1) = 0

i1(2) − i2(2) − i3(2) = 0

i1(3) − i2(3) − i3(3) = 0.

(3.33)

The same arguments hold for KCL at every node. How about the KVL equations?
Referring to Figure 3.16, we have for the loop formed by branches 2, 3, and 4

e3 − e2 − e4 = 0. (3.34)

Aswe didwith the branch currents, we express the branch voltages as the sumof their
first-, second- and third-order components and collect terms with like powers of � to
obtain

�
{
e3(1) − e2(1) − e4(1)

}

+ �2
{
e3(2) − e2(2) − e4(2)

}

+ �3
{
e3(3) − e2(3) − e4(3)

}
= 0.

(3.35)
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Again, since the equation above must be valid for arbitrary values of �, it follows
that the first- (and high-) order branch voltages must individually satisfy KVL. We
therefore have

e3(1) − e2(1) − e4(1) = 0

e3(2) − e2(2) − e4(2) = 0

e3(3) − e2(3) − e4(3) = 0.

(3.36)

The same arguments hold for KVL around every loop. To summarize, we conclude
the following.

The first-, second-, and higher-order branch currents ik and branch voltages ek
satisfy KCL and KVL in their own right.

Recall that when we solved a linear network, we wrote KCL, KVL, and the branch
relations and solved the resulting set of simultaneous linear equations. In the weakly
nonlinear case that we are considering, we need to determine the ik(1), ik(2), … and
the vk(1), vk(2), …. Let us start with determining the first-order branch currents and
voltages, namely ik(1) and ek(1). They satisfy KCL and KVL as we have seen earlier.
What is the relationship between the ik(1) and ek(1)? ik is related to ek according to

ik = gk(ek) = gk1ek + gk2e
2
k
+ gk3e

3
k
+⋯

Expressing ik and ek as the sumof their first-, second-, andhigher-order components
in the equation above, we have

�ik(1) + �2ik(2) + �3ik(3) +⋯ = gk1(�ek(1) + �2ek(2) + �3ek(3) +⋯)+

gk2(�ek(1) + �2ek(2) + �3ek(3) +⋯)2+

gk3(�ek(1) + �2ek(2) + �3ek(3) +⋯)3 +⋯

Equating terms with like powers of � on both sides we obtain

ik(1) = gk1ek(1)

ik(2) = gk1ek(2) + gk2e
2
k(1)

ik(3) = gk1ek(3) + 2gk2ek(1)ek(2) + gk3e
3
k(1)

⋯=⋯

(3.37)

The first observation is that ik(1) = gk1ek(1), indicating that the first-order branch cur-
rents are linearly related to the branch voltages. To determine ik(1) and ek(1), we
observe the following:

• The ik(1) satisfy KCL.
• The ek(1) satisfy KVL.
• ik(1) = gk1ek(1).



3.6 The Method of Current Injection 125

This means that the first-order branch currents and voltages can be determined as
follows. We create a linear network by setting the nonlinearities in the conductances
to zero, as shown in Figure 3.17. The input voltage source is vi, which corresponds
to the first-order component of the fifth branch (i.e., e5(1) = vi). By solving this linear
network, we obtain the first-order branch currents and voltages ik(1) and ek(1).

Figure 3.17 The first-order network. Solving this linear network yields all branch voltages ek(1) and
currents ik(1).

To obtain the second-order branch voltages and currents, we begin by again
noting that

a. The ik(2) satisfy KCL.
b. The ek(2) satisfy KVL.
c. From (3.37), the relationship between the second-order branch currents and volt-

ages is given by ik(2) = gk1ek(2) + gk2e
2
k(1)

. The equivalent circuit of the branch,
therefore, is as shown in Figure 3.18.

Figure 3.18 Replacement rule for the weakly nonlinear conductance in the second-order network.

The second-order branch voltages and currents are determined using the network
of Figure 3.19. Each branch consists of a linear conductance, along with a current
source in parallel. This injected current, which depends on the square of the first-
order branch voltage ek(1), is known since we have already determined ek(1) from the
network of Figure 3.17. The branch corresponding to the input voltage vi is set to zero,
since that branch voltage has only a first-order component, namely vi. Note that this
is a linear network (with multiple inputs).
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Figure 3.19 The second-order network. The input source is set to 0. The currents injected are propor-
tional to the squares of the branch voltages in the first-order network. Solving this linear network yields
all branch voltages ek(2) and currents ik(2).

To determine the third-order branch voltages and currents, we proceed in largely
the same fashion. The only change is that the branch relation between ik(3) and
ek(3) is given by ik(3) = gk1ek(3) + 2gk2ek(1)ek(2) + gk3e

3
k(1)

. When this is drawn as a cir-
cuit, Figure 3.20a results. The injected current, given by 2gk2ek(1)ek(2) + gk3e

3
k(1)

, is a
known quantity since ek(1) and ek(2) have been determined earlier using the circuits
of Figures 3.17 and 3.19. Figure 3.20b shows the network that needs to be solved to
obtain ek(3) and ik(3). Like the second-order network, this is also a linear circuit driven
by multiple current sources.

Figure 3.20 (a) Replacement rule for theweakly nonlinear conductance in the third-order network and
(b) resulting third-order network. The injected currents depend on the branch voltages in the first- and
second-order networks.
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The approach described above can be used to derive higher-order nonlinear com-
ponents of the branch voltages and currents. In practice, however, considering com-
ponents up to third order is usually sufficient. From the discussion above, we see that
the current-injection method has simplified the problem of solving a nonlinear net-
work (in all likelihood needing a numerical solution) to that of solving three linear
networks (assuming ek(2) and ek(3) are the dominant distortion terms).
In our analysis so far, our nonlinear elements were conductances. How do we han-

dle other nonlinear components? We begin with a weakly nonlinear capacitor. The
branch current i is related to the branch voltage e according to

i = (C1 + C2e + C3e
2)
de(t)

dt
. (3.38)

i and e are expressed as the sum of their first-, second-, and third-order components.
Using e = �e(1) + �2e(2) + �3e(3) and a similar expression for i in the equation above
and collecting terms with like powers of �, we obtain

�i(1) + �2i(2) + �3i(3) = �C1
de(1)

dt
+

�2 {C1
de(2)

dt
+ C2e(1)

de(1)

dt
} +

�3 {C1
de(3)

dt
+ C2e(1)

de(2)

dt
+ (C2e(2) + C3e

2
(1)
)
de(1)

dt
} .

It thus follows that

i(1) = C1
de(1)

dt

i(2) = {C1
de(2)

dt
+ C2e(1)

de(1)

dt
}

i(3) = {C1
de(3)

dt
+ C2e(1)

de(2)

dt
+ (C2e(2) + C3e

2
(1)
)
de(1)

dt
}.

As seen above, in the first-order network used to determine ek(1) and ik(1), the
nonlinear capacitor should be replaced by a linear capacitor C1. In the second-order
network, a nonlinear current source C2e(1)de(1)∕dt appears in parallel with the capac-
itor as shown in Figure 3.21. The third-order network consists of a current source
C2e(1)de(2)∕dt + (C2e(2) + C3e

2
(1)
)de(1)∕dt in parallel with a linear capacitor C1.
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Figure 3.21 Replacement rule for a weakly nonlinear capacitor.

Implementing a Nonlinear Capacitor in a Circuit Simulator

Several applications (especially those that target very low distortion) need capac-
itors to be extremely linear. Some families of capacitors are inherently nonlinear,
and it is important to be able to simulate the effect of capacitor nonlinearity on the
performance of circuits. Many simulators do not have nonlinear capacitors as part
of their component library. How then does one simulate the effect of nonlinear
capacitors in a circuit?
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Figure 3.22 Implementing a nonlinear capacitor in a circuit simulator. C1 is linear.

A way of incorporating nonlinearity into a capacitor is shown in Figure
3.22. Suppose that we wish to model a voltage-dependent capacitance given by
C(v) = C1 + C2v + C3v2. A nonlinear VCVS whose output is related to the input as
vo = v + (C2∕2C1)v2 + (C3∕3C1)v3 drives a linear capacitance C1. The current flow-
ing through the capacitor is given by

i = C1
dvo
dt

= (C1 + C2v + C3v2)
dv
dt
. (3.39)

This current is drawn from the input using a current-controlled current sourcewith
gain 1, as shown in Figure 3.22.

Let us now understand the current-injection method in the case of a weakly non-
linear voltage-controlled voltage source. We denote the output voltage by eb and the
input by ea. ea and eb are related according to

eb = a1ea + a2e
2
a + a3e

3
a. (3.40)

Expressing ea and eb as the sum of first-, second-, and third-order components, sub-
stituting these expressions into the equation above and equating like powers of � on
both sides results in

eb(1) = a1ea(1)

eb(2) = a1ea(2) + a2e
2
a(1)

eb(3) = a1ea(3) + 2a2ea(1)ea(2) + a3e
3
a(1)

.

(3.41)

Figure 3.23a shows the nonlinear VCVS and parts (b), (c), and (d) show the linear
components to be used in the networks used to determine the first-, second-, and
third-order components.
The process described for theVCVS above can be applied to other controlled sources

to derive their equivalents in the first-, second-, and higher-order networks. These are
left as exercises for the reader.
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Figure 3.23 (a) Weakly nonlinear VCVS. Replacement rules in the (b) first-order, (c) second-order, and
(d) third-order networks.

To summarize, the method of current injection converts the problem of solving a
nonlinear network into one of solvingmultiple linear circuits. Every branch current/-
voltage and node voltage is expressed as the sum of a linear component (i.e., one that
scales linearly with the input amplitude), a quadratic component that scales as the
square of the input amplitude, and a cubic component that scales as the cube of the
input amplitude. (Higher-order nonlinear components can also be included if neces-
sary.) To determine these components, we proceed as follows:

a. The linear (or first-order) component is determined by turning all nonlinearities
“off.” The result is a linear network. By solving this network, all first-order branch
voltages/currents are found.

b. Todetermine the second-order quantities, every nonlinear component is replaced
by its second-order equivalent, which consists of a linear component and a non-
linear exciting source. For instance, the second-order equivalent of a nonlinear
conductance is a linear conductance in parallel with a nonlinear current. The
current is proportional to the square of the corresponding branch voltage in the
first-order network. The second-order network is thus a linear networkwithmul-
tiple nonlinear currents/voltages “injected.” These nonlinear sources depend on
the squares of the branch voltages/currents in the first-order network. The input
to the circuit is set to zero. Solving this network yields all second-order quantities
in the network.

c. The third- and higher-order nonlinear components are determined in a similar
fashion. The only difference is the nature of the injected currents/voltages. It
turns out that these depend on appropriate powers of quantities in the lower-
order circuits (which have already been determined). For instance, the injected
quantities in the third-order network depend on branch voltages/currents in the
first- and second-order networks.
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d. The branch currents and voltages in the weakly nonlinear circuit are simply the
sum of the first-, second-, and third-order components found above.

The current-injection method is thus seen to be a technique that enables the eval-
uation of the output of a weakly nonlinear circuit (which is difficult) by expressing
it as the sum of the responses of linear networks. Having learned about the current-
injection method, let us now put it to practice.

3.6.1 A Weakly Nonlinear Negative Feedback Loop

Figure 3.24 Both circuits above have the same small-signal gain. Which is more linear—(a) or (b)?

Consider the circuit “puzzle” shown in Figure 3.24. Part (a) of the figure shows a
negative feedback loop. The forward amplifier is weakly nonlinear, afflicted with
third-order distortion due to its characteristic va = a1ve − a3v3e . The feedback factor is
denoted by f.4 Furthermore, it turns out that the “linear” loop gain, namely a1f is
≫ 1. If the forward amplifier were linear, straightforward analysis shows that

va =
1

f

a1f

1 + a1f
vi

ve =
1

1 + a1f
vi.

Now consider the circuit of Figure 3.24b. The input, after being attenuated by a fac-
tor (1 + a1f), drives the amplifier. If the latter were linear with gain a1, its output
would be

vb =
1

f

a1f

1 + a1f
vi = va.

We thus see that if the amplifier were perfectly linear, the output of both circuits
would be identical, since the drive of the amplifier is the same. The question is: which
of these circuits ismore linear if the amplifier’s output is related to ve by (a1ve − a3v3e)?
At first sight, it would seem that both these circuits would be equally nonlinear, right?
Let’s find out. ve in Figure 3.24b is given by vi∕(1 + a1f). vb is seen to be

4f in this subsection denotes the feedback factor, and is not to be confused with frequency.
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vb =
1

f

a1f

1 + a1f
vi −

a3

(1 + a1f)
3
v3
i
. (3.42)

We use the method of current injection to determine va in the following step-by-step
manner.

Figure 3.25 Circuits to determine the (a) first- and (b) third-order components of the output and error
voltages.

a. Draw the first-order circuit by setting a3 = 0, to result in the linear network
shown in Figure 3.25a. Analysis shows that

ve(1) =
1

1 + a1f
vi

va(1) =
1

f

a1f

1 + a1f
vi.

b. The amplifier does not exhibit second-order nonlinearity. Consequently, all
second-order quantities are zero.

c. Next, we draw the network to determine the third-order components of ve and
va. vi is set to zero, and a voltage −a3v3e(1) is added at the output of the amplifier
as shown in Figure 3.25b. It is straightforward to see that

ve(3) =
a3fv3e(1)
1 + a1f

=
a3f

(1 + a1f)4
v3
i

va(3) =
−a3v3e(1)
1 + a1f

=
−a3

(1 + a1f)4
v3
i
.

d. ve and va in the circuit of Figure 3.24a is simply the sum of the first- and third-
order components we determined in Figure 3.25a,b, respectively.

ve ≈ ve(1) + ve(3) =
1

1 + a1f
vi +

a3f

(1 + a1f)4
v3
i

va ≈ va(1) + va(3) =
1

f

a1f

1 + a1f
vi −

a3
(1 + a1f)4

v3
i
.

(3.43)

A remark is in order here.Why do we have the approximate sign in the equations
above? The reason is that we have neglected nonlinear components of order
higher than three.
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(a)

(b)

Figure 3.26 Error ve and output voltages va, vb for the open-loop and feedback structures.
a1 = 50, f = 1, a3 = 104∕V2.

Comparing (3.43) and (3.42), we notice (as expected) that the “linear” gain is iden-
tical in both cases. However, the circuit with feedback has a third-order nonlinear
coefficient, which is smaller than that of the open-loop network by a factor of approx-
imately a1f! Why is this?
To understand this seemingly incredible result, one need look no further than the

voltage driving the forward amplifier in both cases. They are

ve =
1

1 + a1f
vi (open-loop structure)

ve =
1

1 + a1f
vi +

a3f

(1 + a1f)4
v3
i

(feedback structure)

Again, if a3 = 0 (linear forward amplifier), ve is identical in both cases. With a non-
zero a3, however, we see that ve for the feedback structure has a nonlinear component
in addition to the linear portion. Interestingly, it is an expansive characteristic—unlike
the forward amplifier whose transfer curve is compressive. Consequently, a portion
of the nonlinearity of the forward amplifier is undone by the expansive nature of ve.
As a result, the feedback structure is far more linear than the open-loop circuit. This
property of a negative feedback loop, which causes the error voltage to have a nonlin-
ear characteristic opposite to that of the forward amplifier, is called predistortion.
To see the above, we show simulation results for the case where a1 = 50, f = 1 and

a3 = 104∕V2. Figure 3.26a shows ve for the open-loop and feedback structures as a
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function of the input voltage vi. The “expansive” characteristic of ve is apparent. Figure
3.26b shows the output of the open-loop and feedback circuits. The improved linearity
to be had with feedback is evident. The reduction in third-order nonlinearity due to
feedback is approximately a factor of the loop gain a1f.

3.6.2 AC Coupling with a Nonlinear Capacitor

Figure 3.27 vi is coupled to the amplifier input using anRCnetwork that employs a nonlinear capacitor.

Consider the commonly used coupling circuit shown in Figure 3.27. The input vi has
to be level-shifted by a voltage Vbias so that it can be interfaced to the amplifier. A
coupling capacitor is used for this purpose. The transfer function from vi to the ampli-
fier’s input is high pass, with a corner frequency determined by R and the capacitor.
The assumption, of course, is that the high-pass corner is chosen so that it allows all
frequencies of interest in vi through. Ideally, Vo = Vbias + vi.
Unfortunately, small-size discrete capacitors can be nonlinear. Multi-layer ceramic

capacitors (MLCC) are an example; their capacitance reduceswith the applied voltage
e according to

Cx = Cmax (1 −
e2

V2
A

) . (3.44)

Consequently, the coupling network for Figure 3.27 becomes nonlinear.We now eval-
uate the distortion at the amplifier input due to capacitor nonlinearity. The input
voltage is a sinusoid at a frequency f and amplitude A.
The first step, as with any nonlinear network, is to determine the operating point.

We set vi to zero. The voltage across the capacitor isVbias. The “operating” capacitance
is Cmax(1 − (Vbias∕VA)

2)) as shown in Figure 3.28a.
The next step is to draw the incremental circuit, i.e., the one that relates changes

in branch voltages to changes in branch currents. The resulting network is shown
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Figure 3.28 (a) Determining the operating point. (b) The incremental circuit, which is weakly
nonlinear.

in Figure 3.28b. The input is vi. Let the incremental voltage across the capacitor be
denoted by e. The total voltage is (Vbias + e). Cx is thus seen to be

Cx = Cmax (1 −
(Vbias + e)2

V2
A

) = Cmax (1 −
V2
bias

V2
A

) − 2
CmaxVbias

V2
A

e −
Cmax

V2
A

e2. (3.45)

In the notation of Figure 3.22, C1 = Cmax(1 − (Vbias∕VA)
2), C2 = −2(CmaxVbias∕V

2
A
),

C3 = −Cmax∕V
2
A
.

Figure 3.29 Circuits to determine the (a) first- and (b) second-order components of the output voltage.

To determine distortion, we proceed as follows. We form the first-order circuit, i.e.,
the one where all nonlinearities are turned “off,” as shown in Figure 3.29a. Straight-
forward analysis yields

e(1)(t) = −
A

√

1 + (2�fRC1)
2

sin(2�ft + �)

vo(1)(t) =
2�fRC1A

√

1 + (2�fRC1)
2

cos(2�ft + �).
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where � = −tan−1(2�fRC1). The second-order circuit is shown in Figure 3.29b. The
injected current, which is C2e(1)de(1)∕dt, causes vo(2) to be a tone at 2f with an ampli-
tude given by

A2 = C2
2�f

2(1 + (2�fRC1)
2
)

R
√

1 + (2�(2f)RC1)
2

A2. (3.46)

The second-harmonic distortion, which is the ratio of the amplitude of the second
harmonic to that of the fundamental, is given by

HD2 =
C2
2C1

1
√

1 + (2�fRC1)
2
)

1
√

1 + (2�(2f)RC1)
2

A. (3.47)

Figure 3.30 Simulated and estimatedHD2 as a function of input frequency. R = 1 kΩ, Cmax = 0.47 µF,
VA = 10 V, Vbias = 2V, A = 1 V.

Let us see how themethod of current injection compareswith a full-blown transient
simulation in SPICE (which solves nonlinear differential equations governing the cir-
cuit). We consider a case where Cmax = 0.47 µF, VA = 10 V, R = 1 kΩ and Vbias = 2V.
The resulting high-pass corner is about 330Hz. vi = sin(2�ft). Figure 3.30 compares
HD2 obtained from SPICE with (3.47). Excellent agreement is seen. We notice that
HD2 decreases by 12 dB (a factor of 4) on doubling the frequency.Why does this make
sense?
For f ≫ 1∕(2�RC1), when f is doubled, the voltage across the capacitor is reduced

by a factor of 2. The magnitude of the injected current, which is proportional to
e(1)de(1)∕dt reduces by 2×. This current is injected into anRC-parallel network, whose
impedance is 2× smaller. Consequently, the amplitude of vo(2) is lower by a factor of 4.
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3.6.3 Distortion in a Common-Collector Amplifier

Figure 3.31 (a) A common-collector amplifier. (b) Incremental equivalent, which is weakly nonlinear.
Circuit to determine (c) first- and (d) second-order components.

Consider the common-collector amplifier shown in Figure 3.31a. The transistor,
biased with an emitter current Ie, is assumed to have an infinite �. The capacitor,
which couples the emitter to the load-resistor R, is linear and infinite. The input
signal vi is at the base, which is biased at Vb. The question is how the voltage across
R varies in response to vi.
Since the transistor’s � is infinite, the incremental model of the amplifier is the one

shown in Figure 3.31b. The (incremental) collector current is expressed as a polyno-
mial function of vbe, and is given by [4]

ic = gmvbe + g2v2be + g3v3be +⋯ (3.48)

where

gm =
Ie
�t
, g2 =

Ie

2�2t
, g3 =

Ie

6�3t
. (�t denotes the thermal voltage) (3.49)
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The first-order circuit is given in Figure 3.31c. Straightforward analysis yields

vo(1) =
gmR

1 + gmR
vi , vbe(1) =

1

1 + gmR
vi. (3.50)

Figure 3.31d shows the second-order network. vi is set to zero, and a current g2v2be(1)
is injected in parallel with the controlled current source. Analysis shows that

vo(2) = g2
R

1 + gmR
v2
be(1)

=
g2R

(1 + gmR)
3
v2
i
. (3.51)

The third-order terms can be similarly found and are left as an exercise. Using the
expressions for gm and g2 above, vo can be written as

vo ≈ vo(1) + vo(2) +⋯=
gmR

1 + gmR
vi +

1

2�t

gmR

(1 + gmR)
3
v2
i
+⋯ (3.52)

We have so far analyzed the effect of distortion in simple (toy?) circuits. While
the results were obtained in a straightforward manner, it might seem that the same
results might have been obtained even by brute-force analysis. It is thus natural to
wonder if the current-injection techniqueworks formore “complicated” networks. In
Section 3.6.4, we see the application of current injection to an active-RC biquadwhere
the OTAs are two-stage feedforward structures. In the analysis, we will use what we
have learned about OTA-RC filters and inter-reciprocity in addition to the current-
injection technique.

3.6.4 Case Study: Distortion in an Active-RC Biquad
In this section, we analyze the effect of weak OTA nonlinearities on the performance
of an active-RC filter.5 Our objective is to evaluate the linearity of the filter while
incorporating third-order6 nonlinearity. There are many ways of quantifying non-
linearity; in this section, we use intermodulation distortion as a metric. We proceed
by applying a stimulus of two equal-amplitude tones at frequencies f ± ∆f (with
∆f ≪ f) and measuring the strength of the resulting intermodulation tones at the
output of the signal chain. These tones will be at frequencies f ± 3∆f. We use the
method of current injection discussed in this chapter. We first give a quick overview
of the technique for the benefit of the reader [5].
Consider the first-order lowpass filter example shown in Figure 3.32a. The OTA is

weakly nonlinear according to i = gmvx − g3v3x. Assuming that the system is weakly
nonlinear, vo can be approximately determined as follows.

• Create a circuit where all the nonlinearities are “turned off.” In our example, this
means that the weakly nonlinear transconductor is replaced by a linear one with
transconductance gm, as shown in Figure 3.32b. The resulting linear circuit is

5See Chapter 7 for a background on filters.
6Since practical designs are fully differential, third-order nonlinearity is dominant.
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Figure 3.32 (a) A weakly nonlinear first-order OTA-RC filter. The OTA is nonlinear, with
|gmvx| ≫ |g3v3x|. (b), (c) Current-injection method to find distortion due to a weakly nonlinear element
in a network. Both networks are linear.

excited with the input vi(t), and the “linear” output and virtual-ground voltages
are denoted by vo(1)(t) and vx(1)(t) respectively.

• For the linear circuit created in step (a) above, set the input excitation to zero,
and inject the nonlinear current g3v3x(1)(t) at the output of the transconductor as
shown in Figure 3.32c. The resulting output is denoted by vo(3)(t).

• The output of the weakly nonlinear circuit in Figure 3.32a is approximately
given by

vo(t) ≈ vo(1)(t) + vo(3)(t). (3.53)

From the discussion above, it is apparent that vo(3)(t) consists of all the nonlinear
components of vo(t).
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3.6.5 Intermodulation Distortion in a Tow-Thomas Biquad due to OTA
Weak Nonlinearities
Consider a second-order low-pass filter realized as a Tow-Thomas biquadratic section.
The single-ended equivalent of the filter is given in Figure 3.33a. The inversion in the
feedback path, shown as a gain of −1, is actually achieved by interchanging wires in
the differential implementation. The ADC following the filter is assumed to be ideal.
With ideal OTAs, the filter transfer function can be shown to be

Hl(s) =
1

1 +
s

2�foQ
+

s2

(2�fo)2

, (3.54)

where 2�fo = 1∕RC.H(s) is independent of � and �. The transfer function at node 4
is given by

Hb(s) = −
�

Q
(1 +

sQ

2�fo
) H(s). (3.55)

The peak gain of |Hb(j2�f)| is controlled by �. For maximum dynamic range, � is
chosen so that the peakmagnitude ofHb(j2�f) is unity. Increasing the “free variable”
� impedance scales the damped integrator, which increases filter noise but allows the
power dissipation of OTA-b to reduce. � is typically chosen so that it minimizes the
biquad’s power-noise product.
In our analysis, we assume that the OTAs are two-stage feedforward compensated

structures as depicted in Figure 3.33a. The transconductors used in the OTAs are
weakly nonlinear, as shown in the figure. We assume that the current of a transcon-
ductor is to be modeled as per i = g(v − �v3). The transconductance g will vary across
transconductors, but the � in our analysis is assumed to be the same. This simplifies
notation but does not lead to a loss of generality. The parasitic capacitances in OTA-a
are denoted by cp1, cp2, and cp3, corresponding to those at nodes 2 , 3 , and 4 respec-
tively. The parasitics in OTA-b are labeled as cq1, cq2, and cq3.
To determine the effect of weak transconductor nonlinearities, we apply themethod

of current injection as follows. The discussion below and Figure 3.33 refer to nonlin-
ear currents pertaining to OTA-a. The same applies to those originating in OTA-b.

a. We excite the biquad with two closely spaced tones, each with amplitude A and
frequencies f ± ∆f, where ∆f ≪ f. To determine the linear component of the
output, all nonlinearities are turned off, resulting in the linear network shown
in Figure 3.33a. The transfer functions from the input vi to nodes 2 and 3
are denoted by H2(s) and H3(s), respectively. Since ∆f ≪ f, the amplitudes of
these tones at nodes 2 and 3 are approximately given by |H2(j2�f)|A and
|H3(j2�f)|A, respectively.
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Figure 3.33 (a) The linear model of the Tow-Thomas filter, which employs two-stage, feed-forward
compensated OTAs, named OTA-a and OTA-b. The circuit is excited by two closely spaced tones. The
output is denoted by vo(1). (b) Nonlinear currents are injected into a linear filter with the main input set
to zero. The resulting output is vo(3). The output of the weakly nonlinear filter is ≈ vo(1) + vo(3).
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b. To determine the distortion terms, the waveforms at nodes 2 and 3 in
Figure 3.33a are cubed, multiplied by � ga1 and � ga2, respectively, and injected
into the linear network with vi set to zero as shown in Figure 3.33b.7 The cubing
of the dual tone signals in Figure 3.33a leads to the injection of intermodulation
tones at f ± 3∆f into the network of Figure 3.33b, which appear in the output
vo(3).

c. The strength of the intermodulation tones in vo(3) is determined as follows. We
derive below the expression for distortion due to ga2; the process is similar for
the other transconductors. In the analysis that ensues, we denote the transfer
functions from i3 and i4 to vo(3) (Figure 3.33b) by Z3(s) and Z4(s), respectively.
As described earlier, the amplitude of the fundamental tones at 3 in Figure 3.33a
is given by |H3(j2�f)|A. Consequently, the amplitude of the distortion cur-
rents injected into the network in Figure 3.33b is (3∕4)� ga2|H3(j2�f)|

3A3.
The resulting amplitude of the distortion tones in vo(3) is thus seen to be
(3∕4)� ga2|H

3
3(j2�f)Z4(j2�f)|A

3. The input-referred intermodulation distor-
tion due to ga2’s weak nonlinearity is thus given by

IM3 =
3

4
� ga2|H

3
3(j2�f)Z4(j2�f)|A

2. (3.56)

The same process is followed for all the transconductors in the filter.

From the discussion above, it is apparent that we need to determine the voltage
transfer functions from the input to the internal nodes of the filter. This will enable
us to determine the strengths of the nonlinear currents that need to be injected into
the network of Figure 3.33b. Furthermore, we also need to find the transfer functions
from the injected currents to the filter’s output. Both sets of transfer functions are
estimated next.
Figure 3.34 shows the single-ended schematic used to determine the transfer func-

tions from the input to the internal nodes. For the time being, neglect the current i4.
The system is of the sixth order, and making sense of the exact expressions for the
transfer functions is all but impossible. To simplify analysis and build intuition, we
use approximations that are valid in a well-designed filter. We proceed as follows:

a. The filter transfer function to the output (namely, node 7 ) is low-pass and is
denoted by Hl(s). If the OTAs are ideal, Hl(s) is given by (3.54). In practice,
the OTAs are not ideal and cause the transfer function to deviate from Hl(s).
The passive components are slightly adjusted to restore the transfer function. For
the purposes of our analysis, we assume that the changes in component values
are very small and can be neglected. By the same argument, the transfer function
to 4 , namely H4(s) is ≈Hb(s) given in (3.55).

7A current �ga3v32, corresponding to the nonlinear current generated by the feedforward
transconductor gm3 is also injected into 4 , but is not shown in the figure to reduce clutter.
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(a)

(b)

Figure 3.34 The Tow-Thomas biquad employing two-stage feedforward-compensated OTAs and the
comparison of the exact and approximate transfer functions from vi to the internal nodes 2 , 3 , 5 ,
and 6 .

b. Transconductors ga1, ga2, ga3 represent the two-stage feedforward-
compensated OTA-a, while gb1, gb2, gb3 form OTA-b. In a well-designed OTA,
the gain of the high-gain path, namely ga1–ga2 is much higher than that of the
high-speed path through ga3 up to the unity-gain frequency given by ga3∕cp3.
Furthermore, in a well-designed active filter, the OTA’s unity-gain frequency
is chosen to be much higher than the bandwidth-Q product of the filter. Given
this, it is clear that for inputs up to almost the unity-gain frequency of the OTA,
the two-stage path supplies most of the OTA’s current. Using this observation,
and assuming that the potential of 2 (the virtual ground node) is very small,
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we see that the current supplied by the transconductor ga2 in Figure 3.34a,
namelyH3(s)ga2 is approximately the sum of ia, ib, ic, and can be written as

Hb(s) (
1

��R
+ s(C∕� + cp3))

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
ia+ib+ic

≈H3(s) ga2. (3.57)

From this, we have

H3(s) ≈ Hb(s)
1

ga2
(

1

��R
+ s(C∕� + cp3)) . (3.58)

The dc gain ofHb(s) is−�∕Q, whichmeans thatH3(0) = −1∕(�Q ga2R). Inspect-
ing the internals of the two-stage OTA, it is apparent that v3 is the integral of v2.
We thus have

H2(s) = −
scp2

ga1
H3(s). (3.59)

Since ga1∕cp2 is much larger than the filter’s center frequency fo, it follows that
|H2(j2�f)| ≪ |H3(j2�f)| in the signal band. Using similar arguments for OTA-
b, it is straightforward to see that

H6(s) ≈ Hl(s)
1

gb2
(

1

�QR
+
1

R
+ s(C∕� + cq3))

H5(s) = −
scq2

gb1
H6(s).

(3.60)

The dc gain of H6(s) is seen to be 1∕(� Q gb2R) + 1∕(gb2R), and |H5(j2�f)| ≪

|H6(j2�f)| in the signal band.
Simulations confirm the analysis above. Figure 3.34 compares the magnitudes

of our approximations toH2, H3, H5, andH6 with the corresponding exact trans-
fer functions. Hl(s) is Butterworth, with � = 1 and � = 0.69. C = 1∕(2�foR),
where fo denotes the 3 dB bandwidth of the filter. ga1, ga2, ga3 were all chosen
to be 5∕R, while cp1, cp2, cp3 were all chosen as 0.125∕(2�foR). OTA-a and OTA-
b were assumed to be identical. The unity-gain frequency of the OTAs is thus
approximately given by ga3∕(cp1 + cp3) = 20�fo. The approximate transfer func-
tions derived above are seen to be in good agreement with the exact ones. They
are collected in Table 3.1 for ready reference.

c. Our next task is to determine the transfer functions from currents injected at
nodes 3 , 4 , 6 , and 7 in Figure 3.34a to the output. These transfer functions,
which have the dimensions of impedance, are denoted by Z3(s), … , Z7(s). Since
there are many inputs and one output, it is convenient to use the interreciprocal
(or adjoint) network. Recall from Chapter 1 that the adjoint network is obtained
by interchanging the controlling and controlled ports of the transconductors in
the original network, while the resistors and capacitors remain unchanged. The
resulting circuit is shown in Figure 3.35. By the properties of the adjoint network



3.6 The Method of Current Injection 145

(a)

(b)

Figure 3.35 The inter-reciprocal(adjoint) network to determine the transfer impedances from the cur-
rents injected in the filter of Figure 3.35 to its output and comparison of the exact and approximate trans-
fer impedances.

[a.] The voltage transfer function V7(s)∕Vi(s) = Hl(s) in the original network is
identical to the current transfer function Io(s)∕I7(s) in the adjoint network.
[b.] The current-to-output transfer functions V7(s)∕I3(s), V7(s)∕I4(s) etc. in the

original network of Figure 3.35 are identical to the transfer functions from I7(s)

to the voltages at 3 , 4 etc. in the adjoint network of Figure 3.35. We again use
the observation that the high-gain path in the two-stage OTA supplies most of
the current for frequencies below the OTA unity-gain frequency. With this, the
transimpedances can be easily approximated. We omit the algebra here; the final
results are given in Table 3.2.
Figure 3.35b compares the approximate magnitudes of Z3∕R, Z4∕R, Z6∕R and

Z7∕R with the exact responses. Again, good agreement is seen.
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Table 3.1 Approximate expressions for the transfer impedances in Figure 3.34.

Transfer function

H7(s) =
V7(s)

Vi(s)
Hl(s)

H6(s) =
V6(s)

Vi(s)
Hl(s)

1

gb2
(

1

�QR
+

1

R
+ s(C∕� + cq3))

H5(s) =
V5(s)

Vi(s)
−
scq2

gb1
H6(s)

H4(s) =
V4(s)

Vi(s)
Hb(s)

H3(s) =
V3(s)

Vi(s)
Hb(s)

1

ga2
(

1

��R
+ s(C∕� + cp3))

H2(s) =
V2(s)

Vi(s)
−
scp2

ga1
H3(s)

Table 3.2 Approximate expressions for the transfer impedances in Figure 3.34, obtained by
solving the adjoint network of Figure 3.35.

Original network Adjoint network Transfer impedance

Z2(s)
V2(s)

I7(s)
Hl(s)R

Z3(s)
V3(s)

I7(s)
−(Hl(s)∕ga1)

(
2 + sR(C∕� + cp1)

)

Z4(s)
V4(s)

I7(s)
Z3(s)(scp2∕ga2)

Z5(s)
V5(s)

I7(s)
−�sRCHl(s)R

Z6(s)
V6(s)

I7(s)
−
sCRHl(s)

gb1
(
1

Q
+

1

�
+ sR(C + �cq1))

Z7(s)
V7(s)

I7(s)
Z6(s)(scp2∕gb2)

As discussed earlier in this section, the intermodulation distortion due to a
particular transconductor is proportional to the product of the appropriate |H3|

and |Z|. For example, distortion introduced by ga2 and gb2 are proportional to
|H3

3Z4| and |H
3
6Z7|, respectively. Since the nonlinear currents injected by ga1 and

ga3 depend on H3
2 , which is much, much smaller in magnitude when compared

to H3
3 , it is apparent that the dominant contributor to distortion in OTA-a is the

transconductor ga2. Similarly, gb2 is the dominant contributor to distortion in
OTA-b.
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Figure 3.36 Magnitudes of 𝐻3
3(𝑍4∕𝑅) and 𝐻

3
6(𝑍7∕𝑅) for the filter. All other terms are very small in

comparison.

Figure 3.36 shows the relativemagnitudes of𝐻3
3𝑍4∕𝑅 and𝐻

3
6𝑍7∕𝑅. As described

earlier, these are the dominant terms that one needs to be concerned about. IM3,
which is the ratio of the power of the intermodulation tones to that of the funda-
mental is given by

IM3,𝑎2 =
3𝑔𝑎2𝜂𝐴2

4|𝐻𝑙(𝑗2𝜋𝑓)|
|𝐻3

3(𝑗2𝜋𝑓)𝑍4(𝑗2𝜋𝑓)|

due to 𝑔𝑎2

IM3,𝑏2 =
3𝑔𝑏2𝜂𝐴2

4|𝐻𝑙(𝑗2𝜋𝑓)|
|𝐻3

6(𝑗2𝜋𝑓)𝑍7(𝑗2𝜋𝑓)|

due to 𝑔𝑏2

(3.61)

Figure 3.37 shows SPICE simulation results for IM3 and compares it with our
(approximate) analytical results. The two closely-spaced input tones have an average
frequency 𝑓, which is swept from low frequencies up to twice the 3 dB bandwidth.
The amplitude of each tone is 0.25V. The transconductors are weakly nonlinear, with
𝜂 chosen as 4∕3. The curves show our analytical estimates assuming only OTA-a and
OTA-b are nonlinear (neglecting the contributions of 𝑔𝑎1 and 𝑔𝑎3). Themarkers show
the 𝐼𝑀3 values obtained from simulation. Good agreement is seen, confirming our
approximations and intuition.
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Figure 3.37 Comparison of our (approximate) analytical expressions for IM3 in a filter with circuit
simulations. � = (4∕3)/V2, and each input tone has an amplitude of 0.25V.

What happens when both OTA-a and OTA-b are both weakly nonlinear? The inter-
modulation tones generated by ga2 and gb2 have to be added, keeping in mind the
appropriate phase shifts experienced by them. Denoting the frequencies of the two
input tones by (f − ∆f) and (f + ∆f) and their amplitudes byA, we see that the tones
at node 3 can be approximated as

v3(t) = A|H3(j2�f)| cos(2�(f − ∆f)t + �)+

A|H3(j2�f)| cos(2�(f + ∆f)t + �)).

where � = ∠H3(j2�f). The injected intermodulation components, which arise from
v33(t), and are at frequencies (f ± 3∆f) have an amplitude proportional to A3, and
a phase equal to �. It is tempting, albeit incorrect, to think that the phase would be
3�. Straightforward expansion of v33(t) will show this. In phasor notation, this corre-
sponds to the term |H2

3(j2�f)|H3(j2�f). The strength of the intermodulation tones
that result when both transconductors are weakly nonlinear is thus given by

IM3 =
3�A2

4|Hl|
ga2H3|H3|

2Z4 + gb2H6|H6|
2Z7. (3.62)

The curve in Figure 3.37 is the expression above, while themarkers are those obtained
from SPICE. Again, good agreement is seen.
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Chapter Summary

• Weak nonlinearities. Circuits are said to operate with weak nonlinearity
when the distortion components are small in magnitude in relation to the lin-
ear terms.

• Harmonic and intermodulation distortion. We learned about even- and
odd-order harmonic and intermodulation distortion. Furthermore, we recog-
nized that HD2 and IM2 are proportional to input amplitude, while HD3 and
IM3 are proportional to the square of the input amplitude.

• Method of current injection. A simple, powerful, and elegant technique to
(approximately) solve weakly nonlinear networks. The method converts the
problem of solving a nonlinear network into that of analyzing multiple linear
networks—one for each nonlinear component. We applied this to several sim-
ple (and not so simple) circuits.

Problems

Figure 3.38

Problem 1. Figure 3.38 shows a cascade of two amplifiers. Their second- and third-
order input intercept points are denoted by IIP2a, IIP2b, IIP3a, and IIP3b. Determine
the second- and third-order input intercept points for the cascade.

Figure 3.39
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Problem 2. Figure 3.39 shows a weakly nonlinear amplifier enclosed in a feedback
loop. Determine va in terms of vi .

Problem 3. In the feedback amplifier of the previous problem, assume that vi was
sinusoidal with an amplitude chosen so that va has a fundamental component with an
amplitude A.
Suppose that the forward amplifier was operated in an open-loop fashion, and the

input was so adjusted that the output had the same fundamental amplitudeA. Compare
HD2 andHD3 obtained in the feedback and open-loop cases.

Problem 4. A weakly nonlinear amplifier with a transfer curve vo = a1vi + a2v2i +
a3v3i is excited by two closely spaced tones at frequencies f1 and f2 with amplitudes A1

andA2, respectively. Determine the amplitudes of the third-order intermodulation tones
at frequencies (2f1 − f2) and (2f2 − f1) at the output of the amplifier.

Problem 5. An amplifier has a transfer characteristic given by

vo = Vmax tanh (
vi
Vx

) . (3.63)

Another amplifier has a weakly nonlinear characteristic, which in the range of applied
inputs can be approximated by

vo = a1vi − a3v3i . (3.64)

Howwould you chooseVmax and Vx so that the two amplifiers yield the same distortion
for small inputs?
(While running simulations, one should use the (3.63) to avoid convergence problems

that will arise with (3.64) on account of its non-monotonicity.)

Figure 3.40

Problem 6. A weakly nonlinear inductor is one where the flux is nonlinearly related
to current as shown in Figure 3.40.

a. How will you implement this in a circuit simulator that does not have a nonlinear
inductor as a part of its library of built-in elements?

b. How will such an inductor appear in the first-, second-, and third-order circuits?
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Figure 3.41

Problem 7. Figure 3.41 shows a first-order lowpass filter. Unfortunately, the induc-
tor is weakly nonlinear, with a �–i relationship as shown. � = 16H∕A2, R = 1 kΩ, and
the small-signal bandwidth is 100 kHz. vi(t) = A sin(2�ft), with A = 1V. Evaluate the
third-harmonic distortion as a function of input frequency from 10 kHz to 150 kHz and
compare your results with those obtained from a circuit simulator.

Figure 3.42

Problem 8. Figure 3.42 shows a transistor amplifier. Neglecting channel-length mod-
ulation and assuming square-law behavior in saturation, determine the amplifier’s IIP2
and IIP3. Cb1 and Cb2 can be assumed to be infinite so that they act like batteries.

Figure 3.43
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Problem 9. Figure 3.43 shows a first-order OTA-RC filter. The OTA is weakly nonlin-
ear as indicated. gmR ≫ 1, and vi is a two-tone signal with the spacing between the tones
being very small. Determine the IIP3 as a function of the average frequency of the input
tones.

Figure 3.44

Problem 10. Figure 3.44 shows a differential pair. The transistors operate in sat-
uration and obey the square law. Neglect channel-length modulation. The output is
vo = (v1 − v2). The transfer characteristic, for small vi, is modeled by a polynomial as

vo = a1vi + a3v3i .

Determine a1 and a3.

Figure 3.45

Problem 11. This problem verifies the theory of current injection using simulations
and is intended to give you a sense of the numbers involved and how well the method
performs. Use the weakly nonlinear RC filter shown in Figure 3.45 to demonstrate the
method. Use LTSPICE to set up the network. You should use the arbitrary behavioral
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controlled current source element in LTSPICE to implement the nonlinear conductance,
as well as the various nonlinear currents needed in the current injection method.
Use the following: vi = sin(2�fit) where fi = 1 kHz, C = 159.15 nF, g1 = 10−3 S.

a. For this part, set g2 = 10−5 S/V and g3 = 0. Plot the simulated vo(t) for t between
0 and 10 mS. On the same plot, show vo(1)(t). On a separate plot, show vo(t) −
vo(1)(t), vo(t) − vo(1)(t) − vo(2)(t) and vo(t) − vo(1)(t) − vo(2)(t) − vo(3)(t). What do you
observe?

b. For this part, set g2 = 10−5 S/V and g3 = 10−5 S/V2. Plot the simulated vo(t) for t
between 0 and 10ms. On the same plot, show vo(1)(t). On a separate plot, show vo(t) −
vo(1)(t), vo(t) − vo(1)(t) − vo(2)(t) and vo(t) − vo(1)(t) − vo(2)(t) − vo(3)(t). What do you
observe?

c. For this part, set g2 = 0 and g3 = 10−4 S/V2. Plot the simulated vo(t) for t between
0 and 10 ms. On the same plot, show vo(1)(t). On a separate plot, show vo(t) −
vo(1)(t), vo(t) − vo(1)(t) − vo(2)(t) and vo(t) − vo(1)(t) − vo(2)(t) − vo(3)(t). What do you
observe?
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Introduction to Distributed Circuits

If the dimensions of the circuit and its elements are much smaller than the wave-
length of the fastest signal being processed, thenwe can assume that the current flow-
ing at all points of a branch is the same and that the voltage along any wire with
zero resistance is constant. The circuit can then be analyzed and designed using only
Kirchhoff’s current and voltage laws, and it is not necessary to use Maxwell’s more
generally valid equations. The wavelength of an electromagnetic signal of frequency
f is given by � = v∕f, where v is the propagation speed of the signal. For a frequency
of 3 GHz, this yields � = 3 × 108 m∕s∕3 × 109 Hz = 10−1 m= 10 cm. On an integrated
circuit, however, components have dimensionsmuch smaller than this. It is therefore
logical to ask the question: why does an IC designer need to worry about distributed
circuits? The reasons are the following. While building blocks on chip can be treated
as lumped circuits at most commonly used frequencies, chips often need to interface
to external components. For instance, an RF transceiver chip has to connect to exter-
nal filters and/or the antenna. The lengths of these connections are typically a sig-
nificant fraction of the wavelength, necessitating treatment as distributed elements.
A serial link transceiver chip might have to transmit/receive data at several gigabits
per second from another chip located many inches away. The interconnect has to be
modeled as a distributed element. Another practical aspect is that of measurements.
While the on-chip building blocks are small by themselves, they need to be character-
ized, requiring connections to measurement equipment. These cables can be several
feet long and need to be treated as distributed elements.
Low-frequency characterization of networks involves the determination of the

admittance (Y) or impedance (Z) matrices. Measuring these parameters requires the
network ports to be terminated in open or short circuits.When components of the test
setup have to be treated as distributed elements, it turns out that making measure-
ments with open- or short-circuit ports is difficult, if not impossible. Furthermore,
voltages and currents are hard to measure at these frequencies, as they vary with
position along the conductor. These practical problems motivate the introduction of
another way of characterizing networks, namely the scattering parameters.
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As the title of this chapter indicates, the intent of this chapter is to introduce the
basics of ideal transmission-line networks and methods of analyzing them. Further-
more, we describe the fundamentals of the scattering matrix and its relationship with
the more familiar admittance/impedance matrices. We conclude by introducing the
principle behind a vector network analyzer, which is an instrument used to measure
the scattering parameters.

4.1 The Transmission Line

Figure 4.1 Cross sections of some commonly used transmission lines. The lines extend into and out of
the plane of the page, which are also the directions of propagation of the traveling waves.

Simply speaking, a transmission line is a structure intended to transport electromag-
netic waves from one point to another. In its basic form, it has a distributed two-port
structure containing two conductors separated by an insulating layer, which may be
air. Figure 4.1 shows the cross-section of some possible implementations [1, 2]. The
structures extend into and out of the plane of the page, which are also the directions
of propagation of the traveling waves. The microstrip line and coplanar waveguide
can be fabricated on a printed circuit board or on an integrated circuit. A coaxial cable
has an inner conductor and an outer conducting shield. Thanks to this structure, it is
immune to external electromagnetic interference, and is used extensively. The insu-
lator, needed for mechanical stability, is often chosen to be Teflon. In this chapter,
we assume that all transmission lines are lossless, i.e., the metals are perfect conduc-
tors and the dielectric is a perfect insulator. Furthermore, the cross-section and other
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physical properties of the line are assumed to remain the same along the length of the
line. Such a line is called the uniformly distributed lossless transmission line. Next,
we analyze signal propagation along such a line.1

4.1.1 Analysis of the Uniformly Distributed Lossless Transmission Line

Figure 4.2 Circuit model for a lossless uniformly distributed transmission line. ℒ and C denote the
inductance and capacitance per unit length, respectively.

Figure 4.2 shows a uniformly distributed lossless transmission line and the circuit
model of a section of length ∆x at a position x. The voltage and current are functions
of distance and time. The inductance and capacitance per unit length are denoted by
ℒ and C, respectively. Writing KCL and KVL for the section, we see that

v(x + ∆x, t) = v(x, t) − ℒ∆x
)i(x + ∆x, t)

)t

i(x + ∆x, t) = i(x, t) − C∆x
)v(x, t)
)t

.

As ∆x→ 0, these reduce to
)v(x, t)
)x

= −ℒ
)i(x, t)

)t

)i(x, t)

)x
= −C

)v(x, t)
)t

.

(4.1)

1Wave propagation we consider is the transverse electromagnetic (TEM) mode. The electric
and magnetic fields are in the plane of the paper, and the direction of propagation is
perpendicular to the plane of the paper.
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These are two coupled first-order partial differential equations in v(x, t) and i(x, t).
To solve for v(x, t), we eliminate i(x, t) by differentiating the first equation abovewith
respect to x, the second with respect to t, and using )2i(x, t)∕)x)t = )

2
i(x, t)∕)t)x to

obtain the wave equation

)
2v(x, t)
)x2

= ℒC
)
2v(x, t)
)t2

. (4.2)

To solve for v(x, t), we observe the following. Consider any function of the form
f(x ± ct). Notice that

)2f(x ± ct)

)x2
= f′′(x ± ct)

)2f(x ± ct)

)t2
= c2f′′(x ± ct),

(4.3)

where the double prime refers to the second derivative of f(⋅)with respect to its argu-
ment (x + ct). From (4.2) and (4.3), we see that f(x ± ct) satisfies the wave equation
if c = 1∕

√
ℒC. It is evident that c has the units of velocity. Since f() is arbitrary, we

canwrite v(x, t) as a linear combination of a functionf1(x − ct) and another function
f2(x + ct). What does f1(x − ct) look like? To see this, suppose we took snapshots
of f1(x − ct) at times t = 0 and t = t1. This will be f1(x) at t = 0 and f1(x − ct1) at
t = t1; i.e., it appears as iff1() has traveled to the right by a distancect1.f1(), therefore,
is referred to as the forward wave. To remind ourselves that it is a voltage that moves
forward, we choose to call it v+. By the same logic, f2() is a voltage wave that moves
backward (in the negative x direction), which we call v−. We can therefore express
v(x, t) as2

v(x, t) = v+(x − ct) + v−(x + ct). (4.4)

What is the current i(x, t)? It can be obtained by using (4.1) as the sum of a forward
current i+ (due to v+) and a backward current i− (due to v−).

i(x, t) =
1

Zo
v+(x − ct)

⏟⎴⎴⎴⏟⎴⎴⎴⏟
i+(x,t)

−
1

Zo
v−(x + ct)

⏟⎴⎴⎴⏟⎴⎴⎴⏟
i−(x,t)

, (4.5)

where

Zo =

√
ℒ

C
, (4.6)

is termed the characteristic impedance of the transmission line. To summarize,

2This is the d’Alembert solution to the wave equation. Alternative (and equivalent) forms
that satisfy the wave equation are f(±x∕c ± t).
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a. The voltage at any point on a uniformly distributed transmission line can be
expressed as the sum of a forward-going wave v+ and a backward-going wave
v−, which travel in the positive and negative x directions, respectively, with a
velocity c = 1∕

√
ℒC.

b. At any point along the line, the forward-going wave is associated with a cur-
rent i+ = v+∕Zo, while the backward-going wave is associated with a current
i− = −v−∕Zo. The total current at a point is the sum of the forward and backward
currents.

c. The transmission line is specified by its characteristic impedance Zo, and its
length l.

d. The time taken for a wave to travel the length of the line is given by � = l
√
ℒC.

Recall thatℒ andC are the inductance and capacitance of the line per unit length.
Rather than specify ℒ, C, and the length of the line l, one may alternatively
specify the line by its characteristic impedance and its delay, namely Zo and �,
respectively.

It is instructive to determine the total inductance and capacitance of a transmission
line of length l, which we denote by Ltot and Ctot respectively. Ltot = ℒl and Ctot = Cl.
Using � = l

√
ℒC =

√
LtotCtot and Zo =

√
ℒ∕C =

√
Ltot∕Ctot, we obtain

Ltot = Zo�, Ctot =
�

Zo
. (4.7)

A lumped inductor of value L can, therefore, be thought of as an infinitesimal trans-
mission line with infinite characteristic impedance where Zo� = L. Along the same
lines, a lumped capacitor of value C can be thought of as an infinitesimal transmis-
sion line with a characteristic impedance tending to zero, with �∕Zo = C.

(Continued)

What is the capacitance of a cable?

A student needs to view the digital waveform at a node inside her chip. A “strong”
on-chip CMOS inverter, designed to drive a maximum load of 100 pF, senses this
waveform and connects to one of the chip’s output pads. The student intends to
connect the pad to an oscilloscope so as to capture the waveform. She uses an
80 cm-long coaxial cable to connect from the test PCB to the scope. The oscillo-
scope’s input can be considered high impedance. Will the on-chip inverter be able
to drive the cable’s capacitance?
Recall that the total capacitance of the cable, which is a transmission line, is given

by �∕Zo, where � is the time taken for a wave to travel the length of the cable, and
Zo is its characteristic impedance. To find capacitance, we note that the “standard”
Zo used for cables is 50Ω. To estimate �, we proceed as follows. Assuming that
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(Continued)

the space between the conductors of the cable is filled with Teflon, whose dielec-
tric constant is 2.25, the velocity of light in the medium is (3∕

√
2.25) × 108m/s =

20 cm/ns. � is thus seen to be 4 ns. C = �∕Zo = 80 pF. The CMOS driver should
therefore be able to drive the cable.

4.2 Transmission-Line Circuit Analysis

Having understood the basic aspects of wave propagation on a lossless transmission
line, let us turn our attention to what happens at the boundaries of the line.

Figure 4.3 (a) Alternative symbol for the transmission line. (b) The line terminatedwith a resistance R.

Figure 4.3a shows an alternative space-saving symbol for a transmission line that
we use in this book. It looks like a shielded cable, with v1(t)measured between the left
end of the inner conductor and the shield’s left end. Analogously, v2(t) is measured
between the right end of the inner conductor and the shield’s right end. Suppose the
transmission line is terminated at the right end in R, as shown in Figure 4.3b. What
constraints does the termination impose? The voltage and current must, of course,
remain identical to the left and right of the line and resistor interface. Denoting the
voltage across R by v, we have

v+ + v− = v

1

Zo
(v+ − v−) = v

R
,

(4.8)
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from which we see that
v−
v+ =

R − Zo
R + Zo

(≡ Γ). (4.9)

Termination of the linewithR, therefore, relates v− and v+ at the end of the line. v−∕v+
is called the reflection coefficient and is denoted by the symbol Γ. If R is replaced by an
impedance Z(s), it is more convenient to work with Laplace-transformed quantities
v+ and v−, and Γ is given by

Γ(s) =
V−(s)

V+(s)
=
Z(s) − Zo
Z(s) + Zo

. (4.10)

Note that the V+ and V− in the equation above refer to the transforms of the
forward- and backward waves at the ends of the line. We note the following special
cases:

a. If Z(s) = Zo, Γ = 0. The termination is referred to as being matched to the trans-
mission line.

b. If Z(s) is an open circuit, Γ = 1.
c. If Z(s) is a short circuit, Γ = −1.

Suppose that the circuit of Figure 4.3 is operating in the sinusoidal steady state at a
frequency f. The power dissipated in the terminating impedance is given by

P =
1

2
Re(VI∗) =

1

2Zo
Re{(V+ + V−)((V+)

∗
− (V−)

∗
)} =

1

2Zo
(|V+|2 − |V−|2). (4.11)

Since V− = ΓV+, it follows that

P =
|V+|2

2Zo
(1 − |Γ|2). (4.12)

This result can be interpreted as follows. The forward wave (which is also called the
incident wave) is associated with a power |V+|2∕2Zo. A fraction |Γ|2 of this power is
reflected back, and the rest is dissipated in the load. For a matched termination, no
power is reflected—all of the incident power is dissipated in the load. On the other
hand, if the terminating impedance is an open or a short, |Γ| = 1, and all the incident
power is reflected back into the line.
The discussion above also indicates the following. If the terminating impedance is

passive, the power dissipated P ≥ 0. Consequently, |Γ(j2�f)| ≤ 1. If the impedance is
lossless, Z(j2�f) is purely imaginary and |Γ| = 1.

Figure 4.4 The line driven by a source with resistance R.
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Let us now examine a transmission line excited by a source with resistance R, as
shown in Figure 4.4. Equating voltages and currents across the interface (indicated
by the dotted line), we obtain

vi − iR = v+ + v−

i =
1

Zo
(v+ − v−).

(4.13)

By eliminating i from the equations above, we see that v+ can be related to v− accord-
ing to

v+ = vi
Zo

Zo + R
+ v−

R − Zo
R + Zo

. (4.14)

Why does this expression make intuitive sense? The first term is justified due to the
following. Suppose the line was terminated at the load end with a resistor of value
Zo. There would then be no reflected wave (i.e., v− = 0). The voltage and current at
the source end of the transmission line would simply be v+ and v+∕Zo, respectively,
which indicates that the impedance looking into the line is simply Zo. v+ is thus the
output of the potential divider formed by R and Zo. The second term in (4.14) makes
sense due to the following. Suppose vi = 0. v− is incident on the junction between the
line and the source resistance R, so v+ must be given by Γv−, where Γ is the reflection
coefficient at the source and is given by (R − Zo)∕(R + Zo). If the output impedance of
the source is denoted by Z(s), we work with Laplace-transformed quantities to write

V+ = Vi

Zo
Zo + Z(s)

+ V−
Z(s) − Zo
Z(s) + Zo

. (4.15)

Figure 4.5 Deriving the relationships between the forward and backward waves at the two ends
of the line.

We now relate the forward and backward waves at the two ends of the line shown
in Figure 4.5. v2+ and v1− are delayed by �with respect to v1+ and v2−, respectively. We
thus have in the Laplace domain

V+
2 (s) = V+

1 (s)e
−s�, V−

1 (s) = V−
2 (s)e

−s�. (4.16)

We are now ready to analyze the network of Figure 4.6, where the aim is to find
the voltage at the load end of the line, namely v2. We work with Laplace transformed
quantities. To reduce clutter in the expressions, we refer to Zl(s) as Zl etc. The source
and load reflection coefficients, denoted by Γs and Γl, respectively are given by

Γs =
Zs − Zo
Zs + Zo

, Γl =
Zl − Zo
Zl + Zo

. (4.17)
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Figure 4.6 A source with impedance Zs(s) driving a line terminated by Zl(s).

We have the following system of equations in as many unknowns.

V+
1 = Vi

Zo
Zo + Zs

+ ΓsV
−
1

V−
2 = ΓlV

+
2

V+
2 = V+

1 e
−s�

V−
1 = V−

2 e
−s�.

From the equations above, we obtain

V2 = V+
2 (1 + Γl) = Vi

Zoe
−s�(1 + Γl)

(Zo + Zs)(1 − ΓlΓse−2s�)

V1 = Vi

Zo(1 + Γle
−2s�)

(Zo + Zs)(1 − ΓlΓse−2s�)
.

(4.18)

It is instructive to consider some special cases.

Source and Load Impedances Matched to the Line (Zs = Zl = Zo)
The source and load are matched to the line. Consequently, Γl = Γs = 0. From (4.18),
we have

V2 = V+
2 =

1

2
Vie

−s�. (4.19)

This makes sense due to the following. Since Zl is matched to the line, V−
2 = V−

1 = 0,
and the looking-in impedance at the source end of the line is Zo. Since Zs = Zo,
V1 = V+

1 = Vi∕2. V
+
2 is a �-delayed version of V

+
1 . Consequently, V2 = (1∕2)Vie

−s�.

Load Impedance Matched to the Line: Source Impedance is Zero (Zl = Zo, Zs = 0)
Since the load is matched, Γl = 0, and Γs = −1 since Zs = 0. From (4.18), we have

V2 = V+
2 = Vie

−s�. (4.20)

The load voltage is the same as Vi, except for a delay �, which is the time needed for
the forward wave to propagate to the load end. Due to the singly-terminated line, the
load voltage is twice that in the doubly-terminated case.
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Source Impedance Matched to the Line, Load is Open (Zs = Zo, Zl =∞)
The source is matched to the line. Consequently, Γs = 0, and Γl = 1 since the load is
an open circuit. From (4.18), we have

V2 = (1 + Γl)V
+
2 = Vie

−s�. (4.21)

The load voltage is the same asVi, except for a delay �, which is the time needed for
the forward wave to propagate to the load end.

Source Impedance Matched to the Line, Arbitrary Load (Zs = Zo)
The source is matched to the line. Consequently, Γs = 0. From (4.18), we have

V2 = (1 + Γl)V
+
2 =

1

2
Vie

−s�(1 + Γl) = Vie
−s�

Zl
Zl + Zo

. (4.22)

This makes sense due to the following. The Thevenin voltage seen by the load, which
is the load voltagewhen it is an open circuit, isV2 = Vie

−s� aswe have seen previously.
The Thevenin impedance seen by the load is Zo since Zs = Zo. V2 is thus given by
Vie

−s�Zl∕(Zl + Zo).

Arbitrary Source and Load Impedance
Suppose Zl and Zs are not matched to the line. From (4.18), we have

V2 = Vi(1 + Γl)
Zoe

−s�

(Zo + Zs)(1 − ΓlΓse−2s�)
. (4.23)

The equation above can be equivalently written as follows, where the
1∕(1 − ΓlΓse

−2s�) term in the denominator of the equation above is expanded as a
geometric series.

V2 = Vi(1 + Γl)
Zoe

−s�

(Zo + Zs)

{
1 + ΓlΓse

−2s� + (ΓlΓs)
2
e−4s� +⋯

}

= Vi

Zoe
−s�

(Zo + Zs)
(1 + Γl) +

Vi

Zoe
−s�

(Zo + Zs)
ΓlΓse

−2s�(1 + Γl) +

Vi

Zoe
−s�

(Zo + Zs)
(ΓlΓs)

2
e−4s�(1 + Γl) +⋯

(4.24)

V2 can be interpreted as follows.

a. ViZo∕(Zo + Zs) (= V+
1 ) is the forward wave launched by the source onto the

line. It reaches the end of the line after a time � and gets reflected by the load
with a coefficient Γl. The resulting output due to this is given by (ViZo∕(Zo +

Zs))e
−s�(1 + Γl), and is the first term in (4.24).



4.2 Transmission-Line Circuit Analysis 165

b. The component reflected at the load, which is given by (ViZo∕(Zo + Zs))e
−s�Γl,

travels to the source end, gets reflected by a coefficient Γs, and arrives at the load
end a round-trip time 2� later, where it is reflected by a coefficient Γl again. The
resulting contribution to V2 is thus seen to be (ViZo∕(Zo + Zs))e

−3s�ΓlΓs(1 + Γl).
This is the second term in (4.24). This process continues ad infinitum. The intu-
ition above can be illustrated using what is called the bounce diagram, shown in
Figure 4.7.

Figure 4.7 The bounce diagram. � denotes the delay of the line, and Γl and Γs denote the load and
source reflection coefficients, respectively.

Figure 4.8 Step response for Zl = Zs = 200 Ω.
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Figure 4.8 shows the v2(t) waveform for an input step when Zs = Zl = 200 Ω and
Zo = 50 Ω. v2(t) first jumps at t = �, with subsequent jumps occurring at 3�, 5�, …. As
t→∞, v2(t) → 0.5.

Simulation Corner
How does one “see” the forward- and backward-going waves in a simulator? In
Figure 4.9a for instance, the load is shorted, so v2 = 0. Suppose we were interested
inwhat v+2 (t) looks like.We only have access to v2 and i2(t). The voltage and current
must be continuous across the transmission-line boundary; consequently, we have

v2 = v+2 + v−2

i2 =
1

Zo
(v+2 − v−2 ).

(4.25)

This means that v+2 and v−2 can be obtained as v+2 = (1∕2)(v2 + i2Zo) and
v−2 = (1∕2)(v2 − i2Zo), using controlled sources as shown in Figure 4.9a.

Figure 4.9 (a) Simulation setup to view the forward- and backward-going waves. Since only v2 and
i2 are accessible, controlled sources are used to generate v+2 (t) and v

−
2 (t). (b) Example v

+
2 (t) for a 50 ns-

long 75Ω line driven by a unit 25 ns-wide pulse, with Zs = 50 Ω.
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Figure 4.9b shows example simulation results, with Zo = 75 Ω, Zs = 50 Ω, and � =
50 ns. vi is a unit-height 25 ns-wide pulse. v2(t) is zero as the load end of the line
is shorted to ground. v+2 (t) however, is the series of pulses shown in Figure 4.9b.
The main pulse, which has a height of Zo∕(Zo + Zs) = 0.6, reaches the load end of
the line at time t = �. It gets reflected with a coefficient−1, reaches the source-side
interface where it is reflected back with a coefficient Γs = −0.2 and hits the load
end at a time t = � + 2� = 150ns. The height of this “first echo” is 0.6 × 0.2= 0.12.
The second echo occurs at t = 5� = 250ns.

Voltage and C urrent on a T ransmission L ine, and the V oltage S tanding W ave
Ratio (VSWR)

Figure 4.10 Normalized amplitude of voltage and current along a transmission line. The load reflection
coefficient is 0.5.

As we have already seen, the voltage at any point on a transmission line can be
expressed as the sum of the forward- and backward-going waves. This means that the
voltage waveform on the line varies with the position at which it is measured. A sim-
ilar argument holds for the current. We illustrate this when the line is operating in
the sinusoidal steady state. As an example, consider a line terminated with a resistive
load, so that the load reflection coefficient is 0.5 as shown in Figure 4.10. We denote
the amplitude of the forward-goingwave at the load end byV+. Due to the reflection at
the load end, the amplitude of the voltage there isV+ + V− = V+ + ΓlV

+ = 1.5V+. As
we travel towards the source, the phase of the forward-going wave leads with respect
to V+, while that of V− lags with respect to V−. At a distance �∕4 away from the load,
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where � denotes thewavelength, the phase lead and lag of the forward- and backward-
going waves are 90◦. Consequently, the relative phase between them is 180◦. The
forward and reverse going waves interfere destructively, resulting in a voltage with
amplitude (V+ − V−) = 0.5V+.
A further �∕4 away, the relative phase between the forward- and backward-going

waves is again zero, and there is a voltage maximum due to the constructive inter-
ference between the forward and backward-going waves. The ratio of the maximum
andminimum voltage amplitudes on the line is called the voltage standing-wave ratio
(VSWR) and is given by

VSWR =
1 + |Γl|

1 − |Γl|
. (4.26)

In our example, where Γl = 0.5, the VSWR=3. VSWR=1 for a matched load and infi-
nitewhen |Γl| = 1. A similar conclusion can be drawn for the amplitude of the current
along the line [3]. It is evident that a voltage maximummust coincide with a current
minimum and vice versa, as shown in Figure 4.10.

4.2.1 Impedance Transformation Due to a Lossless Line

Figure 4.11 Evaluating the impedance transformation due to a lossless line.

Consider a lossless line terminated by an impedanceZl as shown in Figure 4.11.What
is the looking-in impedance Zin? To determine this, we need to find the ratio Vin∕Iin.
We proceed as follows.

a. We denote the forward wave at the load end by V+. The reflected wave is thus
given by ΓV+ where Γ = (Zl − Zo)∕(Zl + Zo).

b. The forward and backward waves at the input of the line are given by V+es� and
ΓV+e−s�, respectively.

c. The voltage and current at the input of the line, namely Vin and Iin, are thus seen
to be

Vin = V+es� + ΓV+e−s�

Iin =
1

Zo
(V+es� − ΓV+e−s�).
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This results in

Zin = Zo
1 + Γe−2s�

1 − Γe−2s�
. (4.27)

Using Γ = (Zl − Zo)∕(Zl + Zo), we can rewrite this as

Zin = Zo
Zl + Zo tanh(s�)

Zo + Zl tanh(s�)
. (4.28)

For a sinusoidal excitation, s = j2�f, and tanh(s�) = j tan(2�f�). Using this in the
equation above, we have

Zin(j2�f) = Zo
Zl(j2�f) + jZo tan(2�f�)

Zo + jZl(j2�f) tan(2�f�)
. (4.29)

It is instructive to consider a few special cases of Zl.

a. If Zl = Zo, the line is matched to Zl, and Zin = Zo as expected.
b. Suppose Zl = 0. From (4.29), we see that Zin(j2�f) = jZo tan(2�f�). Zin is imag-

inary, as the circuit has no dissipative elements in it. Figure 4.12 shows the reac-
tance of the short-circuited line as a function of frequency.

Figure 4.12 Reactance of a short-circuited line as a function of frequency.

For frequencies f ≪ 1∕�, tan(2�f�) ≈ 2�f�, so Zin(j2�f) ≈ j2�fZo�. Why
does this make intuitive sense? To see this, consider the shorted transmission
line of Figure 4.13a. The equivalent distributed LC network is shown in part (b)
of the figure. At low frequencies, no current flows through the capacitors. The
voltage across the current source is that across the inductors, which are all in
series. The total inductance, as we have seen earlier, is Zo�. The impedance of the
shorted line at low frequencies, therefore, is seen to be j2�f(Zo�). Furthermore,
the line behaves like a short circuit at all frequencies that are multiples of 1∕(2�).
However, at oddmultiples of the frequency 1∕4�, the short-circuited line appears
open!



170 4 Introduction to Distributed Circuits

Figure 4.13 (a) A shorted transmission line. (b) At low frequencies, no current flows through the capac-
itors. The voltage across the current source is that across the inductors.

If, on the other hand, the line were terminated in an open circuit, the input
impedance (as seen by using Zl →∞ in (4.29)) is given by Zin(j2�f) = −jZo
cot(2�f�). At low frequencies,Zin tends toZo∕(j2�f�), indicating that it behaves
like a capacitor of value �∕Zo, which is the total capacitance of the line.
Figure 4.14 shows the reactance of the open-circuited line as a function of fre-
quency. The line behaves like an open circuit at all integer multiples of the fre-
quency 1∕2�. However, at odd multiples of 1∕4�, the line behaves like a short
circuit!

Figure 4.14 Reactance of an open-circuited line as a function of frequency.

A lumped network that emulates the response of open (or shorted) transmis-
sion lines would have an infinite number of poles and zeros, and therefore, an
infinite number of inductors/capacitors. This is consistent with the observation
that a transmission line network has an infinite number of poles, since the line
can be thought of as being comprised of an infinite number of infinitesimally
small inductors and capacitors.
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c. If we operate at a frequency such that 2�f� = �∕2 i.e., f = 1∕4�, we have

Zin(j2�f) =
Z2o

Zl(j2�f)
, (4.30)

indicating that the impedanceZl in inverted. The delay of the line is �. Iff = 1∕4�,
it follows that the length of the line is a quarter wavelength.3 Such a line is often
referred to as a quarter-wave transformer.

4.3 The Uniformly Distributed RC Line

Figure 4.15 (a) Symbol of a uniformly distributed RC line, often referred to as a URC element. The
total resistance is R, and the total capacitance is C. (b) Model for a small section of the line.

Related to the transmission line is the distributed-RC line.Why is thisworth studying?
It turns out that a resistor realized on an integrated circuit is unfortunately accom-
panied by parasitic capacitance to the substrate, which is distributed uniformly over
the length of the resistor. Such a structure is called a uniformly distributed RC line,
and referred to as aURC element [4]. The symbol is shown in Figure 4.15a. The total
resistance and capacitance are denoted by R and C, respectively.
Likewe didwith a transmission line, aURC element can bemodeled by an infinitely

large number of sections, as shown in Figure 4.15b. The resistance and capacitance
of each section are ℛ∆x and C∆x, respectively, where ℛ and C denote the resistance
and capacitance per unit length.

3c = f�, and � = l∕c, where l is the length of the line and c is the velocity of the wave along
the line. l is thus given by l = (f�)�.
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Figure 4.16 Analysis of (a) an open-circuit URC line and (b) a URC line shorted at one end.

It turns out that we can leverage our analysis of transmission lines to understand
the behavior of the URC element. The idea is to replace ℒs with ℛ (or equivalently,
Ls with R) in the relevant expression derived with the transmission line. This is best
illustrated with examples. Consider the URC line driven by a voltage source vi, as in
Figure 4.16a. What is the transfer function Vo(s)∕Vi(s)? To determine this, consider
the transmission-line analog shown in the left. We see that the following hold:

V−
2 = V+

2 , V+
1 = V+

2 e
s�, V−

1 = V−
2 e

−s�, V+
1 = −V−

1 + Vi. (4.31)

Solving for V+
2 , recognizing that V2 = 2V+

2 , and using � =
√
LC, we obtain

V2(s)

Vi(s)
=

1

cosh(s
√
LC)

. (4.32)

For the URC line, we simply replace L in the transfer function by R∕s to obtain

V2(s)

Vi(s)
=

1

cosh(
√
sRC)

. (4.33)

At low frequencies, cosh(
√
sRC) ≈ 1 + (sRC∕2). Consequently, the transfer function

can be approximated by 1∕(1 + (sCR∕2)).
Consider now the short-circuitedURC line of Figure 4.16b. To determine the trans-

fer function from vi to io, we consider the corresponding transmission-line circuit
shown towards the left. We have

V−
2 = −V+

2 , V+
1 = V+

2 e
s�, V−

1 = V−
2 e

−s�, V+
1 = −V−

1 + Vi. (4.34)
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Solving for V+
2 , recognizing that I2 = 2V+

2 ∕Zo, and using � =
√
LC, Zo =

√
L∕C, we

obtain

I2(s)

Vi(s)
=

√
C

L

1

sinh(s
√
LC)

. (4.35)

For the URC line, we simply replace L in the transfer function by R∕s to obtain

I2(s)

Vi(s)
=
1

R

√
sCR

sinh(
√
sCR)

. (4.36)

At low frequencies, sinh(
√
sCR) ≈

√
sCR(1 + (sCR)∕6). The transfer function can

thus be approximated by (1∕R)∕(1 + (sCR∕6)).

Figure 4.17 An active-RC integrator: the resistor is associated with an undesired distributed parasitic
capacitance cp.

The distributed parasitic capacitance can be problematic in many circuits.
Figure 4.17 shows an active-RC integrator. The resistor is accompanied by an unde-
sired parasitic capacitance cp. Assuming an ideal opamp, and using our previous anal-
ysis, the integrator’s transfer function can be seen to be

Vo(s)

Vi(s)
≈ −

1

sCR

1
(
1 + s

Rcp

6

) . (4.37)

It is evident that the effect of cp is to introduce an extra delay of Rcp∕6 in the integra-
tor’s response. As we will see in Chapter 7, this modifies the frequency response of an
active-RC filter.

4.3.1 Modeling Pitfalls

Figure 4.18 (a) A URC line. (b) A three-element lumped model.
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In a simulator, implementing components whose transfer functions involve irrational
functions of s is challenging. Consequently, lumped approximations for theURC line
are used. It is not uncommon to use a three-element model for the line, as shown in
Figure 4.18. The total capacitance cp is split into two halves and placed at each termi-
nal of the resistor. On the face of it, this seems reasonable; the DC current between
a and b is correctly modeled. If b is open, the capacitance from a to ground is cp
in the model, as it should be. However, this model can be erroneous (and even down-
right dangerous), as we will illustrate with Figure 4.19, which shows a second-order
active filter (the negative R indicates inversion in the fully differential implementa-
tion). The opamps are assumed to be ideal.

Figure 4.19 A circuit example where the three-element lumped model of Figure 4.18b can be terribly
misleading.

Every resistor is accompanied by a distributed capacitance cp. From (4.37), we know
that the effect of distributed capacitance is to add an extra delay (phase shift) to each
integrator, thereby modifying the filter’s transfer function. Let us examine the conse-
quences of using the lumpedmodel. As shown by the callout in Figure 4.19, modeling
the URC line by the 3-element lumped equivalent places the parasitic capacitances
cp∕2 at a and b . Since a is a virtual ground node, no current flows through the
parasitic capacitance connected there. b is the output of an opamp, which is a volt-
age source. The capacitance cp∕2 at b , therefore, is of no consequence. The same
reasoning applies to the distributed parasitics of all resistors. It thus appears, if one
employs the model, that cp does not affect the performance of the circuit. In reality,
however, the extra delays due to cp will enhance the quality factor of the biquad and
can even render it unstable! To prevent unpleasant surprises at a later date, one must
check the lumped circuit used to model theURC line. If the simple-minded model of
Figure 4.18b is supplied by the fabrication foundry, the resistor should be imple-
mented as a series combination of smaller segments, which in effect distributes the
total capacitance over multiple sections.
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4.4 Scattering Parameters and the Scattering Matrix

A linear two-port network can be described, as far as port behavior is concerned, by its
two-port parameters. Many such sets can be conceived: the reader is no doubt aware
of the y, z, ℎ, and g parameter sets. Furthermore, one set of parameters can be derived
from another, so it is natural to wonder why one needs yet another set of parameters to
describe the same two-port. It turns out that the motivation for the parameter set that
we describe in this section, namely the scattering parameters, comes from practical
problems encountered while making measurements.
Recall that the y-matrix description of a two-port is given by

⎡
⎢

⎣

I1

I2

⎤
⎥

⎦

=
⎡
⎢

⎣

y11 y12

y21 y22

⎤
⎥

⎦

⎡
⎢

⎣

V1

V2

⎤
⎥

⎦

. (4.38)

The voltages applied across the ports, namelyV1 andV2, are the independent quanti-
ties; and the resulting currents I1 and I2 are dependent on the applied voltages. How
does one measure the y parameters? From their definition, we have

y11 =
I1
V1

|||||||V2=0

, y21 =
I2
V1

|||||||V2=0

, y12 =
I1
V2

|||||||V1=0

, y22 =
I2
V2

|||||||V1=0

, (4.39)

indicating that these are short-circuit measurements.

Figure 4.20 (a) Ideal setup to measure y11 and y21. (b) A more realistic setup. The transmission lines
represent cables needed to connect the ports to the voltage source and the short circuit.

As shown in Figure 4.20, y11 and y21 are measured by exciting port 1 with a voltage
source v1, terminating port 2 in a short circuit, and calculating y11 and y21 from the
equations above.While thismight seem straightforward from the schematic represen-
tation shown in the figure, it is very problematic in practice due to the following. It is
physically impossible to place the voltage source exactly between terminals 1 and 1′.
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Likewise, it is difficult, if not impossible, to terminate port 2 with a short circuit right
at its terminals. This discounts other difficulties like creating an ideal voltage source
and making current measurements right at the ports. A more realistic model for the
test setup is shown in Figure 4.20b. The ports are connected to v1 and the short-circuit
termination via cables. For simplicity, we assume that these are ideal transmission
lines. How are the measurements affected by the extra elements added by the test
setup?
From the discussion in the previous section, we saw that a shorted transmission line

behaves like a short circuit only at specific frequencies. Tomeasure the y-parameters,
the impedance at the ports should be zero—but the shorted transmission lines can
behave like a short circuit, open circuit, or anything in between, depending on the
length of the line and frequency of operation (recall that the impedance presented by
the line is of the form jZo tan(2�f�)). This will of course cause gross measurement
errors.

Figure 4.21 (a) Realistic setup to measure y11 and y21 for a transistor: gm = 40mS, cgs = cdb = 1 pF,
ro = 5000 Ω, rg = 1000 Ω, Zo = 50 Ω, �1 = �2 = 1 ns. (b) v2(t) with cgd = 0, v1(t) is a 1mV step.
(c) cgd = 0.1 pF, v1(t) is a 1mV step.
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Amore serious problem can occur with active two ports, like a transistor, as shown
in Figure 4.21a. The shorted transmission lines behave like high-Q resonators at the
input and output ports. Due to the feedback inherent in the two port (caused by cgd
in Figure 4.21), and the high frequency-selective gain due to gm and the impedance
of the resonators, the test setup can become unstable and break into oscillations.
Figure 4.21b shows the simulated v2(t) when v1(t) is a 1mV step, for cgd = 0. It even-
tually settles to zero, as it should. With cgd = 0.1 pF, however, feedback renders the
entire test setup unstable and v2(t) grows exponentially as shown in Figure 4.21c.
Related to the transmission-line connections at the ports is another practical

problem, this time having to do with measuring voltage and current. Recall from
Section 4.2 that the voltage and current waveforms on a transmission line vary with
position. This is because the voltage/current at any location on the line is the sum
of the forward- and reverse-going voltage/current waves. Moving the “measurement
point” even by a small amount, therefore, will result in errors in the measured v and
i, and consequently, the y parameters.
To summarize, the root cause of the problem is the following.

a. To make y-parameter measurements, the network ports have to be terminated
with short circuits.

b. Due to practical physical considerations, the ports of the networkN have to be
connected to the exciting sources and short-circuit terminations through trans-
mission lines.

c. The impedance presented by the shorted transmission lines, however, is a func-
tion of cable length and frequency. As a result, the ports are not correctly
terminated.

d. Measuring voltages/currents on a transmission line is problematic, as they
depend on the location of measurement.

Figure 4.22 Model for the test setup where the transmission lines are terminated in their characteristic
impedances.

Ideally, wewould like that the impedance presented by the cables (i.e., transmission
lines) at the ports is independent of frequency and the length of the line. How can
we achieve this? From Section 4.1, this is possible if we terminated the lines with
their characteristic impedance Zo, and not short circuits, as shown in Figure 4.22.
Regardless of �1 and �2, the impedance seen at the ports 2–2′ and 1–1′ is Zo, thanks
to the termination resistors. Consequently, potential instability that might occur with
active networks is also avoided. Terminating the transmission lines solves the problem
of cable length and frequency-dependence of the impedance at the ports.
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How about the problem of location-dependent voltage and current that we encoun-
tered while measuring y parameters? This can be addressed in the following manner.
The basic idea is to recognize (assuming sinusoidal operation) that though the voltage
and current on a transmission line vary with position, the forward- and backward-
going waves remain the same (except for a phase shift along the line). If we thought of
the waves incident on the two ports as the independent quantities and those reflected
by the ports as dependent on the incident waves, we wouldn’t have to worry about the
voltages/currents varying as a function of position along the line. One might wonder
how one can separate out the forward- and backward-going waves along a transmis-
sion line. Fortunately, it turns out that it is possible using a passive microwave device
called the directional coupler, which essentially performs the operations of the con-
trolled sources in Figure 4.9.

Figure 4.23 The scattering matrix relates the reflected waves to the waves incident on the ports.

We can thus write

⎡
⎢

⎣

V−
1

V−
2

⎤
⎥

⎦

=
⎡
⎢

⎣

S11 S12

S21 S22

⎤
⎥

⎦

⎡
⎢

⎣

V+
1

V+
2

⎤
⎥

⎦

. (4.40)

S11 =
V−
1

V+
1

||||||||V+
2 =0

, S21 =
V−
2

V+
1

||||||||V+
2 =0

, S12 =
V−
1

V+
2

||||||||V+
1 =0

, S22 =
V−
2

V+
2

||||||||V+
1 =0

. (4.41)

S11 is the ratio of the reflectedwave at port 1 (V−
1 ) to the incident wave at port 1 (V

+
1 ),

when V+
2 = 0. What does it mean to say V+

2 = 0? Referring to Figure 4.23, it is evident
that V+

2 will be zero if the transmission line at port 2 is terminated with Zo. This way,
none of V−

2 , which is incident on the termination, will be reflected back, resulting in
V+
2 = 0. S11 is therefore, the reflection coefficient at port 1 under the condition that

port 2 is matched. Along the same lines, S21 is the ratio of V−
2 to V

+
1 with a matched

port 2. Figure 4.24 shows the setup tomeasure S11 and S21. S22 and S12 are determined
by setting Va = 0 and activating Vb.

Figure 4.24 Setup to measure S11 and S21. S12 and S22 are measured by setting Va = 0 and exciting
port 2.
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The scattering parameters can be similarly defined for a network withN ports. The
resulting matrix is a N ×N matrix.

Sab =
V−
a

V+
b

||||||||all ports matched, only port b excited

(4.42)

Example

Figure 4.25 Finding S11 and S21 of the divider network.

Let us find the scattering matrix for the divider network shown in Figure 4.25. To
find S11, we terminate port 2 with Zo and find the reflection coefficient at port 1. The
impedance seen looking into port 1 is seen to be

Zin1 = Z1 + Z2 ∥ Zo. (4.43)

S11 is thus seen to be

S11 =
Zin1 − Zo
Zin1 + Zo

. (4.44)

S21 is given by V−
2 ∕V

+
1 . Since V+

2 = 0, V2 = (V+
2 + V−

2 ) = V−
2 . Furthermore, since

V−
1 = S11V

+
1 , it follows that V1 = (V+

1 + V−
1 ) = V+

1 (1 + S11). V2∕V1 is seen to be
(Z2 ∥ Zo)∕(Z1 + (Z2 ∥ Zo). Consequently, we have

S21 =
V−
2

V+
1

=
V2(1 + S11)

V1
=

Z2 ∥ Zo
Z1 + (Z2 ∥ Zo)

(1 + S11) =
Z2 ∥ Zo

Z1 + (Z2 ∥ Zo)

2Zin1
Zin1 + Zo

(4.45)

where Zin1 is given by (4.43). Proceeding along similar lines, S22 and S12 can be deter-
mined. They turn out to be

S22 =
V−
2

V+
2

=
Zin2 − Zo
Zin2 + Zo

(4.46)

where

Zin2 = (Zo + Z1) ∥ Z2. (4.47)

S12 =
V−
1

V+
2

=
Zo

Z1 + Zo

2Zin2
Zin2 + Zo

. (4.48)
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The scattering matrix is thus given by

S =

⎡
⎢
⎢
⎢

⎣

Zin1 − Zo
Zin1 + Zo

Zo
Z1 + Zo

2Zin2
Zin2 + Zo

Z2 ∥ Zo
Z1 + (Z2 ∥ Zo)

2Zin1
Zin1 + Zo

Zin2 − Zo
Zin2 + Zo

⎤
⎥
⎥
⎥

⎦

. (4.49)

The reader should verify that S12 = S21, though their expressions look different. Notice
that the scattering parameters depend on the characteristic impedance of the trans-
mission lines at the ports, namely Zo. The S-matrix will change with Zo, even when
the network itself remains the same.

Example

Figure 4.26 Finding S11 and S21 of a transmission line of characteristic impedance Zo and delay �.

Let us find the scatteringmatrix for the transmission line shown inFigure 4.26. To find
S11, we terminate port 2 with Zo and find the reflection coefficient at port 1. Clearly,
the input impedance looking into port 1 is Zo, resulting in S11 = 0. The forward wave
on the line is V+

1 at port 1. At port 2, it is delayed by � to result in V
+
1 e

−j2�f�. Since the
line is terminated with Zo, it follows that V−

2 = V+
1 e

−j2�f�. Furthermore, the network
is symmetric. Consequently,

S =
⎡
⎢

⎣

0 e−j2�f�

e−j2�f� 0

⎤
⎥

⎦

. (4.50)

Example

Figure 4.27 The S-matrix ofN is known. What is the S-matrix of N̂?

Suppose the scattering matrix of a network N is known. N̂ is formed by cascading
ports 1 and 2 with transmission lines with characteristic impedance Zo and delays
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�1 and �2, respectively, as shown in Figure 4.27. What are the scattering parameters
of N̂?
The forward wave at port 1 of N̂ is denoted by V+

1 . The wave incident at port 1 ofN
is given by V+

1 e
−j2�f�1 . Since V+

2 = 0, it follows that the reflected wave at port 1 ofN
is given by S11V+

1 e
−j2�f�1 . Since the delay of the line is �1, V−

1 is a delayed version of
S11V

+
1 e

−j2�f�1 . We thus have

V−
1 = S11e

−j4�f�1V+
1 . (4.51)

The “reflected wave” from port 2 of N is given by S21V+
1 e

−j2�f�1 . It is delayed by �2
when it gets to port 2 of N̂. As a result,

V−
2 = S21e

−j2�f(�1+�2)V+
1 . (4.52)

Proceeding along similar lines, it is straightforward to see that

V−
2 = S22e

−j4�f�2V+
2 (4.53)

and

V−
1 = S12e

−j2�f(�1+�2)V+
2 . (4.54)

The S-matrix of N̂, denoted by Ŝ, is thus given by

Ŝ =
⎡
⎢

⎣

S11e
−j4�f�1 S12e

−j2�f(�1+�2)

S21e
−j2�f(�1+�2) S22e

−j4�f�2

⎤
⎥

⎦

. (4.55)

As seen above, themagnitudes of the S parameters have not changed due to the trans-
mission lines added in tandem with the ports.

4.4.1 Deriving the Scattering Matrix from the Admittance Matrix
Suppose that we knew the y-matrix of an N-port network. How would we obtain the
scattering matrix from the y-matrix? We proceed as follows.

I = YV, (4.56)

where I and V denote the column vector of port current- and port voltage-phasors,
respectively. As discussed earlier, the S-parameters depend on the characteristic
impedance of the transmission lines connected to the ports. We assume that all the
lines have the same characteristic impedance Z0. Denoting the vector of incident and
reflected waves by V+ and V− respectively, we have

V = V+ + V−, I =
1

Z0
(V+ − V−) . (4.57)

Using I = YV and substituting the wave expressions:
1

Z0
(V+ − V−) = Y(V+ + V−). (4.58)
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Rearranging, we have

V− = (1 + Z0Y)
−1
(1 − Z0Y)V

+. (4.59)

where 1 denotes the N ×N identity matrix. By definition, V− = SV+. Therefore,

S = (1 + Z0Y)
−1
(1 − Z0Y). (4.60)

A reinterpretation of (4.60) allows the simplest derivation of the scattering matrix
from the circuit diagram. (4.60) can be written as

S = (Yo1 + Y
⏟⎴⏟⎴⏟

Ya

)
−1
(Yo1 − Y) (4.61)

where Yo = 1∕Zo. Denoting (Yo1 + Y) by Ya, (4.61) can be recast as

S = 2YoY
−1
a − 1. (4.62)

From the definition, it is evident that Ya is the admittance matrix of the augmented
network where resistors of value Zo = 1∕Yo are placed in parallel with every port. To
summarize, to find the S-parameters of a network, we could proceed as follows:

a. Add resistors of value Zo in parallel with every port of the network. The result is
the augmented network.

b. Determine the admittance matrix Ya of the augmented network.
c. Use Ya obtained from the step above in (4.62) to determine the scattering matrix

of the original network.

S can be similarly derived from the impedance matrix Z.

Scattering Matrix of the�-Pad Attenuator

Figure 4.28 (a) AΠ-Pad attenuator. (b) The augmented network, whose admittance parameters are
used to find the scattering matrix of the attenuator Yo = 1∕Zo.

A Π-pad attenuator is the symmetric two-port network shown in Figure 4.28a. Its
scattering parameters need to be S11 = S22 = 0 and S12 = S21 = k < 1.
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Y =
⎡
⎢

⎣

(G1 + G2) −G2

−G2 (G1 + G2)

⎤
⎥

⎦

, Ya =
⎡
⎢

⎣

(G1 + G2 + Yo) −G2

−G2 (G1 + G2 + Yo)

⎤
⎥

⎦

.

(4.63)

Using Ya in (4.62), we obtain

S =
1

∆

⎡
⎢

⎣

2Yo(G1 + G2 + Yo) − ∆ 2YoG2

2YoG2 2Yo(G1 + G2 + Yo) − ∆

⎤
⎥

⎦

(4.64)

where ∆ is given by (G1 + G2 + Yo)
2
− G2

2 .
Equating S11 = S22 = 0 and S12 = S21 = k gives

G1 = Yo
1 − k

1 + k
, G2 =

2kYo

1 − k2
. (4.65)

For k = 1∕
√
2, the circuit provides an attenuation of 10 log10(1∕k

2) = 3 dB.
If Zo = 1∕Yo = 50 Ω, the resistors have the values R1 = 1∕G1 = 291.3 Ω and
R2 = 1∕G2 = 17.7 Ω. For k = 1∕2, the attenuation is 6 dB, and the resistor values
are R1 = 150 Ω and R2 = 37.5 Ω.

4.5 Some Properties of Scattering Matrices

4.5.1 The Scattering Matrix of a Lossless Network
Recall that the power incident on and reflected from the lth port are given by
(1∕2)|V+

l
|2∕Zo and (1∕2)|V−

l
|2∕Zo respectively. The factor (1/2) is because we assume

that the magnitude of the phasors represents the peak values of the sinusoid. Denot-
ing the column vectors of incident and reflected waves by V+ and V−, respectively,
the total incident and reflected powers are as follows:

Total incident power ∶ 1

2Zo
(V+)†V+

Total reflected power ∶ 1

2Zo
(V−)†V− =

1

2Zo
(SV+)†SV+ =

1

2Zo
(V+)†S†SV+,

where the † denotes the conjugate transpose (Hermitian). For a lossless network, the
total incident and reflected powers must be equal for an arbitrary V+. It thus follows
that

S†S = 1 (4.66)

where 1 denotes the identity matrix. Thus, the scattering matrix of a lossless network
is unitary.
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4.5.2 The Scattering Matrix of a Reciprocal Network
We know that the admittance matrix Y of a reciprocal network is symmetric, i.e.,
Y = YT. From (4.62), we know that S = 2YoY

−1
a − 1 where, Ya = Yo1 + Y. Further-

more, YT
a = Ya. Consequently, we see that

ST = 2Yo(Y
T
a )

−1
− 1 = 2Yo(Ya)

−1
− 1 = S. (4.67)

Thus, the scattering matrix of a reciprocal network is symmetric.

Scattering Matrix of the Gyrator

Figure 4.29 (a) A gyrator. (b) The augmented network, whose admittance parameters are used to
find the scattering matrix of the gyrator, Yo = 1∕Zo.

A two-port network called the gyrator is shown in Figure 4.29a. It satisfies the
equations

I2 = gm1V1, I1 = −gm2 V2. (4.68)

The augmented network, formed by adding conductances of value Yo in parallel
with the ports, is shown in Figure 4.29b. To determine its S-parameters, we write
Y and Ya, which are the admittance matrices of the original and augmented net-
works, respectively.

Y =
⎡
⎢

⎣

0 −gm2

gm1 0

⎤
⎥

⎦

, Ya =
⎡
⎢

⎣

Yo −gm2

gm1 Yo

⎤
⎥

⎦

. (4.69)

Using Ya in (4.62), we obtain

S =
1

∆

⎡
⎢

⎣

2Y2
o − ∆ 2Yogm2

−2Yogm1 2Y2
o − ∆

⎤
⎥

⎦

(4.70)
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where∆ is given by (Y2
o + gm1gm2). If gm1 = gm2 = Yo, the scatteringmatrix reduces

to

S =
⎡
⎢

⎣

0 1

−1 0

⎤
⎥

⎦

which indicates that the ports are matched and the network is lossless and nonre-
ciprocal: it introduces a phase inversion in the forward signal path.

4.6 Measuring S-Parameters: The Vector Network Analyzer

Figure 4.30 (a) Cartoon of a one-port vector network analyzer measuring an unknown impedance.
(b) Model for the test setup. Zdut(j2�f) needs to be measured, but the analyzer can only measure the
reflection coefficient at the instrument plane.

A vector network analyzer (VNA) is an instrument used tomeasure scattering param-
eters of an N-port. The simplest case, where N = 1, is referred to as a one-port net-
work analyzer and can onlymeasure S11 (or equivalently, the driving point impedance
at a port). A cartoon depicting a typical test setup is shown in Figure 4.30a. The
instrument is connected to the unknown impedance that needs to be measured,
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namely Zdut(j2�f), by a cable. The properties of the cable are not known a priori.
The VNA can only measure the reflection coefficient (as a function of frequency)
at the instrument plane, but what we want is (equivalently) the reflection coefficient
of the device under test (DUT)!
The model of the measurement setup is shown in Figure 4.30b. The VNAmeasures

V−
1 (j2�f)∕V

+
1 (j2�f) as a function of frequency. Zdut(j2�f), which needs to be deter-

mined, appears at port 2 of an unknown two-port. SinceV+
2 = ΓdutV

−
2 , straightforward

analysis shows that the reflection coefficient Γ measured at the instrument plane is
given by

Γ =
V−
1

V+
1

= S11 +
S12S21Γdut
1 − ΓdutS22

. (4.71)

If the S-parameters of the two-port were known a priori, it is easy to see that
Γdut(j2�f) (and hence Z(j2�f)) can be determined using (4.71). But how does one
figure out the properties of the unknown cable between the instrument and DUT?
The basic idea is the following. We recognize that there are three unknowns, namely
S11, S12S21, and S22. By measuring Γ using three known impedances in place of Zdut,
the properties of the unknownnetwork can be determined. The “known” impedances
are: a short circuit (0), an open circuit (∞), andZo = 50 Ω. The process of determining
S11, S12S21, and S22 using known impedances is called calibration and is performed
before measuring Zdut(j2�f). The process to determine Zdut(j2�f) at each frequency
of interest is as follows:

a. Terminate the cable with a short circuit, i.e., use Z = 0 in place of the DUT in
Figure 4.30a, and record the reflection coefficient, denoted by Γ0. We see that

Γ0 = S11 −
S12S21
1 + S22

, (4.72)

obtained by setting Γdut = −1 in (4.71).
b. Terminate the cable with an open circuit, i.e., use Z =∞ in place of the DUT in

Figure 4.30a, and record the reflection coefficient, denoted by Γ∞. We see that

Γ∞ = S11 +
S12S21
1 − S22

, (4.73)

obtained by setting Γdut = 1 in (4.71).
c. Terminate the cablewithZo, i.e., useZ = 50 Ω in place of theDUT inFigure 4.30a,

and record the reflection coefficient, denoted by Γr. We see that

Γr = S11, (4.74)

obtained by setting Γdut = 0 in (4.71).
d. Calculate S11, S12S21 and S22 using the relations Γ0, Γ∞ and Γr. This is possible, as

there are three equations in as many unknowns.
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e. Terminate the cable with the unknown impedance Zdut, and record the reflection
coefficient, denoted by Γu.

Γu = S11 +
S12S21Γdut
1 − ΓdutS22

. (4.75)

Γdut can be determined from the equation above since S11, S12S21, and S22 have
been determined in the previous step.

The discussion above motivated the need for calibration and the procedure for a
one-port VNA. We chose an instrument with a single port for simplicity. Two-port
VNAs are perhaps the most commonly used analyzers. Like in the single-port ana-
lyzer, calibration is needed to de-embed the test setup, meaning that the effect of non-
idealities are “removed” from the measurement. The calibration procedure is a lot
more involved; it turns out that 12 parameters are needed to account for nonidealities
of the setup andmeasurement. The reader is referred to advanced texts onmicrowave
measurements [5] for the details.

(Continued)

Chapter Summary

• Lumped vs. Distributed Regime: A circuit must be treated as a distributed
system when its physical dimensions are a significant fraction of the signal
wavelength (� = c∕f).

• Transmission Line Parameters: A uniform lossless transmission line is
characterized by its inductance and capacitance per unit length (ℒ andC). Key
properties include:
▪ Characteristic Impedance: Zo =

√
ℒ∕C, which defines the ratio of voltage

to current for a single traveling wave.
▪ PropagationVelocity:c = 1∕

√
ℒC, the speed at which the electromagnetic

wave travels.
• Wave Propagation: Signal behavior is modeled as the superposition of a
forward-traveling wave (v+) and a backward-traveling wave (v−). The interac-
tion of these waves at boundaries is governed by the reflection coefficient.

• Reflections and Matching: At a load impedance ZL, the reflection coeffi-
cient is given by Γ = (ZL − Zo)∕(ZL + Zo).▪ Matched Load: ZL = Zo ⇒ Γ = 0 (no reflections, maximum power
transfer).

▪ Open/ShortCircuit:Results in total reflection (|Γ| = 1), leading to standing
wave patterns.

• Transient and Steady-State Analysis:
▪ Bounce Diagrams: Used to track the “history” of reflections in the time
domain for step or pulse inputs.

▪ Voltage Standing Wave Ratio (VSWR): Measures the ratio of maximum
tominimumvoltagemagnitudes along the line in the sinusoidal steady state.
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(Continued)

• Scattering (S) Parameters:Unlike Z or Y parameters, S-parameters charac-
terize a network based on incident and reflected waves relative to a reference
impedance (usually 50 Ω). This is the standard for high-frequency measure-
ments, as it avoids the need for ideal open or short circuits.

• Measurement andCalibration:VectorNetworkAnalyzers (VNAs)measure
S-parameters. A calibration procedure is performed to remove the effect of the
cables and connectors.

Problems

Figure 4.31

Problem 1. Figure 4.31 shows a lossy uniformly distributed line. The inductance is
accompanied by a loss, modeled as a resistance ℛ per unit length, and the capacitance
is lossy with a conductance G per unit length. Determine the characteristic impedance.
What condition should be satisfied for it to be real?
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Figure 4.32

Problem 2. In Figure 4.32, vi is a unit step. Sketch v2(t). Plot v2(t) in the following
limiting cases.
a. Zo →∞ with Zo�→ L.
b. Zo → 0 with �∕Zo → C.

Figure 4.33

Problem 3. In the circuit of Figure 4.33, vi is a unit step. Plot v1(t) and v2(t).

Figure 4.34

Problem 4. In the circuit of Figure 4.34, vi is a unit step. Plot v1(t) and v2(t).

Problem 5. A transmission line with a characteristic impedance Zo is terminated
by an impedance (R + jX), with R ≥ 0. The normalized impedance is given by
r + jx = (R∕Zo) + j(X∕Zo). The reflection coefficient in terms of the normalized
impedance is given by

Γ =
r + jx − 1

r + jx + 1
.
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a. Plot the locus of � as a function of r for a fixed x. Draw these loci for different values
of x.

b. Plot the locus of � as a function of x for a fixed r. Draw these loci for different values
of r.

Figure 4.35

Problem 6. Figure 4.35 shows a biquad. All resistors are associated with a parasitic
distributed capacitance, with the product being denoted by �p. Assume that �p is identi-
cal for all resistors. Determine!o and quality factor for �p ≪RC. The opamps are ideal.

Figure 4.36

Problem 7. Determine the scattering matrix S of the transmission line of Figure 4.36,
with respect to a reference impedance of Zo.

Figure 4.37
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Problem 8. Determine the scattering matrix S of the T-attenuator of Figure 4.37.
Choose the resistors so that S11 = S22 = 0, and S12 = S21 = k.

Figure 4.38

Problem 9. Determine the scattering matrix S of the small-signal model of the tran-
sistor shown in Figure 4.38.

Figure 4.39

Problem 10. A two-portN (see Figure 4.39) can also be characterized by the so-called
chain matrix, denoted by ABCD, defined as follows:

⎡
⎢

⎣

V1

I1

⎤
⎥

⎦

=
⎡
⎢

⎣

A B

C D

⎤
⎥

⎦

⎡
⎢

⎣

V2

−I2

⎤
⎥

⎦

.

Suppose the scattering parameters of N are known. Determine the chainmatrix. If N
is reciprocal, what constraints does that impose on the chain parameters?

Problem 11. Two 2-port networks have the scattering matrices given by Sa and Sb.
Determine the scatteringmatrix of the cascade. Suppose their chainmatrices are denoted
by ABCDa and ABCDb. What is the chain matrix of the cascade?

Problem 12. A two-port network has the impedance matrix Z. Determine the scatter-
ing matrix in terms of Z.

Problem 13. Derive equation (4.71).

Problem 14. Derive a closed-form expression that gives �dut in terms of �o, �∞ and
�r in Section 4.6.
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Problem 15. Write down the form of the scattering matrix of a reciprocal three-port
with all its ports matched (meaning the reflection coefficient at any port is 0 if the other
ports are terminated with Zo). Show that the three-port cannot be lossless.

Figure 4.40

Problem 16. The three-portN in Figure 4.40 with a known scattering matrix is loss-
less and reciprocal. Port 3 is terminatedwith an impedanceZ, so that S12 = S21 = 0. How
will you determine Z?

Figure 4.41

Problem 17. In Figure 4.41, vi(t) is a unit step, and Zl = 2Zo. Plot v1(t) and v2(t) in
the network of Figure 4.41a.
A network with S-parameters shown in the box is inserted between the lines to result

in the network of Figure 4.41b. Plot v1(t) and v2(t) now. What do you notice and why?
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5

Basics of Linear Time-Varying Circuits and Systems

5.1 Motivation

The first question that arises in a practical mind like that of the reader is, “Why
should I learn, or even care, about time-varying circuits?” To answer this, we need not
look any further than our pockets and reach for the phone. But a bit of history first.
Early radios were of the tuned RF type, whose block diagram is shown in Figure 5.1.
The small RF signal received by the antenna is processed by a combination of filters
and amplifiers. The filters are needed to attenuate interferers and adjacent channels.
Doing this in one shot, with a high-order passive bandpass filter, is not a practical
option due to the following. A high-order bandpass filter will also have a large pass-
band loss associated with it. The desired signal, which is already small, will get fur-
ther attenuated at the filter’s output, making it weaker than the input-referred noise
of the subsequent amplifier.

Figure 5.1 Block diagram of a tuned-RF radio receiver.

To address this, low-order bandpass filters are cascaded with gain stages so as to
eventually obtain what is equivalently a very narrowband filter and an adequately
high gain. The output of the RF stage excites a nonlinear detector, whose function is to
detect the low-frequency envelope of the amplified RF output. The detector’s output,
after processing by an audio amplifier, excites a loudspeaker.
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Figure 5.2 Practical problems in a tuned-RF radio receiver.

There are several practical problems with the receiver of Figure 5.1, as explained
using Figure 5.2. Since the carrier frequency is very high in relation to the channel
bandwidth, the LC resonators that realize the bandpass filters must have extremely
large quality factors. Assuming an RF frequency of 800 kHz and a channel bandwidth
of 4 kHz, we see that the Q of the LC resonators should be in the range of several
hundreds. This is difficult to achieve in practice.

To receive multiple stations (not at the same time!), the receiver must be tunable,
which means that the center frequencies of all the bandpass filters must be moved
in unison. The resonators should thus be ganged. As one might expect, moving all
the filters’ center frequencies by exactly the same amount is a challenge, and almost
always needs adjustments of the individual resonators. Further, changing the center
frequency of the LC tanks alters the bandwidth if the Q does not change.

As seen from Figure 5.1, most of the gain and bandpass filtering needed in the
receiver is realized at (high) RF frequencies. This is the root cause of the most damn-
ing of the issues afflicting the tuned-RF receiver. To understand the magnitude of the
problem, note that the gain of the receiver must be of the order of several thousand,
so that RF signals whose strengths are a few �W can be amplified to the level of a few
hundred milliwatts. Also, bear in mind that the multiple resonators in cascade intro-
duce significant phase shift between the input and output of the RF chain. This means
that even small amounts of spurious feedback (paths with gains of the order of 10−4)
from the output of the RF chain to its input can cause the chain to become unstable.
From the discussion above, we see that the primary reason for the maladies of the
tuned-RF radio is the fact that gain and selectivity of the receiver are all obtained at
the same frequency, namely the carrier frequency.

A modern radio receiver [1, 2], whose block diagram is shown in Figure 5.3 avoids
the problems posed by the tuned-RF receiver. It consists of a relatively low gain stage
at RF (perhaps with a gentle RF bandpass filter), whose output is multiplied by two
sinusoids generated by a local oscillator. The sinusoids are simply phase-shifted from
one another by 90◦ and are given by Ao cos(2�fot) and Ao sin(2�fot). The RF input
is given by

vrf(t) = mI(t) cos(2�fot) + mQ(t) sin(2�fot), (5.1)
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Figure 5.3 Block diagram of a direct-conversion receiver architected for integrated circuit
implementation.

wheremI(t) andmQ(t) are the baseband information-bearing signals. In RF parlance,
multiplication is termed mixing (or heterodyning or down-conversion). The outputs
of the mixers consist of the low-frequency message signals and components at 2fo.
The latter are removed by the lowpass filters subsequent to the mixers. The (weak)
baseband signals are further amplified and filtered, and digitized by an analog-to-
digital converter (ADC) before being processed by the digital signal processor (DSP).
The DSP uses sophisticated algorithms to decode information from mI(t) and mQ(t),
and correct for some practical impairments in the RF signal chain. Since the local
oscillator’s frequency is the same as that of the RF carrier frequency, such a receiver
is called the direct-conversion receiver.

How does the direct-conversion architecture solve the problems associated with the
tuned-RF receiver? We notice that in a marked departure from the latter, most of
the gain and selectivity (filtering) needed are now achieved at baseband. This greatly
relaxes the design of the amplifiers. The lowpass filters now needed are a lot easier to
design than the high-Q bandpass filters needed in the tuned-RF receiver. They can be
realized using active techniques; thus, the use of inductors can be dispensed with. As
a result, the filters are compact, and can be integrated on a chip. Tuning the receiver is
easy to accomplish, since only the LO frequency needs to change. Further, the band-
width is independent of the frequency to which the receiver is tuned. Finally, spu-
rious feedback at baseband is much smaller than that at RF, making stability of the
baseband chain a nonissue. Parasitic coupling between the baseband output and the
RF input still exists; however, this is no longer problematic, as the feedback signal at
baseband finds itself translated to fo, and subsequently eliminated by the subsequent
lowpass filters. We thus see that the direct-conversion receiver, in one stroke, elim-
inates most of the problems of the tuned-RF structure.1 It is no wonder, then, that

1In life and in engineering, there is never a free lunch. While direct conversion does
eliminate most issues in a tuned-RF receiver, it introduces problems of its own. Fortunately,
these are far easier to address.
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the direct-conversion radio is extensively used in practice and that we are probably
carrying at least half a dozen of them in our pockets right now.

Figure 5.4 Mixing is a linear operation, though not time-invariant.

Staring at Figures 5.2 and 5.3, we see that the key concept that makes all the wonders
of direct conversion possible is that of mixing (or multiplication). Figure 5.4 shows
a multiplier, one of whose input ports is excited by g(t). Our “system” is the one
enclosed in the gray box, whose gain varies with time according to g(t). The input and
output are x(t) and y(t), respectively. Contrary to preliminary instincts, it is linear
since it obeys superposition, i.e. if input x1(t) yields an output y1(t), and x2(t) yields
y2(t), �x1(t) + �x2(t) yields �y1(t) + �y2(t) as shown below.

x1(t) → y1(t) = g(t)x1(t),

x2(t) → y2(t) = g(t)x2(t),

�x1(t) + �x2(t) → y(t) = � g(t)x1(t)
⏟⎴⏟⎴⏟

y1(t)

+� g(t)x2(t)
⏟⎴⏟⎴⏟

y2(t)

.

However, it is time-varying, since delaying x1(t) by to does not result in y1(t − to).

x1(t) → y1(t) = g(t)x1(t),

x1(t − to) → g(t)x1(t − to) ≠ g(t − to)x1(t − to)
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

y1(t−to)

. (5.2)

An ADC is another example of a time-varying system. As shown in Figure 5.5a,
its role is to convert the continuous-time, continuous-level input x(t) into a discrete-
time, discrete-level sequence v[n]. From a signal-processing viewpoint, an ADC is
equivalent to the following, as illustrated in Figure 5.5b. x(t) is multiplied by a peri-
odic train of continuous-time Dirac impulses. The resulting modulated train, namely
xs(t), is converted into a discrete-time impulse train by the c2d block. At this point,
the signal is discrete-time but has continuous levels (Figure 5.5c). The output of the
c2d block is quantized to yield the discrete-level sequence v[n]. This process can be
thought of as adding a quantization error sequence q[n]. In a practical application, an
ADC with a sufficiently small q[n] would be chosen so that v[n] is virtually the same
as x(nTs). It is the multiplication of x(t) by the impulse train that makes an ADC a
time-varying system.
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Figure 5.5 (a) An analog-to-digital converter (ADC) converts a continuous-time, continuous-level sig-
nal into a discrete-time, discrete-level one. (b) Signal processing equivalent of an ideal ADC. q[n] is the
quantization error sequence added by the ADC. (c) xs(t) is a modulated train of continuous-time Dirac
impulses, which is converted into discrete-time and quantized to yield v[n].

Figure 5.6 (a) A modern electronic system—while processing is performed digitally, real-world sig-
nals need to be conditioned and digitized by the interface electronics. (b) Block diagram of an analog
front end.

Why are ADCs so important in electronic system design? Computational and sig-
nal processing tasks are now performed predominantly by digital means, since digital
circuits are robust and can be realized by extremely small and simple structures
that can in turn be combined to obtain very complex, accurate, and fast systems.
Every year, the speed and density (of transistors) of digital integrated circuits (ICs)
increase, thereby enhancing the dominance of digital methods in almost all areas of
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communications and consumer products. Since the physical world nevertheless
remains stubbornly analog (and is likely to remain so), data converters are needed to
interface with the digital signal processing (DSP) core. As the speed and capability
of DSP cores increases, so too must the speed and accuracy of the converters associ-
ated with them. This presents a continual challenge to the engineers dedicated to the
design of data converters!

Figure 5.6a illustrates the block diagram of a signal processing system with analog
input and output signals, plus a central digital engine. As shown in part (b) of the
figure, the analog input signal (usually after some amplification and filtering) enters
an ADC that transforms the input signal into a digital data stream. This stream is
processed by the DSP core, and the resulting digital output signal is reconverted into
analog form by a digital-to-analog converter (DAC). The DAC output is usually also
filtered and amplified to obtain the final analog output signal.

The discussion in this section has hopefully convinced the reader about the cen-
tral role played by linear time-varying systems in modern electronic systems. The
question then is not “Why should I care about time-varying circuits?”, but rather,
“How come I never learned about the analysis of time-varying circuits and sys-
tems” in school? Our guess is the following. In the past, most designers dealt with
circuits that worked completely with continuous-time signals, like amplifiers and
continuous-time filters, which (at least ideally) behaved like linear time-invariant sys-
tems. A bit later, when switched-capacitor circuits were in vogue, signals of interest
were discrete-time. Thus, barring the front-end sample-and-hold, switched-capacitor
amplifiers and filters could be treated as discrete-time linear time-invariant systems.
RF designers, who were perhaps the earliest that needed to understand time variance,
would learn about the tools of the trade on the job. The absence of simulation support
for analysis of time-varying circuits meant that designers often found ad hoc, context-
dependent approaches to understand, analyze, and design such circuits.

All this changed with the advent of cellular telephony in the early 1990s. Consumer
electronics, in the form of daily-use gadgets like mobile phones, wireless LAN routers,
and Bluetooth-enabled peripherals, led to a rapid increase in the demand for low-cost
systems-on-chip that integrated complex RF front ends with baseband filters, ADCs,
DACs, and DSPs. Needless to say, there was a corresponding massive increase in the
community of so-called RF and “mixed-signal” designers. This in turn created a com-
mercial motivation for computer-aided design (CAD) companies to incorporate lin-
ear time-varying circuit analyses in their simulation tools. Thanks to this, designers
were not only able to simulate time-varying RF circuits, but were also in a position
to sharpen their understanding of the underlying mechanisms of operation. Conse-
quently, many improved circuit techniques exploiting these mechanisms were devel-
oped. A case-in-point is the recent interest in passive switched-capacitor circuits and
N-path filters for RF applications.

Another set of designers needed to understand time variance with sufficient depth.
These were ADC designers, whose job was to conceive of and create circuits that
efficiently interface between continuous- and discrete-time domains. Unlike RF
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designers, who are typically interested in the continuous-time output of a time-
varying system, an ADC designer is interested in the properties of the system’s sam-
pled output. The ready availability of “RF simulators,” i.e., those CAD tools that
included the capabilities of time-varying circuit simulation, helped them understand
and verify aspects that had a bearing on data-converter performance. An example of
a commercially important ADC family, whose analysis relies heavily on time-varying
circuit principles, is the continuous-time delta-sigma modulator (CT∆ΣM). It turns
out that a CT∆ΣM is an example of an ADC with in-built antialiasing. Having moti-
vated our course, we now begin our voyage.

We first review the basics of linear time-invariant systems and the convolution inte-
gral. We then derive, from first principles, the convolution integral for a linear time-
varying (LTV) system. A linear periodically time-varying (LPTV) system is a special
LTV system whose properties change periodically with time. We derive the convolu-
tion integral of an LPTV system. Next, we describe the frequency response of an LPTV
system by means of what are referred to as harmonic transfer functions. Having cov-
ered the basics, we then understand the process of writing the modified nodal analysis
(MNA) equations for an LPTV circuit. It turns out that the process is entirely anal-
ogous to that followed in a linear time-invariant network. The MNA equations are
not only useful in the computation of the harmonic transfer functions but also form a
basis for understanding the important concepts of reciprocity and inter-reciprocity as
applied to LPTV networks.2 We then discuss the N-path principle, which is a clever
way of configuringN LPTV systems, each varying at a frequencyfs, to realize an LPTV
system that appears to vary at Nfs.

5.2 Linearity and Time (In)variance

Assume that an initially relaxed system (all initial conditions are zero), yields outputs
y1(t) and y2(t) when excited by x1(t) and x2(t), respectively. The system is linear if
it obeys superposition; namely, an input �x1(t) + �x2(t) yields the output �y1(t) +
�y2(t).

x1(t) → y1(t),

x2(t) → y2(t),

�x1(t) + �x2(t) → �y1(t) + �y2(t).

A system is linear and time-invariant (LTI) if, in addition to the constraints above,
delaying the input by � results in an output that is also delayed by �. That is,

x1(t − �) → y1(t − �). (5.3)

2Reciprocity and inter-reciprocity in LPTV circuits are covered in Chapter 6.
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An LTI system is characterized by its impulse response ℎ(t), which is the output of
the initially relaxed system for an input �(t). Due to time invariance, ℎ(t) can also be
interpreted as the response observed at an arbitrary time t1 due to an impulse applied
at a time t before the time of observation, namely, at time (t1 − t).

Figure 5.7 Response of an LTI system at time t to an input x(t).

How does the system respond to an arbitrary input x(t)? To determine this, we
express the input as a sum of slivers with width d� and height x(t − �), as shown in
Figure 5.7. The response at time t due to the sliver is given by x(t − �) d� ⋅ ℎ(�). The
output due to x(t) can thus be obtained by summing the response due to all the sliv-
ers, and this is given by the familiar convolution integral

y(t) =∫

∞

0

x(t − �) d�
⏟⎴⎴⏟⎴⎴⏟

size of impulse

applied at (t−�)

ℎ(�)
⏟⏟⏟

response to impulse

applied � earlier

=∫

∞

0

ℎ(�)x(t − �) d�. (5.4)

A complex exponential is especially significant in the study of linear systems. When
the LTI system is excited by x(t) = ej2�ft, using the convolution integral above yields

y(t) =∫

∞

0

ℎ(�)ej2�f(t−�) d� = ej2�ft ∫

∞

0

ℎ(�)e−j2�f� d�

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
H(j2�f)

. (5.5)

It is thus seen that the output of an LTI system, when excited by a complex expo-
nential, is simply a scaled version of the input. The “gain,” which depends on the
frequency of the input, is the complex number H(j2�f). As seen above, H(j2�f) is
the Fourier transform of the impulse response ℎ(t), and it can be thought of in the
following way:

H(j2�f) =
Response to ej2�ft

ej2�ft
. (5.6)

Thus, a complex exponential at frequency f results in a steady-state output that
is the input scaled by a complex number H(j2�f). Conversely, if the output of an
LTI system happens to be a complex sinusoid at frequency f, it must follow that the
input is also a sinusoid at f. In a circuit simulator, the frequency response H(j2�f)
is obtained by running an .AC analysis.
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Many networks used in practice are nonlinear and time invariant. Further, they are
often used around a time-invariant operating point, with the inputs themselves being
called small signals. When linearized about a time-invariant operating point, the non-
linear network results in a time-invariant linear network. In a circuit simulator, the
small-signal frequency response is obtained, therefore, by first running a .OP anal-
ysis, which yields the operating point and the small-signal LTI network, after which
an .AC analysis is performed.

5.3 Linear Time-Varying Systems

Figure 5.8 First-order RC filter, with the resistance varying with time. vi(t) is a sinusoidal excitation.

Consider our first-order RC filter once again driven by a sine wave, but with the resis-
tance made time-varying as shown in Figure 5.8. What should we expect to see at the
output? When the resistance is high, the amplitude of the output sine wave ought to
be small, since the bandwidth of the filter is low. When r is lowered, the bandwidth
increases, and we should expect an increased output amplitude. In other words, the
gain experienced by the input sine wave is no longer constant but changes with time.
This makes sense, since the “properties” of the network are changing with time.

Such systems are best described as being LTV. As in the LTI case, an LTV system is
characterized by an impulse response—however, as the reader may well know, this
impulse response depends on the time at which the input impulse is applied. The
response of an LTV system at a time t, due to an impulse applied at a time t − �, is
denoted by ℎ(t, �):3

Impulse response = ℎ( t
⏟⏟⏟
time of

observation

, �
⏟⏟⏟

impulse applied

� before t

). (5.7)

3Recall that in an LTI system, the output of the system at t when it is excited by an impulse at
t − � is simply ℎ(�).
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To reiterate, the first variable in the impulse response denotes the time of obser-
vation. The second variable indicates that the system was excited by an impulse
launched at a time � before the time of observation. Thus, the response of an LTV
system not only depends on the time elapsed between the excitation and observation
times but also on the actual time of observation. Contrast this to an LTI system, whose
response depends only on the time elapsed between the times of excitation and obser-
vation by the impulse. An LTI system, therefore, can be thought of as a special case
of an LTV system whose impulse response satisfies ℎ(t, �) = ℎ(�).

Figure 5.9 Impulse responses of LTI and LTV systems.

The responses of LTI and LTV systems to impulse excitations are illustrated in
Figure 5.9. Part (a) of the figure shows the responses of example LTI and LTV systems
to an impulse applied at t = 0. The output of the former isℎi(t), whereℎi is the impulse
response. At an observation time t0, the output is ℎi(t0). The output of the LTV system
is given by ℎv(t, t), where ℎ denotes the impulse response. When observed at a time
t0, the output is ℎv(t0, t0). This is to be interpreted as the output at t0 due to an impulse
applied t0 prior to the time of observation—that is, the input is �(t − (t0 − t0)) = �(t).

When the input is delayed by t1, as shown in Figure 5.9b, the output of the LTI
system is given by ℎi(t − t1). Thus, if the time of observation moves by t1 to t0 + t1,
the output remains ℎi(t0 + t1 − t1) = ℎi(t0). What happens in the LTV case? When
observed at t0 + t1, the output is seen to be ℎv(t0 + t1, t0). This is not (necessarily)
equal to ℎv(t0, t0), since the output of an LTV system not only depends on the time
elapsed between excitation and observation but also on the actual time at which the
output is observed.

How does an LTV system with impulse response ℎ(t, �) respond to the complex
sinusoid x(t) = ej2�ft? Proceeding as we did in the LTI case, we obtain

y(t) =∫

∞

0

ℎ(t, �)ej2�f(t−�) d� = ej2�ft ∫

∞

0

ℎ(t, �)e−j2�f� d�

⏟⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⏟
H(j2�f,t)

. (5.8)
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We see, as in the time-invariant case, that the input sinusoid is scaled by a complex
number H(j2�f, t). However, the “gain” experienced by the sinusoid is not only a
function of its frequency (as in the LTI case) but also a function of time. This makes
sense, since the system’s properties are varying with time.H(j2�f, t), called the time-
varying frequency response, is given by

H(j2�f, t) =∫

∞

0

ℎ(t, �)e−j2�f� d�. (5.9)

Further, we note that the (time-varying) frequency response can be interpreted, as
in the time-invariant case, as [3]

H(j2�f, t) =
Response to ej2�ft

ej2�ft
. (5.10)

Conjugate Symmetry ofH(j2�f, t)

Consider an LTV system whose impulse response is real. As we have just seen, its
frequency response is given by

H(j2�f, t) =∫

∞

0

ℎ(t, �)e−j2�f� d�.

Taking the complex conjugates on both sides yields

H∗(j2�f, t) =∫

∞

0

ℎ(t, �)ej2�f� d�.

Replacing f with −f on both sides of the equation above, we have

H∗(−j2�f, t) =∫

∞

0

ℎ(t, �)e−j2�f� d� = H(j2�f, t)

leading us to conclude that

H(j2�f, t) = H∗(−j2�f, t). (5.11)

This is consistent with the conjugate symmetry of the frequency response of an LTI
system (with a real impulse response), which can be thought of as an LTV system
whose frequency response is independent of time.

Suppose one is given an LTV system and asked to determine H(j2�f, t). How does
one proceed? A way to do this is to somehow measure ℎ(t, �) for all t and � and
use (5.9) to determine H(j2�f, t). In the time-invariant case, this approach is anal-
ogous to finding the frequency response by evaluating the Fourier transform of the
impulse response at f. Another approach is to excite the LTV system by cos(2�ft)
and sin(2�ft) and record the corresponding responses wi(t) and wq(t), respectively,
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Figure 5.10 Determining H(j2�f, t) in the time domain.

as shown in Figure 5.10. Since cos(2�ft) = (1∕2)(ej2�ft + e−j2�ft) and sin(2�ft) =

(1∕2j)(ej2�ft − e−j2�ft), we see that

wi(t) =
1

2

{
H(j2�f, t)ej2�ft +H(−j2�f, t)e−j2�ft

}
, (5.12)

and

wq(t) =
1

2j

{
H(j2�f, t)ej2�ft −H(−j2�f, t)e−j2�ft

}
. (5.13)

From these equations, it is straightforward to see that

H(j2�f, t) = (wi(t) + jwq(t))e
−j2�ft, (5.14)

Re(H(j2�f, t)) = wi(t) cos(2�ft) + wq(t) sin(2�ft), (5.15)
Im(H(j2�f, t)) = wq(t) cos(2�ft) − wi(t) sin(2�ft).

Example: Time-Varying RC Network

Figure 5.11a shows a time-varying first-order RC network, where the resistance
r(t) is varied as shown in part (b) of the figure. Let us determine H(j2�f, t) for
2�f = 4. To that end, we excite the filter with cos(4t) and sin(4t) and record their
outputs, denoted by wi(t) and wq(t) respectively. wi(t) (obtained from simulation)
is shown in Figure 5.11c. We then determine H(j2�f, t) = (wi(t) + jwq(t))e

−j2�ft.
The magnitude and phase of H(j2�f, t) are shown in Figure 5.11d,e,
respectively.
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Figure 5.11 (a) RC network with a time-varying resistor, (b) r(t), (c) vc(t) in response to an input
cos(8�t), (d) |H(j2�f, t)|, and (e) −∠H(j2�f, t).

Let us make sense of wi(t), which is the response for vi(t) = cos(4t). When
r(t) = 1 Ω, the bandwidth of the filter is 1 rad/s. Since the input frequency is well
outside the filter’s bandwidth, we should expect the amplitude and phase lag of the
output sinusoid to be about 0.25 and 75◦, respectively.

When r(t) reduces to 1∕8 Ω, the filter bandwidth increases to 8 rad/s, and the
input lies in band. We should therefore expect the output amplitude to eventually
increase to about 0.89 and the phase lag to reduce to tan−1(0.5) ≈ 25◦. This is con-
firmed by the simulation results shown in Figure 5.11d,e.
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5.4 Linear Periodically Time-Varying (LPTV) Systems

Figure 5.12 Our first-order RC network, with r(t) varied in a periodic fashion. vi(t) is sinusoidal. This
is an example of a linear system that is periodically time-varying.

Consider again our friend, the first-order RC filter, except that the resistor is varied
periodically with period Ts as shown in Figure 5.12. vi(t) is a sinusoid. Intuitively,
we should expect that the gain experienced by the input sine-wave is now a periodic
function of time, resulting in an output like the one shown in the figure. The intuition
is indeed right, as we will show mathematically below. Such a system is an example of
what constitutes a linear periodically time-varying (LPTV) system, which is a special
case of an LTV system whose impulse response satisfies

ℎ(t, �) = ℎ(t + Ts, �). (5.16)

In other words, the shape of the impulse response remains unchanged if the time
of observation of the output (t) and the time at which the system is excited (t1) are
both shifted by Ts. Ts, which is a characteristic of the system, is called the period of
the LPTV system.4

Figure 5.13 compares the responses of LTI, LTV, and LPTV systems when excited
by impulses. In the LPTV case, we see that the output, when the system is excited by
an impulse delayed in time by “this special” Ts, is simply a time-delayed version of
the response obtained when the impulsive input occurs at t = 0. In fact, if one only
considers the first and third rows of Figure 5.13, the LPTV system could be mistaken
to be a time-invariant one! In that sense, an LPTV system can be considered to be
“closer” to an LTI system than to a time-varying one.

4An analogy is the following. Consider taking the stairs to get to your office. The agility with
which one does this is perhaps the greatest in the morning. Post lunch, one is most likely
slower, and is probably sluggish in the evening. The “response”, therefore, is a function of the
time of the day. The next morning, however, one is back to his/her sprightly self and is able
to conquer the flight with the same speed as one did last morning. The response time is thus
periodically time-varying with a period of 24 hours.
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Figure 5.13 Impulse responses of LTI, LTV, and LPTV systems.

How does an LPTV system respond to an input x(t) = ej2�ft? From (5.8), we see that
the output is given by

y(t) = H(j2�f, t)ej2�ft.

Since ℎ(t, �) = ℎ(t + Ts, �), we have

H(j2�f, t) =∫

∞

0

ℎ(t, �)e−j2�f� d�

=∫

∞

0

ℎ(t + Ts, �)e
−j2�f� d�

= H(j2�f, t + Ts).

(5.17)

Thus, the frequency response H(j2�f, t) of an LPTV system is periodic with Ts.
What this means is that exciting an LPTV system with ej2�ft results in an output that
is ej2�ft scaled by a periodically changing gain. This is intuitively satisfying, since
the properties of the system are varying periodically with time. Note that the “gain”
referred to above is a complex quantity.

(Continued)

Example: Periodically Time-Varying RC Network

Figure 5.14a shows a first-order RC filter, now with a periodically time-varying
resistor. r(t) has a period Ts, and is shown in part (b) of the figure. Figure 5.14c
shows the resulting output for vi(t) = cos(4t). As expected, the output sinusoid is
higher in amplitude when r(t) goes low and vice versa. Note that this waveform
need not necessarily be periodic; it will be so only for special choices of the input
frequency.5 To calculate H(j2�f, t), we use (5.15) (which is valid, since an LPTV
system is a special case of an LTV system). Figure 5.14d,e shows the magnitude
and phase lag of H(j2�f, t). As expected, they are periodic with time period Ts.
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(Continued)

Figure 5.14 (a) First-order RC low-pass filter with a periodically-varying resistor, with vi(t) =
cos(8�t); (b) r(t); (c) vc(t); (d) |H(j2�f, t)|; and (e) −∠H(j2�f, t).

Since H(j2�f, t) of an LPTV system is periodic with time period Ts, it can be
expanded as a Fourier series in t, resulting in

H(j2�f, t) =
∞∑

k=−∞

Hk(j2�f)e
j2�fskt, fs = 1∕Ts. (5.18)

A few comments regarding the equation above are in order.H(j2�f, t) is a complex
function that is periodic with time. f is simply treated as a parameter, i.e., for each
f, H(j2�f, t) is in general a different periodic function of t. However, for all f, the
period with whichH(j2�f, t) repeats is the same and is equal to Ts. The fundamental

5The output will be periodic only if the product of the input frequency fin and Ts is a rational
number.
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frequency of the Fourier expansion is thus fs = 1∕Ts. WhenH(j2�f, t) is expanded in
a Fourier series, therefore, the coefficients of the expansion will depend on f. These
“f-dependent” Fourier coefficients are what are denoted by Hk(j2�f).

How do we determine theHk(j2�f) givenH(j2�f, t)? We proceed as one would do
for any Fourier expansion. To determine the (complex) strength of the ktℎ harmonic,
multiply H(j2�f, t) by e−jk2�ft and average the resulting waveform over one period.
The Hk(j2�f) are called harmonic transfer functions and are given by

Hk(j2�f) =
1

Ts
∫

Ts

0

H(j2�f, t)e−j2�kfst dt. (5.19)

The response of an LPTV system to ej2�ft can therefore be expressed as

H(j2�f, t)ej2�ft = {

∞∑

k=−∞

Hk(j2�f)e
j2�kfst} ej2�ft =

∞∑

k=−∞

Hk(j2�f)
⏟⎴⏟⎴⏟

Harmonic
Transfer Function

ej2�(f+ kfs)t

⏟⎴⎴⏟⎴⎴⏟
f requency

f+ kfs

.

(5.20)

Figure 5.15 In an LPTV network varying at fs, and excited by ej2�ft , the output consists of tones at
frequencies f + kfs, where k is an integer. Hk(j2�f) represents the complex gain from the input (at
frequency f) to an output at frequency f + kfs.

From the discussion above, we see that an LPTV system excited by a sinusoid ej2�ft
results in an output that consists of tones at frequencies of the form (f + kfs) where
k is an integer, as shown in Figure 5.15. Hk(j2�f) quantifies the gain experienced
by an input at frequency f as it is translated to a frequency (f + kfs) at the out-
put. Since this gain is with respect to an output frequency around the kth harmonic
of fs, Hk(j2�f) is called the kth-order harmonic transfer function. From the defini-
tion (equation 5.19), we see that Hk(j2�f) = H∗

−k
(−j2�f). Further, since Hk(j2�f)

is independent of time, it represents the transfer function of a linear time-invariant
filter. This means that an LPTV system can be represented as shown in Figure 5.16.
The input is processed by a bank of linear time-invariant filters with transfer func-
tions given byHk(j2�f). The outputs of theHk(j2�f) filters are multiplied by ej2�kfst
and added together to yield y(t). This is the Zadeh expansion of the LPTV system.
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A linear time-invariant (LTI) system may be thought of as an LPTV system with all
harmonic transfer functions other than the zeroth-order one being zero.

Figure 5.16 Zadeh expansion of an LPTV system. TheHk(j2�f) are transfer functions of LTI systems.

An alternative representation of the Zadeh expansion is conceivable, as shown using
Figure 5.17. Part (a) of the figure shows the kth arm of the expansion. We place two
multipliers in series with the input with their multiplying ports excited by ej2�kfst and
e−j2�kfst as shown in Figure 5.17b. Let us examine the contraption enclosed in the gray
box. Assuming that the signal at a is ej2�ft, let us trace it through the box.

a → ej2�ft

b → ej2�(f−kfs)t

c → Hk(j2�(f − kfs))e
j2�(f−kfs)t

d →Hk(j2�(f − kfs))e
j2�ft.

We thus see that the signal at d isHk(j2�(f − kfs))e
j2�ft. This means that the box is

equivalent to a linear time-invariant transfer function given by Hk(j2�(f − kfs)) as
shown in Figure 5.17c.



5.4 Linear Periodically Time-Varying (LPTV) Systems 213

Figure 5.17 (a) The kth arm of the Zadeh expansion. (b) Introducing two premultipliers in the arm.
The entity in the gray box is linear and time invariant. (c) Equivalent representation of the box in (a).

The Zadeh expansion of Figure 5.16 can thus be recast in its “mixer-first” form
shown in Figure 5.18.

Figure 5.18 The mixer-first view of the Zadeh expansion. The Hk(2�(f − kfs)) are transfer functions
of LTI systems.
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Example

Figure 5.19 An example LPTV system.

What are the harmonic transfer functions of the LPTV system of Figure 5.19? For
x(t) = ej2�ft, we see that

y(t) = A cos(2�fot)e
j2�ft =

A

2
(ej2�fot + e−j2�fot)ej2�ft. (5.21)

We see that an input tone with frequency f produces output tones at frequencies
f ± fo. The harmonic transfer functions are thus given by H±1(f) = (A∕2), and
H±k(f) = 0 for k ≠ ±1.

We now ask the inverse question: say we observe that the output y is a tone at
frequency f. What could x be? Since Hk(j2�f) is nonzero only when k = ±1, it
follows that the input must consist of tones at frequencies (f + fo), or (f − fo),
or both.

Questions to ponder ...

In general, are |Hk(j2�f)| and |H−k(j2�f)| equal?
What about |Hk(j2�f)| and |H−k(−j2�f)|?

How do we interpret the Zadeh expansion in the time domain? An arbitrary input
x(t) can be decomposed as a sum of sinusoids via the Fourier transform as

x(t) =∫

∞

−∞

X(f)ej2�ft df. (5.22)

The “strength” of the infinitesimal sinusoid with frequency content between f and
f + df is given byX(f) df. The infinitesimal output of the LPTV system to this input
is given by

dy(t) = (X(f) dfej2�ft)
∞∑

k=−∞

Hk(j2�f)e
j2�kfst. (5.23)
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The output y(t) is thus seen to be

y(t) =∫

∞

−∞

X(f) dfej2�ft
∞∑

k=−∞

Hk(j2�f)e
j2�kfst

=
∞∑

k=−∞

∫

∞

−∞

X(f)Hk(j2�f)e
j2�ft df

⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟
x(t) ∗ ℎk(t)

ej2�kfst.

where ℎk(t) denotes the inverse Fourier transform of Hk(j2�f).
Another way of arriving at the result above is the following. Since ℎ(t, �) = ℎ(t +

Ts, �), the time-varying impulse response can be expanded in a Fourier series as
follows:

ℎ(t, �) =
∑

k

ℎk(�)e
j2�kfst. (5.24)

To arrive at the Fourier series, � is simply treated as a parameter; the coefficients of
the Fourier expansion are therefore functions of �. The output of the LPTV system for
an input x(t) is given by the convolution integral

y(t) =∫

∞

0

ℎ(t, �)x(t − �)d� =
∑

k

∫

∞

0

ℎk(�)e
j2�kfstx(t − �)d�

=
∑

k

{x(t) ∗ ℎk(t)} e
j2�kfst.

Question to ponder ...

In general, is ℎk(t) a real impulse response?

5.5 Calculating Harmonic Transfer Functions

How does one go about calculating harmonic transfer functions in practice? Let us try
and relate this to what we know; namely, calculating the transfer function of a time-
invariant network [4]. As usual, we work with our familiar first-order RC example
shown in Figure 5.20. The input excitation is the complex exponential ej2�ft. Denoting
the node voltages by v1 and v2, and the current in the input source by is, it is straight-
forward to write the modified nodal analysis (MNA) equations for the network. The
result is the following.

⎡
⎢
⎢
⎢

⎣

(g + j2�fC) −g 0

−g g 1

0 1 0

⎤
⎥
⎥
⎥

⎦

⎡
⎢
⎢
⎢

⎣

V1

V2

Is

⎤
⎥
⎥
⎥

⎦

=

⎡
⎢
⎢
⎢

⎣

0

0

1∠0

⎤
⎥
⎥
⎥

⎦

. (5.25)
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Figure 5.20 LTI network example.

As a refresher, the equation above was derived as given below. The details are
described in Chapter 1.

a. The number of unknowns is 3, namely the voltages at the two nodes and the
current through the voltage source. The vector of unknowns is thus given by
[V1 V2 Is]

T. Note that V1, V2, Is are phasors.
b. We form an empty 3 × 3 matrix and add to it the MNA stamp of each element

in the network. The resulting matrix premultiplies the vector of unknowns as
shown in (5.25).

c. The right-hand side is the vector of excitations. In our example, only the nonzero
entry corresponds to the voltage source.

Solving for V1 yields (the expected)

V1 =
1

1 + j2�frC
. (5.26)

Figure 5.21 First-order RC filter with a periodically-varying conductance.

Let us now attempt to determine the harmonic transfer functions of the first-order
RC network, but with the conductance varied periodically according to g(t) = g(t +

Ts), with Ts ≡ 1∕fs, as shown in Figure 5.21. The voltage v(t) at any node in the LPTV
network is the sum of the complex exponentials … , ej2�(f−fs)t, ej2�ft, ej2�(f+fs)t, …;
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i.e., all frequencies of the form (f + kfs) where k is an integer. The (complex) ampli-
tude of ej2�(f+kfs)t is denoted by Vk. Consequently, v(t) can be expressed as

v(t) =
∞∑

k=−∞

Vke
j2�(f+ kfs)t. (5.27)

Vk therefore represents the phasor corresponding to the frequency (f + kfs). In prac-
tice, k can be restricted to lie in [−M, M], where M is a sufficiently large integer. We
denote the vector of phasors by

V =
[
V−M ⋯ V−1 V0 V1 ⋯ VM

]T
. (5.28)

Observe that the phasor corresponding to ej2�ft is the (M + 1)th row of V.
A periodically time-varying conductance g(t) can be represented by its Fourier

series as follows:

g(t) =
∑

l

gle
j2�lfst. (5.29)

Since g(t) is real, g−l = g∗
l
. The current through the conductance is related to the volt-

age across it according to

i(t) = g(t)v(t) = {
∑

l

gle
j2�lfst}

∑

k

Vke
j2�(f+kfs)t. (5.30)

Like v(t), i(t) is also a sum of complex exponentials with frequencies of the form
(f + mfs)wherem is an integer. Consequently, i(t) can also be represented in phasor
form, which we denote by the column vector I given by

I =
[
I−M ⋯ I−1 I0 I1 ⋯ IM

]T
. (5.31)

Since g(t) is periodic, the components of v(t) experience frequency translations to
result in the frequency components of i(t). For instance, I0, which denotes the ampli-
tude of the component of current at a frequency f, is given by

I0 = gMV−M + gM−1V−M+1 +⋯+ g−M+1VM−1 + g−MVM .

The amplitudes of the other components of I can be similarly derived. Expressed in
matrix form, I is related to the Fourier coefficients of the expansion of g(t) and V by

I =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

g0 g−1 ⋯ g−2M+1 g−2M

g1 g0 ⋯ g−2M+2 g−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

g2M−1 g2M−2 ⋯ g0 g−1

g2M g2M−1 ⋯ g1 g0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

g

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

V−M

V−M+1

⋮

VM−1

VM

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⏟⎴⏟

V

= gV (5.32)
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g is what is called a Toeplitzmatrix formed from the coefficients of the Fourier expan-
sion of g(t). We thus see that the form taken by the equations above is the same as
that in the time-invariant case, except that the current and voltage phasor vectors are
related to each other through the conductance matrix g.

An observation regarding g is in order. The coefficients gk of the Fourier expansion
of g(t) are related as gk = g∗

−k
. Consequently, gmust satisfy gT = g∗. We also make the

observation (which we will use in Chapter 6 in the context of the adjoint network)
that gT corresponds to the conductance matrix of the periodically time-varying con-
ductance g(−t).

How is the current i(t) through a linear time-invariant capacitor C related to a volt-
age of the form v(t) =

∑M

k=−M
Vke

j2�(f+ kfs)t applied across it? i(t) is given by

i(t) = C
dv(t)
dt

= j2�C
M∑

k=−M

(f + kfs)Vke
j2�(f+ kfs)t. (5.33)

Consequently, the current phasor can be related to the voltage phasor according to

I = j2�C

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

−Mfs + f 0 ⋯ 0 0

0 −(M − 1)fs + f ⋯ 0 0

⋮ ⋮ ⋱ ⋮ ⋮

0 0 ⋯ (M − 1)fs + f 0

0 0 ⋯ 0 Mfs + f

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

f

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

V−M

V−M+1

⋮

VM−1

VM

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⏟⎴⏟

V

= j2�CfV.
(5.34)

Since the capacitor is time invariant, the f matrix is diagonal. Like with the periodi-
cally time-varying conductance, we see that the relationship between the current- and
voltage-phasors is similar in form to that in the time-invariant case (I = j2�fCV),
except that I, V are vectors and f is replaced by the (2M + 1) × (2M + 1) matrix f .

Referring to our example network of Figure 5.21, Kirchoff’s laws must be satisfied
at each frequency of the form (kfs + f). Like in the case of a time-invariant network,
we can write the (modified) nodal equations, but now with the vectors of the node
voltage phasors. The process is entirely analogous to that in a time-invariant net-
work, and the equations can be written down by inspection using the mechanism of
MNA stamps. Specifically, the stamp of a periodically time-varying conductance is
connected between nodes and is shown in Figure 5.22a. Likewise, that of a capacitor
is shown in Figure 5.22b. We write the MNA equations as follows:
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Figure 5.22 MNA stamps of (a) a periodically time-varying conductance and (b) a linear time-invariant
capacitor.

a. The number of unknowns is 3 × (2M + 1), namely the voltage phasor vectors at
the two nodes, and the current phasor vector through the voltage source, each
of which has (2M + 1) unknowns. The vector of unknowns is thus given by
[V1 V2 I1]

T.
b. We form an empty 3(2M + 1) × 3(2M + 1) matrix, and add to it the MNA stamp

of each element in the network. The resulting matrix premultiplies the vector of
unknowns as shown in (5.35).

c. The right-hand side is the phasor vector of excitations.

Using this, we see that the MNA equations of the network of Figure 5.21 are
given by

⎡
⎢
⎢
⎢

⎣

(g + j2�fC) −g 0

−g g 1

0 1 0

⎤
⎥
⎥
⎥

⎦

⎡
⎢
⎢
⎢

⎣

V1

V2

Is

⎤
⎥
⎥
⎥

⎦

=

⎡
⎢
⎢
⎢

⎣

0

0

Vin

⎤
⎥
⎥
⎥

⎦

(5.35)

where

Vin = [ 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

1∠0 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

]T. (5.36)

Since the excitation is ej2�ft,Vin is 1 in the (M + 1)th row, and zero elsewhere. The 0s
on the right-hand side of (5.35) are (2M + 1) × 1 vectors, while the 0s on the left-hand
side are zero matrices with dimensions (2M + 1) × (2M + 1). The 1s on the left-hand
side are identity matrices of dimension (2M + 1). When compared to (5.25), we see
that the number of equations (and unknowns) in (5.35) is larger by a factor (2M + 1).
This makes sense—we are solving KCL/KVL at (2M + 1) frequencies.
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From the discussion above, it is easy to appreciate the fact that the analysis of LPTV
circuits tends to be much more involved than that of LTI networks. For instance,
using M = 10 for our first-order LPTV network results in 63 equations in as many
unknowns!

It is instructive to compare the MNA equations in the LTI and LPTV cases. The
summary is shown in Figure 5.23. The key points are as follows:

a. The conductance matrix is 3 × 3 in the LTI circuit. In the LPTV network, the
form of the matrix is identical to that in the LTI case, except that each entry is a
(2M + 1) × (2M + 1) matrix.

Figure 5.23 Summary and comparison of the MNA equations in the LTI and LPTV RC network.
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b. In the conductance matrix of the LPTV network, the 0 and 1 are the zero and
identity matrices, respectively. g is formed from the coefficients of the Fourier
expansion of g(t) according to (5.32). f is the diagonal matrix6 given by
diag(−Mfs + f, … , f, … , Mfs + f).

c. In the LTI circuit, there are three unknowns, namely V1, V2, and Is that form a
3 × 1 vector. In the LPTV network, the form of the unknown vector is the same,
except that each entry is a (2M + 1) × 1 vector, as seen in Figure 5.23. The number
of unknowns is thus seen to be 3(2M + 1).

d. The excitation vector on the right-hand side is a 3 × 1 vector in the LTI circuit.
The form of the vector remains identical in the LPTV case, except that each entry
is a (2M + 1) × 1 vector.

e. Since vi(t) = ej2�ft, the last row is 1∠0 in the excitation vector of the LTI cir-
cuit. In the LPTV network, the last entry in the excitation vector is Vin =

[ 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

1∠0 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

]T.

Example: LPTV Network with Fixed and Time-Varying Resistors

Figure 5.24 LPTV network with fixed and periodically time-varying conductances.

To reinforce our understanding, let us write the MNA equations pertaining to the
LPTV circuit of Figure 5.24. It consists of a fixed conductance g1, and a periodically
varying conductance g2(t), and two fixed capacitors C1 and C2. Node 1 is driven by
a current ej2�ft. As usual, we assume that all node voltages and branch currents con-
sist of complex exponentials with frequencies ranging from (−Mfs + f) to (Mfs + f).
We have two unknowns, namely the voltage phasor vectors at nodes 1 and 2 ,
each of which has a dimension (2M + 1) × 1. The conductance matrix, formed by
summing up the MNA stamps of the components, is of size 2(2M + 1) × 2(2M + 1).

6diag(a1, … , aN) denotes a square matrix of order N with a1,…,aN on its diagonal.
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The excitation vector is given by Iin = [ 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

1∠0 0 ⋯ 0
⏟⎴⎴⎴⏟⎴⎴⎴⏟

M zeros

]T.

The MNA equations are thus given by

⎡
⎢

⎣

(g1 + g2 + j2�fC1) −g2

−g2 g2 + j2�fC2

⎤
⎥

⎦

⎡
⎢

⎣

V1

V2

⎤
⎥

⎦

=
⎡
⎢

⎣

Iin

0

⎤
⎥

⎦

(5.37)

g1 does not change with time. The current through it is given by

i1(t) = g1

M∑

m=−M

Vme
j2�(mfs+f)t.

Consequently, the current phasor vector I1 is given by I1 = g1V1 = g11V1 where 1 is
the identity matrix of size (2M + 1) × (2M + 1). It is evident that the MNA stamp of
the conductance is g11. The key point is that though g1 is time invariant, the MNA
stamp is a (2M + 1) × (2M + 1) matrix. This makes sense, since it is part of an LPTV
network. g2 is the matrix formed from the coefficients of the Fourier expansion of
g2(t).

5.5.1 MNA Stamps of Periodically Time-Varying Controlled Sources
We now “complete our catalog” of MNA stamps by tabulating those that correspond
to the controlled sources. We begin with the VCVS.

Figure 5.25 A VCVS with a periodically time-varying gain and its MNA stamp.

Figure 5.25 shows a time-varying voltage-controlled voltage source (VCVS), whose
gain �(t) is varying periodically with time.7 It can therefore be expanded in a Fourier
series that

�(t) =
∑

l

�le
j2�lfst. (5.38)

7This period must be the same as that with which the network is varying.
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Like we did with a time-varying conductance, we form the matrix � from the Fourier
coefficients of �(t) according to

� =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

�0 �−1 ⋯ �−2M+1 �−2M

�1 �0 ⋯ �−2M+2 �−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

�2M−1 �2M−2 ⋯ �0 �−1

�2M �2M−1 ⋯ �1 �0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (5.39)

The MNA stamp of the VCVS is shown on the right of Figure 5.25. The vector of cur-
rent phasors flowing into the voltage source is treated as an unknown; consequently,
an extra row and column are added to the MNA equations. The 1’s are identity matri-
ces of order (2M + 1) × (2M + 1). If the VCVS is time invariant, � reduces to a diag-
onal matrix. The empty rows and columns in the stamp of Figure 5.25 are all zero
matrices of order (2M + 1) × (2M + 1).

Figure 5.26 A CCCS with a periodically time-varying gain and its MNA stamp.

Figure 5.26 shows a periodically time-varying CCCS and its MNA stamp. � is given
by (5.39). An extra row and column are necessary to accommodate the (unknown)
current through the 0 V source.

A periodically time-varying VCCS is shown in Figure 5.27. The transconductance
varies according to

gm(t) =
∑

l

gle
j2�lfst.

Figure 5.27 A VCCS with a periodically time-varying transconductance and its MNA stamp.
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The Fourier coefficients of gm(t) are arranged in a matrix of size (2M + 1) ×

(2M + 1) according to

gm =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

g0 g−1 ⋯ g−2M+1 g−2M

g1 g0 ⋯ g−2M+2 g−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

g2M−1 g2M−2 ⋯ g0 g−1

g2M g2M−1 ⋯ g1 g0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (5.40)

The MNA stamp of the VCCS is shown in Figure 5.27. Notice again the similarity of
the stamp’s form with that in the case of a time-invariant network.

Figure 5.28 shows a periodically time-varying CCVS. The transresistance varies
according to

r(t) =
∑

l

rle
j2�lfst.

Figure 5.28 A CCVS with a periodically time-varying transresistance and its MNA stamp.

The Fourier coefficients of r(t) are arranged in a matrix of size (2M + 1) × (2M + 1)

according to

r =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

r0 r−1 ⋯ r−2M+1 r−2M

r1 r0 ⋯ r−2M+2 r−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

r2M−1 r2M−2 ⋯ r0 r−1

r2M r2M−1 ⋯ r1 r0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (5.41)

The MNA stamp of the CCVS is shown in Figure 5.28. There are two additional
unknowns, which are the currents through the voltage sources. Two extra columns
and rows are thus needed in the MNA stamp. The MNA stamp of an inductor can be
derived in a manner analogous to that followed in the case of a time-invariant net-
work. It is left as an exercise for the reader.
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To summarize, the MNA equations of an LPTV network can be written in the same
form as that for an LTI network, except that the unknowns are now vectors of phasors,
and the entries in the MNA stamps are matrices of appropriate order. If the maximum
order of the harmonic transfer functions (HTFs) is restricted toM, the total number of
unknowns is larger by a factor (2M + 1) when compared to an LTI network with the
same topology. Consequently, determining the HTFs is a computationally intensive
process. How does one choose M? A way to do this is to keep increasing M until the
change in the computed HTFs becomes negligibly small as M is increased.

(Continued)

Simulation Corner
Many commercial CAD tools now have what are called “RF simulation” capa-
bilities. This is the capacity to simulate LPTV networks and compute harmonic
transfer functions (and other properties of LPTV networks). Let us build on our
knowledge of time-invariant circuits to understand what is involved in finding the
harmonic transfer functions.

Many practically useful circuits are nonlinear. However, with respect to small-
signal excitations, they behave linearly. In “conventional circuits” (those that are
time-invariant), frequency response is obtained using an .AC analysis. The flow
is the following, as illustrated with the circuit of Figure 5.29a. Vb1, Vb2, and Vdd

are constant (bias) voltages, and vi is a small-signal excitation. It is desired to find
the response from vi to the resulting small signals at other points in the circuit.

The simulator assumes that all circuits are nonlinear, and the first order of
business is to compute the operating point (the .OP analysis). To this end, all
small-signal excitations are set to zero, and the nonlinear network is solved. In
our example, vi is set to zero to find the operating point. The resulting network
is shown in Figure 5.29b. Once the operating points of the MOSFETs (which are
the nonlinear elements in this circuit) are found, their small-signal models can be
determined using knowledge of device physics. Next, the small-signal network is
formed by setting all bias sources to zero and replacing every element by its small-
signal (or incremental) equivalent. In our example, the resulting LTI network is
shown in Figure 5.29c, where each MOSFET is replaced by a VCCS. The sources
that excite this network are the small-signal excitations (which were turned off
during the.OP analysis). Finding the frequency response, which is accomplished
using the.AC analysis involves the solution of the linear network over a specified
set of frequencies using the MNA approach we discussed in Chapter 1.
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(Continued)

Figure 5.29 (a) The response due to vi needs to be determined. vi is a small-signal excitation. (b)
Network to determine the operating point. (c) The small-signal equivalent, which is a linear time-
invariant network.

Let us now examine the mixer circuit shown in Figure 5.30a. vi is a small-signal
excitation as before. However, the gates of the differential pair are switched by
exciting them with a large periodic differential signal. Since the “bias” voltages are
changing periodically, the operating point of the devices varies in a periodic fash-
ion. The network to determine this periodically varying operating point is shown
in Figure 5.30b. This is accomplished by running what is referred to as the Peri-
odic Steady State analysis, or .PSS analysis in short. Since the operating point
of the MOSFETs varies periodically with time, the small-signal model consists of
elements that vary periodically. In our simplistic example, the transistors have a
transconductance that changes periodically with time.

The resulting small-signal network is shown in Figure 5.30c. It is an LPTV sys-
tem and is solved using techniques similar to the ones we described in connection
with the example circuit of Figure 5.21. This is referred to as the .PAC analysis,
where the P stands for periodic. .PAC is analogous to the .AC, the latter used
when the bias quantities are time-invariant.
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(Continued)

Figure 5.30 (a) The response due to vi needs to be determined. vi is a small-signal excitation. The
“bias quantities” change periodically. (b) Network to determine the periodic operating point. (c) The
small-signal equivalent, which is a linear periodically time-varying network.

In an .AC analysis run over the input frequency range [f1, f2], the output fre-
quency range is also [f1, f2]. However, in a.PAC analysis run over the input fre-
quency range [f1, f2], the outputs range over frequencies kfs + [f1, f2] where k is
an integer and fs is the rate at which the network is varying. k, which can range
from [−∞, ∞] is called the sideband number and refers to the kth-order harmonic
transfer function. Since there are an infinite number of possible sidebands, the
desired value(s) of k should be specified before running the .PAC analysis. For
instance, when someone refers to the fourth sideband gain for an input frequency
of f1, the frequency at which the output is desired is (f1 + 4fs).
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(Continued)

To summarize, when the network to be analyzed for small-signal excitation is
nonlinear but time-invariant, linearizing it around the operating point yields a
linear time-invariant network, and small-signal quantities are obtained using the
.AC analysis. On the other hand, if the network is nonlinear and periodically
time-varying, the linearized network will be LPTV, and small-signal quantities are
obtained using the .PAC analysis [5, 6].

Given a “time-domain” simulator, how would one go about determining Hk(j2�f)

of an LPTV system? Like in the LTV case, we denote the responses to cos(2�ft) and
sin(2�ft) by wi(t) and wq(t), respectively. Recall that

Re {H(j2�f, t)} = wi(t) cos(2�ft) + wq(t) sin(2�ft)

Im {H(j2�f, t)} = wq(t) cos(2�ft) − wi(t) sin(2�ft).

In general, wi(t) and wq(t) need not be periodic, but Re {H(j2�f, t)} and
Im {H(j2�f, t)} as determined above will be periodic with periodTs. Expanding these
in a Fourier series yields the desired Hk(j2�f).

Example:What are the harmonic transfer functions of the LPTV system of
Figure 5.31? Assume C = 1F.

Figure 5.31 Computed harmonic transfer function magnitudes of an RC circuit with a periodically
varying conductance. C = 1 F. g(t) varies from 0 to 2�1000 S.
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(Continued)

This is an example of an RF sampling mixer. Intuitively, one can think of the time-
varying conductance as a periodically operated switch with infinite off-resistance
and a small (virtually zero) on-resistance. While this mixer is not particularly use-
ful in practice, it serves as a simple vehicle that gives insight into LPTV circuits.
We use (5.35) with M = 256 to compute Hk(j2�f). The resulting magnitudes for
k = 0, ±1 are plotted in Figure 5.31.

As a sanity check, we see that |H0(0)| = 1 andHk(0) = 0when k ≠ 0. This makes
sense—with a DC input vi = 1 V, no current flows through the conductance in
steady state, and vc(t) = 1 V.

We also see, as expected, that |Hk(j2�f)| = |H−k(−j2�f)|. Let us now verify the
values of H0(j2�), H−1(j2�) and H1(j2�) obtained by solving (5.35) using “time-
domain techniques” for the specific case of f = fs = 1Hz. To do this, we determine
wi(t) and wq(t) when vi(t) = cos(2�t) and vi(t) = sin(2�t) respectively. We then
plot Re {H(j2�f, t)} and Im {H(j2�f, t)}, as shown in Figure 5.32. It is straight-
forward to obtain

Re {H(j2�f, t)} =
1

2
+ {−

1

4
− j

1

�
} ej2�t + {−

1

4
+ j

1

�
} e−j2�t +⋯

Im {H(j2�f, t)} = −
1

�
+ {−j

1

4
} ej2�t + {j

1

4
} e−j2�t +⋯

From this, we see that
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1
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1
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1
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+ j {−j

1

4
} = −
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j

�
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These values are in good agreement with computations, as seen in Figure 5.31.

A concluding remark is in order. The “switched”-RC circuit is used in practice as
a track-and-hold, where vi(t) is held on the capacitor when the switch is opened.
Though the switch is near ideal (perfect open and almost a short), we see that
H0(j2�f) has a 3 dB-bandwidth of about only 0.8 Hz. This might give the reader
the impression that this circuit cannot track high input frequencies. Clearly, as a
simple time-domain argument shows, this is not true. What then is the conundrum
here? The answer lies in the fact that the quantity of interest in a track-and-hold
is the sampled capacitor voltage, while H0(j2�f) calculated above is in relation
to the entire voltage waveform (i.e., during the track and hold phases). Sampled
quantities, as seen above, can have significantly different behavior when compared
to the “entire waveform.” We will return to this important aspect later in our jour-
ney through the LPTV-system landscape.
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(Continued)

Figure 5.32 vc(t) in the circuit of Figure 5.31 with vi(t) = cos(2�t) and vi(t) = sin(2�t).

5.5.2 Determining H−l(j2�lfs) and Hl(−j2�lfs)

In many practical situations,8 a designer is in the position of having to calculate har-
monic transfer functions of the form H−l(j2�lfs), where l is an integer. The input
and output frequencies, therefore, are lfs and 0 respectively. It turns out that in this
special (and practically important) case, one does not have to go through the labor of
first computing Re {H(j2�f, t)} and Im {H(j2�f, t)} and then expanding them in a
Fourier series to determine the H−l(j2�lfs) that we seek.

Denoting H−l(j2�lfs) = a + jb and recalling that Hl(−j2�lfs) must equal
(a + jb)

∗
= a − jb, we see that the dc components of the responses of the LPTV

system to inputs e±j2�lfst are given by

ej2�lfst → a + jb
⏟⏟⏟
H−l(j2�lfs)

e−j2�lfst → a − jb
⏟⏟⏟

Hl(−j2�lfs)

.

a and b are thus seen to be the average values of the steady-state responses to
cos(2�lfst) and sin(2�lfst), respectively. As a sanity check, consider again the circuit

8Determining the conversion gain of RF mixers, and alias rejection of continuous-time
delta-sigma modulators are applications that immediately come to mind.
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of Figure 5.31. From the discussion above, it is immediately apparent thatH−1(j2�) =

wi(t) + jwq(t) = −0.5 + j∕�, in agreement with the frequency-domain computation
leading to the plots in Figure 5.31. The reader may verify that H−2(j4�) = 0.5.

(Continued)

Example: The Switched-RC Circuit

Figure 5.33 Exciting an LPTV system with cos(2�fst) and sin(2�fst) to determine H−1(j2�fs).

Figure 5.33a shows a switched-RC circuit, where the switch is controlled by the
periodic waveform s(t). Its period is denoted by Ts and the duty cycle is 25%. Fur-
ther, RC ≫Ts. Let us determine H−1(j2�fs) and H−2(j4�fs).

RF designers will immediately recognize this as the kernel of a 4-phase filtering
mixer, but if you haven’t seen this before, don’t worry! To determine H−1(j2�fs),
we examine the steady-state outputs when vi(t) = cos(2�fst) and vi(t) = sin(2�fst),
respectively. When the switch is closed, the source attempts to charge the capacitor,
while the latter tries to discharge through the resistor. These two effects must equal
each other in a steady state. Further, sinceRC ≫ Ts, we expect the capacitor voltage
to remain virtually unchanged when the switch is closed. Consequently, vc(t) in
steady state must equal the average value of vi(t) when the switch is closed. With
sine- or cosine-wave excitation, we thus have

vc(t) ≈
1

0.25 Ts
∫

0.25Ts

0

cos(2�fst) dt =
1

0.25 Ts
∫

0.25Ts

0

sin(2�fst) dt =
2

�
. (5.42)

H−1(j2�fs) is therefore given by (2∕�)(1 + j). Proceeding along similar lines, it is
straightforward to see that H−2(j4�fs) = 0 + j(2∕�). Our estimates are confirmed
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(Continued)

by simulation results shown in Figure 5.34. The reader is invited to verify that
H−3(j6�fs) is given by − 2

3�
(1 − j).

Figure 5.34 Simulated harmonic transfer functions for a switched-RC circuit, with
RC∕(0.25Ts) = 6.4.

The reader might now be tempted to conclude that a similar “trick” can be used
to compute H−l(j2�mfs), where l, m are integers with m ≠ l. That is, excite the
system with cos(2�mfst) and sin(2�mfst) to obtain wi(t) and wq(t), and deter-
mine H−l(j2�mfs) from the Fourier components of wi(t) and wq(t) at the frequency
(m − l)fs. This is true but is somewhat more involved than in the case of l = m. The
reason is the following. When the system is excited by cos(2�mfst), which is the sum
of ej2�mfst and e−j2�mfst, output tones at frequencies ±(m − l)fs are the result of the
inputs at mfs and −mfs according to

cos(2�mfst) →
1

2
{H−l(j2�mfs) + H−l+2m(−j2�mfs)} e

j2�(m−l)fst

+
1

2
{Hl(−j2�mfs) + Hl−2m(j2�mfs)} e

−j2�(m−l)fst.

Similarly, exciting the system at sin(2�mfst) yields

sin(2�mfst) →
1

2j
{H−l(j2�mfs) + H−l+2m(−j2�mfs)} e

j2�(m−l)fst

−
1

2j
{Hl(−j2�mfs) + Hl−2m(j2�mfs)} e

−j2�(m−l)fst.
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Thus, wi(t) and wq(t) at ±(m − l)fs depend not only on H−l(j2�mfs) (which is
what we would like to determine) but also H−l+2m(−j2�mfs). It is only in the special
case when l = m that H−l(j2�mfs) and H−l+2m(−j2�mfs) reduce to H−l(j2�lfs) and
Hl(−j2�lfs), respectively, which are complex conjugates of each other. The following
example should drive home the point.

Figure 5.35 Exciting an LPTV system with cos(8�fst) to determine H−3(j8�fs).

Example: Determining H−3(j8�fs) of an LPTV system using excitations
cos(8�fst) and sin(8�fst).

The cosine excitation contains complex frequencies±4fs, as shown in Figure 5.35.
The strength of the tones in the output of the LPTV system at the frequency fs,
when excited with cos(8�fst) is given by

1

2

{
ej8�fst + e−j8�fst

}
→

1

2
{H−3(j8�fs) + H5(−j8�fs)} e

j2�fst

+
1

2
{H3(−j8�fs) + H−5(j8�fs)} e

−j2�fst.

An excitation sin(8�fst) yields
1

2j

{
ej8�fst − e−j8�fst

}
→

1

2j
{H−3(j8�fs) − H5(−j8�fs)} e

j2�fst

+
1

2j
{−H3(−j8�fs) + H−5(j8�fs)} e

−j2�fst.

From the above, we see the strengths of the tones at±fs in the responses to cosine-
and sine-wave inputs yield four equations in as many variables, solving which
H−3(j8�fs) and H5(−j8�fs) are both obtained. It seems simpler to calculate the
real and imaginary parts of H(j8�fs) (using (5.15)) and look for the components
at fs in them to obtain the desired harmonic transfer function.
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5.6 Impedance and Admittance in LPTV Circuits

Figure 5.36 In a linear time-invariant network, the driving point impedance and admittance are
reciprocals of each other.

When we work with LTI networks, we are used to the notion that the driving-point
impedance and admittance of a network are reciprocals of each other. In other words,
one can determine Z(j2�f) by exciting the network with a current 1∠0 and mea-
suring the voltage developed. Alternatively, one can excite the network with a volt-
age source 1∠0 and measure the current flowing into it, which yields the admittance
Y(j2�f). Z can be determined as the reciprocal of Y. This is “common knowledge,”
but let us deduce it anyway since it gives us a way forward when we consider an LPTV
network.

Figure 5.36a shows the network being excited by a current source 1∠0. The voltage
developed across the terminals of the network is Z(j2�f) ⋅ 1∠0. If the current source
is replaced, as shown in Figure 5.36b, by a voltage source Z(j2�f) ⋅ 1∠0 the current
flowing into the network must be 1∠0. Next, we scale down the voltage source by
a number equal to Z(j2�f), as shown in Figure 5.36c. Since the network is linear,
the current flowing into it should reduce by the same factor. Thus, I = 1∠0∕Z(j2�f).
However, by definition, the current that flows into the network when it is excited by
a voltage 1∠0 is Y(j2�f) ⋅ 1∠0. We thus see that Z(j2�f) = 1∕Y(j2�f).

What happens in the LPTV case? As in the time-invariant case, we excite the
network with a current ej2�ft (corresponding to the phasor 1∠0) as shown in
Figure 5.37a. The voltage developed across it is given by

v(t) = Z0(j2�f)e
j2�ft +

∑

k≠0

Zk(j2�f)e
j2�(f+kfs)t. (5.43)
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Figure 5.37 In an LPTV network, the driving point impedance and admittance are not reciprocals of
each other.

If we excite the network with the voltage source v(t) as shown in Figure 5.37b, the
current will be the phasor 1∠0. If we scale down the excitation voltage by the number
Z0(j2�f) as shown in Figure 5.37c, the current will reduce by the same factor. From
this figure, we observe the following. For I to be 1∠0∕Z0(j2�f), we not only need to
apply a voltage at frequency f, but also appropriately chosen voltages at frequencies
(f + kfs). Due to the LPTV nature of the system, voltage excitations at these frequen-
cies get translated to f, and result in a current that is precisely 1∠0∕Z0(j2�f). If we
instead excite the network with a voltage source 1∠0, as in Figure 5.37d, the result-
ing current will no longer be 1∠0∕Z0(j2�f), as it will miss the contribution of the
voltages at frequencies (f + kfs). î(t), by definition, is given by

î(t) = Y0(j2�f)e
j2�ft +

∑

k≠0

Yk(j2�f)e
j2�(f+kfs)t. (5.44)

From Figure 5.37c,d, it is apparent that Z0(j2�f) ≠ 1∕Y0(j2�f). In terms of phasor
vector notation, the voltage phasor vector is related to the current phasor as

V = ZI (5.45)
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where Z is the impedance matrix given by

Z =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

Z0(j2�f) ⋯ ⋯ Z−2K(j2�f)

Z1(j2�f) ⋯ ⋯ Z−2K+1(j2�f)

⋮ ⋮ ⋮ ⋮

Z2K−1(j2�f) ⋯ ⋯ Z−1(j2�f)

Z2K(j2�f) ⋯ ⋯ Z0(j2�f)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (5.46)

In a similar fashion, I = YV, where Y is the admittance matrix that relates the
current-phasor vector to the voltage-phasor vector. Clearly, I must also equal Z−1V,
implying that Y = Z−1. We thus see that the impedance and admittance matrices are
inverses of each other. In general, however, Yk(j2�f) ≠ 1∕Zk(j2�f).

Figure 5.38 The dc “impedance” of a switched-capacitor driven by (a) a voltage source and (b) a current
source.

Figure 5.38 shows a simple example that should convince us of this fact. Part (a) of
the figure shows a capacitor switched between a 1 V dc source and ground with period
Ts. The dc component of the current drawn from the source is seen to be (C∕Ts) ⋅ 1 V,
resulting in a dc resistance of Ts∕C. The resistance obtained when the same network
is excited by a current source, as shown in Figure 5.38b, is clearly not the same.

5.7 Thevenin- and Norton-Equivalent Circuits

Consider an LPTV network that varies with frequency fs, and contains indepen-
dent voltage and current sources, as shown in Figure 5.39a. These sources should
be at frequencies of the form f + kfs, where k is an integer. They can therefore
be represented as phasor vectors, as we have done in Section 5.6. The lth voltage
(current) source phasor vector is denoted by Vsl (Isl). Let the network be excited by
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Figure 5.39 (a) An LPTV network with independent voltage and current sources interacting with the
external world, modeled by the current source Iext. (b) Thevenin equivalent.

an external current, whose phasor vector is denoted by Iext. Note that Iext must also
contain frequencies of the form f + kfs. We assume that all phasor-vectors are of
length (2K + 1), where K is chosen to be sufficiently large.

Since the network is linear, the phasor of the voltage developed across the terminals
of the network, namely Vout, is given by

Vout =
∑

l

HlVsl +
∑

l

ZlIsl

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
Vth

+ZthIext (5.47)

where Hl, Zl, Zth are (2K + 1) × (2K + 1) matrices that quantify the contributions
of the various sources to Vout. Denoting

∑
l
HlVsl +

∑
l
ZlIsl by Vth, we see that

Vout = Vth + ZthIext. This relationship can be represented in network form using the
Thevenin equivalent circuit, as shown in Figure 5.39b.
Vth can be interpreted (and found) as the open-circuit voltage phasor that is devel-

oped across the terminals of the network (i.e., when Iext = 0), as shown in Figure
5.40a. Zth can be determined by exciting the network with Iext, and all the internal
sources being de-energized (i.e.,Vsl = 0 and Isl = 0), as seen in Figure 5.40b.Vout and
Iext are related asVout = ZthIext. Evidently, determining Zth needs multiple inputs Iext.

The discussion above derived the Thevenin equivalent; arriving at the Norton equiv-
alent proceeds similarly and is left as an exercise for the reader.
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Figure 5.40 Determining (a) the Thevenin equivalent voltage phasor Vth and (b) the Thevenin
impedance matrix.

5.8 The N-Path Principle

Figure 5.41 Multiple input frequencies can translate to the same output frequency in an LPTV system.

In this section, we motivate and describe the N-path principle [7], which is a much-
used technique in practice. There are multiple ways of thinking about the need for
N-path LPTV systems, and one of them is the following. As we have seen through-
out this chapter, if the output of an LPTV system contains a tone at a frequency f,
the input could have been any (or all) frequencies of the form (f + kfs), where k is
an integer. There is thus an ambiguity with respect to the frequency content of the
input signal as multiple frequencies can fold (or alias) to the same output frequency
as shown in Figure 5.41. How do we reduce this ambiguity? A solution is to some-
howmake the “alias transfer functions”, namely HTFs of the formH−k(j2�(f + kfs))

zero for k ≠ 0. How this can be accomplished is the crux of the N-path principle.
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Figure 5.42 (a) An LTV RC circuit. (b) The RC circuit with its timing shifted by td.

Consider the simple LTV circuits of Figure 5.42a,b. The conductances in the circuits
vary as g(t) and g(t − td) respectively, where td is a delay. What comment can we
make about the time-dependent frequency responses of the two circuits? Let us think
through this by way of the impulse responses of the circuits, which we denote by
ℎ(t, �) and ℎd(t, �) respectively. Recall that t denotes the time at which the output is
observed, while the impulse is applied at (t − �). How are ℎ(t, �) and ℎd(t, �) related?

Since the variation of conductance is delayed by td in the circuit of Figure 5.42b,
delaying both the time of observation and the time of application of the impulse by
td with respect to the circuit of Figure 5.42a should yield the same output. In other
words, ℎd(t + td, �) = ℎ(t, �). Replacing t with t − td, we have the equivalent relation

ℎd(t, �) = ℎ(t − td, �).

The time-varying frequency response of the circuit of Figure 5.42b is thus given by

Hd(j2�f, t) =∫

∞

0

ℎd(t, �)e
−j2�f�d� =∫

∞

0

ℎ(t − td, �)e
−j2�f�d� = H(j2�f, t − td).

The relationship above makes sense due to the following. Recall that Hd(j2�f, t)

is the (complex) gain experienced by ej2�ft. Since the variation of conductance in
Figure 5.42b is delayed with respect to that in Figure 5.42a, it follows that the gain
experienced by ej2�ft should also be delayed with respect to that in Figure 5.42a by td
as shown in the figures. Now consider the case where g(t) is periodic with a period
Ts = 1∕fs, so that

H(j2�f, t) =
∑

k

Hk(j2�f)e
j2�kfst (5.48)
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where Hk denotes the kth-order harmonic transfer function of the circuit of
Figure 5.42a. From the discussion above, Hd(j2�f, t) is seen to be

Hd(j2�f, t) =
∑

k

Hd,k(j2�f)e
j2�kfst

=H(j2�f, t − td) =
∑

k

Hk(j2�f)e
j2�kfs(t−td)

=
∑

k

Hk(j2�f)e
−j2�kfstdej2�kfst.

The harmonic transfer functions of the two circuits are seen to be related according to

Hd,k =Hke
−j2�kfstd , (5.49)

which indicates that the kth-order HTF in Figure 5.42b has a phase lag of 2�kfstd
radians with respect to that of the circuit in Figure 5.42a. This makes sense due to the
following. The time-varying gains experienced by the two circuits are shifted in time
with respect to each other by a duration td. Since the gains are the sum of harmonics of
fs, a time-shift td corresponds to a phase shift 2�kfstd for the kth harmonic. Observe
in particular that the zeroth-order HTFs, namely H0(j2�f) and Hd,0(j2�f), which
represent the average gain experienced by ej2�ft, are equal. This is intuitively satisfy-
ing, since the dc value of the “gain” waveform does not change when it is shifted in
time.

Now suppose that we form a composite system by taking three such circuits, and
stagger their operation in time as shown in Figure 5.43. The successive delay between
the three circuits is chosen as Ts∕3, and their outputs are added with gains (1∕3)
to yield vo. What are the HTFs (denoted by Pk(j2�f)) of this composite system? To
determine the HTFs, we excite the composite system by ej2�ftand examine the com-
ponents of the output at frequencies (f + kfs). Referring to Figure 5.43, we can write
v1, v2, v3 as

v1(t) = {
∑

k

Hk(j2�f)e
j2�kfst} ej2�ft

v2(t) = {
∑

k

Hk(j2�f)e
j2�kfs(t−Ts∕3)} ej2�ft

v3(t) = {
∑

k

Hk(j2�f)e
j2�kfs(t−2Ts∕3)} ej2�ft.

The zeroth-order HTF is the sum of the zeroth-order HTFs of the three subcir-
cuits comprising the system. Though the gains of the three systems are delayed with
respect to each other, their zeroth-order HTFs are the same, as discussed earlier. Con-
sequently,

P0(j2�f) =
1

3
(H0(j2�f) + H0(j2�f) + H0(j2�f)) = H0(j2�f). (5.50)
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Figure 5.43 An example 3-path system.

What about the first-order HTF, namely P1(j2�f)? Since the conductance variations
leading to v2 and v3 are delayed by Ts∕3 and 2Ts∕3 respectively, their first-order HTFs
in terms of that of the first circuit are given byH1(j2�f)e

−j2�∕3 andH1(j2�f)e
−j4�∕3.

As a result,

P1(j2�f) =
1

3
H1(j2�f) (1 + e

−j
2�

3 + e
−j

4�

3 ) = 0. (5.51)

Similarly, we have

P2(j2�f) =
1

3
H2(j2�f) (1 + e

−j
4�

3 + e
−j

8�

3 ) = 0. (5.52)

However,

P3(j2�f) =
1

3
H3(j2�f) (1 + e

−j
6�

3 + e
−j

12�

3 ) = H3(j2�f). (5.53)

It is straightforward to see that Pk(j2�f) = Hk(j2�f) when k is a multiple of 3, and
zero otherwise. The box in gray is an example of a 3-path system. A few comments
are in order here.

a. Suppose we were given an LPTV system in a box and asked to determine the
rate at which the system was varying. What would we do? One way to accom-
plish this is to excite the system with ej2�ft and look at the frequency content of
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the resulting output. Since we know that the output frequencies would be of the
form (f + kfs), fs can readily be determined.

If we applied this principle to the gray box of Figure 5.43, we would observe that
the output consists of components of the form (f + 3kfs), where k is an integer.
From this we would conclude that the system varies at a rate 3fs.

b. Having concluded that the system varies at 3fs, we open the box, only to find
that all the time-varying components change only at a rate fs! Three such “slow”
systems have been cleverly configured by timing them so as to make it appear as
if the overall system is varying at 3fs.

Figure 5.44 H−k(j2�(f + kfs)) of the 3-path system is zero for all k that are not a multiple of 3.

c. Since the composite system is varying at a rate 3fs, a tone with frequency f at
the output can only be due to input tones whose frequencies are of the form (f +

3kfs) as shown in Figure 5.44. This composite arrangement of LPTV systems,
therefore, reduces the number of aliasing (or folding) tones by a factor of 3 when
compared to any of its constituent systems.

d. HTFs of the form P3k+1(j2�f) and P3k+2(j2�f) are zero due to cancellation. This
means that mismatch between the three nominally identical LPTV systems that
comprise the 3-path system will result in nonzero values for the HTFs due to
imperfect cancellation.

Another way of understanding the result above is the following, illustrated in
Figure 5.45 using a 3-path example. Consider three nominally identical LPTV sys-
tems, labeled A, B, and C in the figure for purposes of identification. They vary with
a period Ts ≡ 1∕fs, and their outputs are added together. The operation of systems
A, B, and C are controlled by the timing waveforms p(t), p(t − td) and p(t − 2td),
respectively, with td chosen to beTs∕3. Let x(t) = 0. If we take a snapshot of the 3-path
system at an arbitrary time t1, the “state” of the individual paths that comprise the
system are different and denoted using the symbols shown in the first row of the table
in Figure 5.45. At t = t1 + td, we notice that B, C, and A assume the states that A, B,
and C were in at t = t1. Since the paths are nominally identical (with only their oper-
ation shifted in time), it follows that the 3-path system at t1 cannot be distinguished
from that at t1 + td. The same argument holds for t = t1 + 2td. To summarize, the
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Figure 5.45 A 3-path LPTV system. It “looks identical” at time instants separated by Ts∕3.

3-path system “looks” identical after every td; it is therefore periodic with at a rate
1∕td = 3fs though each system inside operates at a rate fs. It is also clear that snap-
shots of the 3-path system will “look the same” at intervals td apart only if the individ-
ual paths are nominally identical. With path mismatch, the 3-path system will only
be periodic at intervals of Ts.

The discussion above used three paths to illustrate the idea. The principle can be
generalized toN paths operated in an interleaved fashion, resulting in what are called
N-path LPTV systems. The basic idea is to stagger the timing between N nominally
identical LPTV systems (each varying at fs) by Ts∕N and add their outputs so that
all but the HTFs of multiples of N are zero. This way, it appears as if the composite
system is varying at Nfs, though there is no component that varies at that frequency.
Consequently, all but the harmonic transfer functions of order 0,±N, ±2N etc. are
zero. In practice, N = 4, or N = 8 find common use.

(Continued)

2-Path System Example

As an illustration, consider the LPTV system of Figure 5.46a. The input is multi-
plied by cos(2�fst) and then processed by a lowpass filter with bandwidth B, as
depicted in the figure. The filter’s output is multiplied by cos(2�fst) to result in the
LPTV system’s output.
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(Continued)

Figure 5.46 (a) LPTV system where H(j2�f) is a lowpass transfer function with bandwidth B. (b)
H0(j2�f) of the system.

We denote the HTFs of this system by Qk(j2�f). What is the zeroth-order HTF,
namely Q0(j2�f) of the system? To determine this, we excite the input by ej2�ft
and trace the signal through various points in the signal chain.

a → ej2�ft

b →
1

2
ej2�(f−fs)t +

1

2
ej2�(f+fs)t

c →
1

2
H(j2�(f − fs))e

j2�(f−fs)t +
1

2
H(j2�(f + fs))e

j2�(f+fs)t

d →
1

4
{H(j2�(f − fs)) + H(j2�(f + fs))} e

j2�ft+

1

4
H(j2�(f + fs))e

j2�(f+2fs)t +
1

4
H(j2�(f − fs))e

j2�(f−2fs)t.

We observe the following.

a. The system varies at a rate 2fs. This makes sense, since snapshots of the sys-
tem taken at times t and (t + Ts∕2) are equivalent.

b. The zeroth-order HTF, namelyQ0(j2�f), which is the ratio of the strength of
ej2�ftat the output divided by ej2�ft, is given by

Q0(j2�f) =
1

4
{H(j2�(f − fs)) + H(j2�(f + fs))}.

Q0(j2�f) is a bandpass transfer function with a peak gain of 0.25, as shown
in Figure 5.46b.

c. The only nonzero HTFs (other than that of the zeroth-order) are the ones with
order ±1.
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d. A two-path system, formed by adding a second path whose timing is shifted
by td = (1/2) (Ts/2) = Ts/4, will result in a system whose first-order HTFs are
zero. The resulting 2-path system as shown in Figure 5.47, where the mul-
tipliers are controlled by cos(2�fs(t − td)) = sin(2�fst). This is a linear time-
invariant system whose transfer function is 2Q0(j2�f).

Figure 5.47 Two-path system formed by adding an additional path whose timing is skewed with
the system of Figure 5.46.

We thus see that thanks to LPTV operation, a low-pass filter has been converted
into one with a bandpass characteristic. Moreover, the center frequency of the
bandpass filter is fs, and can therefore be varied by changing fs.

What is the impulse response of the N-path LPTV system? Denoting the time-
varying impulse response of the single- and N-path systems by ℎ(t, �) and ℎN(t, �),
respectively, we see that

ℎN(t, �) =
1

N
{ℎ(t, �) + ℎ(t − ∆t, �) +⋯+ ℎ(t − (N − 1)∆t, �)} (5.54)

where ∆t = Ts∕N. In the limit of N →∞, the behavior of an N-path system
approaches that of a linear time-invariant system since the only nonzero HTF is that
of the zeroth order. The impulse response of this∞-path system, which is LTI, is given
by finding the limiting value of ℎN(t, �) determined above, which we denote by ℎlti(�).
It is given by

ℎlti(�) = lim
N→∞

1

N
{ℎ(t, �) + ℎ(t − ∆t, �) +⋯+ ℎ(t − (N − 1)∆t, �)}

=
1

Ts
∫

0

−Ts

ℎ(t, �) dt =
1

Ts
∫

Ts

0

ℎ(t, �) dt.
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The reader might wonder why an N-path system with a large N is useful in practice
when its behavior approaches that of an LTI system. Why not simply create an LTI
system with an impulse response ℎlti(�) instead, and dispense with the complexity
(and hassle) of having to work with N LPTV systems? Recasting this question in the
frequency domain, if the only nonzero HTF of the ∞-path system is the zeroth-order
one (i.e., H0(j2�f)) (which renders it LTI), why should one simply not use an LTI
system with the same frequency response instead?

The answer to this question is the following. The H0(j2�f) that can be realized
using an LPTV system can be difficult (or impossible) to realize using an LTI net-
work. See, for example, the system of Figure 5.46a where LPTV operation enabled
the realization of a bandpassH0(j2�f) using a lowpass LTI filter. This is a significant
improvement, since it is much easier to realize a low-bandwidth lowpass filter than a
bandpass filter with a small bandwidth centered at RF.

Example:N-path system withN ≫ 1.

Figure 5.48 (a) N-path system where N →∞. (b) p(t), and the impulse response of the equivalent
LTI system.

Figure 5.48 shows a N-path LPTV system where N ≫ 1. The input x(t) is mul-
tiplied by a periodic pulse p(t) with period Ts and duty cycle 1∕N. The result is
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processed by a filter with an impulse response denoted by ℎ(𝑡). The output of the
filter is multiplied by𝑁 ⋅ 𝑝(𝑡). The output of𝑁 such paths, each of whose timing is
staggered by 𝑇𝑠∕𝑁, are added together to result in the system output, namely 𝑦(𝑡).
We examine this system in the limit of large 𝑁, i.e., 𝑁 →∞.

As we discussed earlier, the system becomes LTI as 𝑁 →∞. To determine the
impulse response of the LTI system, namely ℎ𝑙𝑡𝑖(𝑡), we set 𝑥(𝑡) = 𝛿(𝑡) and “mea-
sure” 𝑦(𝑡). The signals at various points in the topmost path in Figure 5.48 are as
follows.

𝑎 → 𝛿(𝑡), 𝑏 → 𝛿(𝑡)
𝑐 → ℎ(𝑡), 𝑑 → 𝑁 ℎ(𝑡)𝑝(𝑡)

As 𝑁 →∞, 𝑁𝑝(𝑡) tends to the Dirac delta function and

𝑦(𝑡) = ℎ𝑙𝑡𝑖(𝑡) = ℎ(𝑡)
∑

𝑘
𝛿(𝑡 − 𝑘𝑇𝑠) (5.55)

as shown in Figure 5.48b. Assuming ℎ(𝑡) corresponds to a lowpass transfer func-
tion with a bandwidth 𝐵, the frequency response of the ∞-path LTI system will
therefore have passbands centered around all multiples of 𝑓𝑠. The width of each
passband will be 2𝐵. Such a response, (i.e., infinitely many passbands spaced 𝑓𝑠
apart) can be obtained using LTI networks only by using ideal transmission lines.

Figure 5.49 Analogies for (a) single-path system. (b) Three-path system and (c) an ∞-path system.
Source: Generated with AI using OpenAI.

An analogy to single-, three- and ∞-path LPTV systems is shown in Figure 5.49.
Part (a) of the figure shows a single elevator that ferries people from the ground-level
of a building to the topmost floor in a periodic fashion (with period denoted by 𝑇𝑠).
The time taken for a person arriving at the building to reach the top is a time-varying
quantity, depending on when (s)he reaches the lobby. If the person is in luck, the ele-
vator is available right away, else (s)he has to wait for as long as 𝑇𝑠. If one monitors
the number of people waiting for the elevator in the lobby, it will have a period 𝑇𝑠.
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Figure 5.49b shows three elevators, operating so that each elevator starts off with a
time offset Ts∕3 with respect to the other. This is a three-path system, and a person
arriving in the lobby has to wait for a worst-case time of Ts∕3 before getting on any
elevator. Consequently, the number of people waiting in the lobby will have a period-
icity of Ts∕3. The ∞-path system is like having an escalator, which can be thought of
as a system of ∞ elevators, each of whose operation is offset in time by an infinitesi-
mal amount. The worst-case waiting time is now zero, consequently there is no “good
time” to arrive in the lobby – the time taken to reach the topmost floor will be the
same irrespective of when one arrives in the building.

Chapter Summary

• Time-varying impulse response and convolution integral for linear
time-varying and periodically time-varying systems. The output of a lin-
ear time-varying system can be found by convolving the input with the time-
varying impulse response.

• Harmonic transfer functions and the Zadeh expansion. Exciting an
LPTV system at a frequencyf results in an output with frequencies of the form
(f + lfs)where l is an integer and fs is the rate at which the system varies. The
ltℎ order harmonic transfer function quantifies the gain from an input at f to
an output at (f + lfs).

• MNA formulation of circuit equations in LPTV circuits. This is anal-
ogous to the MNA formulation for time-invariant networks, except that the
component MNA stamps are matrices that reflect their periodically time-
varying nature. “Solving” the network involves significantly more computa-
tion, since one has to account for the input frequency f as well as those of the
form (f + lfs) where l is an integer.

• Periodic operating point, and periodic AC simulations. These are the
LPTV analogs of operating point and AC simulations that one runs on a time-
invariant circuit. The periodically-varying nonlinear network has a periodic
operating point. Every nonlinear element is linearized around the (periodic)
operating point, resulting in an LPTV small-signal network.

• The N-path principle. This is a way of configuring N LPTV systems, each
varying at a frequency fs, in a way that the composite system appears as if it is
varying at a frequency Nfs. The advantage of such a realization is that there is
no network component that has to vary at Nfs.

Problems

Problem 1. In the text, we denoted the impulse response of a linear time-varying sys-
tem by ℎ(t, �), where t is the time at which the output is observed, while the input impulse
is applied at an instant (t − �). An alternative notation for the impulse response that is
also in use, is ℎ̂(t, �)where t denotes the time of observation (as before), and � is the time
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at which the input impulse is applied. The aim of this problem is to develop the results
in this chapter using this alternative notation.
a. What is/are the constraint(s) that ℎ̂(𝑡, 𝜏) should satisfy if the LTV system is causal?
b. How is ℎ(𝑡, 𝜏) related to ℎ̂(𝑡, 𝜏)?
c. Determine the response of the LTV system to a complex exponential 𝑒𝑗2𝜋𝑓𝑡 in terms of

ℎ̂(𝑡, 𝜏), and thereby express the time-varying frequency response in terms of ℎ̂(𝑡, 𝜏).
d. What is the constraint thatmust be satisfied by ℎ̂(𝑡, 𝜏) if the system is also periodically

time-varying?

Problem 2. This problem involves the use of a SPICE simulator. If you have a favorite,
use it. Else, we recommend LTSPICE, which is free and versatile.

Figure 5.50 A time-varying RC circuit.

Create a first-order time-varying RC filter as shown in Figure 5.50, where 𝐶 = 1 F. The
resistor 𝑟(𝑡) varies with time from 0.1 to 10Ω as shown (the rise- and fall-times are 0.1 s).
Plot the magnitude and phase (in degrees) of the time-varying frequency response as a
function of time from 0 to 20 s for an input frequency of 1Hz. Suggest some sanity checks
to be convinced of the correctness of your plots.

Figure 5.51 Zadeh expansion of an LPTV system.
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Problem 3. Figure 5.51 shows the Zadeh expansion of an LPTV network, where 𝑘
ranges from −∞ to∞.
a. In general, are the impulse responses corresponding to𝐻𝑘(𝑗2𝜋𝑓) real or complex?
b. What is the relationship between the impulse responses of the filters 𝐻𝑘(𝑗2𝜋𝑓) and

𝐻−𝑘(𝑗2𝜋𝑓) for a given 𝑘?
c. Suppose that 𝑥(𝑡) = cos(2𝜋𝑓𝑡). Determine the output of the branches containing

𝐻𝑘(𝑗2𝜋𝑓) and 𝐻−𝑘(𝑗2𝜋𝑓). Also determine their sum. Repeat the exercise above for
𝑥(𝑡) = sin(2𝜋𝑓𝑡). What do you conclude?

Problem 4. Figure 5.52 shows an alternative representation of an LPTV system. How
are the impulse responses of 𝐹𝑘(𝑗2𝜋𝑓) related to those corresponding to 𝐻𝑘(𝑗2𝜋𝑓) of
Figure 5.51?

Figure 5.52 Alternative representation of an LPTV system.

Figure 5.53

Problem 5. Determine the Zadeh expansion for the systems in Figure 5.53.
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Problem 6. Two LPTV systems vary at the same frequency 𝑓𝑠. Their HTFs are denoted
by 𝐻𝑘(𝑗2𝜋𝑓) and 𝐺𝑘(𝑗2𝜋𝑓). They are cascaded. Determine the HTFs of the cascade.
Does the order in which they are cascaded have a bearing on the result?

Problem 7. When an LTI system with transfer function 𝐻(𝑗2𝜋𝑓) is excited by
cos(2𝜋𝑓𝑡), the output is given by |𝐻(𝑗2𝜋𝑓)| cos(2𝜋𝑓𝑡 + ∠𝐻(𝑗2𝜋𝑓)). Derive a simi-
lar relationship for the output of an LPTV system varying at 𝑓𝑠 and HTFs denoted by
𝐻𝑘(𝑗2𝜋𝑓).

Problem 8. An LPTV system varies at a frequency 𝑓𝑠, and its HTFs are denoted by
𝐻𝑘(𝑗2𝜋𝑓). We perform two experiments. In the first, the system is excited by cos(2𝜋𝑓𝑡).
The resulting waveform is denoted by w𝑖(𝑡). In the second experiment, the excitation is
sin(2𝜋𝑓𝑡), and the output is denoted by w𝑞(𝑡). In general, can we relate w𝑖(𝑡) and w𝑞(𝑡)?
How about w2

𝑖 (𝑡) and w
2
𝑞(𝑡)?

Figure 5.54 LPTV system incorporating a chopper.

Problem 9. The circuit shown in Figure 5.54 is an LPTV network. The chopper is
a network of ideal switches that works as follows. When clk is high, nodes 𝑎 and
𝑏 are connected to nodes 𝑐 and 𝑑 respectively. When 𝑐𝑙𝑘 is low, nodes 𝑎 and 𝑏
are connected to nodes 𝑑 and 𝑐 respectively. The 𝑐𝑙𝑘 signal has a 50% duty cycle
and frequency fs. Denote the zeroth-order harmonic transfer function from vi to vo by
H0(j2𝜋𝑓). 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝐻0(0).

Figure 5.55 Time-varying RC filter for problem 10.

Problem 10. Figure 5.55 shows an RC network with a periodically time-varying resis-
tor. The capacitor 𝐶 = 1 F. The conductance varies from 0 to 2𝜋1000 S as shown in the
figure. Write a MATLAB program to determine the harmonic transfer functions of this
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network. Assume that 𝑔(𝑡) has a rise- and fall-times of 0.1 s and an average value that is
half its peak value. Denoting the maximum number of harmonics at any node by𝑀, so
that there are (2M + 1) sinusoids at any node, your code should be able to accommodate
a user-specified𝑀. Plot |𝐻𝑘(𝑗2𝜋𝑓)| for 𝑘 = 0,±1, for𝑀 = 128, 256, 512. For uniformity,
the range of the y-axis must be 0–1, and the x-axis from−3 to 3Hz, with increments in 𝑓
chosen to be 0.05. What do you notice as you change𝑀? Run sanity checks for the values
of the harmonic transfer functions at frequencies 1, 2, 3 Hz.

Suggestion : When you invert the G matrix in MATLAB to solve GV = I, do not use
V = inv(G)*I. It turns out that matrix inversion is a very computationally
intensive process – remember that you are inverting a 3000 × 3000 matrix. Rather, use
V = G\I, which is much quicker. See for yourself how much quicker
V = G\I is with respect to explicitly computing the inverse.

Figure 5.56 A switched RC filter, where 𝑅𝐶 ≫ 𝑇𝑠∕4.

Problem 11. Figure 5.56 shows an RC network with a periodically operated ideal
switch. The switch is closed when 𝑠(𝑡) is high and open when it is low. 𝑠(𝑡) has a fre-
quency of 1 Hz and a 25% duty cycle. The capacitor 𝐶 = 1 F. 𝑅𝐶 = 10 s. The output is the
voltage at the output of the capacitor v𝑐(𝑡). Analytically determine 𝐻−𝑘(𝑗2𝜋𝑓) for 1, 2
(use the fact that 𝑅𝐶 ≫ 𝑇𝑠∕4 to advantage).
Next, use the code you developed in the previous problem to compute 𝐻−𝑘(𝑗2𝜋𝑓) for

1, 2. Use𝑀 = 512, and a frequency resolution of 0.01Hz. Plot 𝐻−𝑘(𝑗2𝜋𝑓) for 1, 2 for 𝑓
between 0 and 3Hz at intervals of every 0.01Hz. What do you notice? For ease of com-
putation, assume that the rise- and fall-times of 𝑠(𝑡) are 1% of its period, and that the
average of s(t) is 25% of its peak value.
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Figure 5.57 𝑁-path system.

Problem 12. Figure 5.57 shows an 𝑁-path system. 𝐺(𝑗2𝜋𝑓) represents the transfer
function of an LTI system with a brickwall lowpass response with bandwidth 𝐵 ≪ 𝑓𝑠.
𝑝(𝑡) and 𝑞(𝑡) are periodic with a period 𝑇𝑠 ≡ 1∕𝑓𝑠 and are expressed as

𝑝(𝑡) =
∑

𝑙
𝑃𝑙𝑒𝑗2𝜋𝑙𝑓𝑠𝑡

and

𝑞(𝑡) =
∑

𝑚
𝑄𝑚𝑒𝑗2𝜋𝑚𝑓𝑠𝑡.

a. Determine an expression for the harmonic transfer functions 𝐻𝑘(𝑗2𝜋𝑓) of one arm
of the system (between 𝑎 and 𝑏 ).

b. Draw a qualitative picture of |𝐻0(𝑗2𝜋𝑓)|.
c. Determine the harmonic transfer functions 𝐻̂𝑘(𝑗2𝜋𝑓) of the 𝑁-path system.
d. Denoting the impulse response corresponding to 𝐺(𝑗2𝜋𝑓) by 𝑔(𝑡), determine the

impulse response of the 𝑁-path filter as 𝑁 →∞.

Figure 5.58 A time-interleaved sampler, 𝑡𝑑 = 0.5𝑇𝑠 + 𝑡𝑜. Under nominal conditions 𝑡𝑜 and 𝛼 are zero.
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Problem 13. In Figure 5.58, 𝑡𝑑 = 0.5𝑇𝑠 + 𝑡𝑜.

• Determine the harmonic transfer functions of the system when 𝛼 and 𝑡𝑜 are 0.
• Evaluate the HTFs for small, nonzero 𝛼 but 𝑡𝑜 = 0.
• Next, repeat for 𝛼 = 0 but small nonzero 𝑡𝑜.

Figure 5.59

Problem 14. In Figure 5.59, the clock signals 𝜙1 and 𝜙2 do not overlap, and have
(almost) 50% duty cycle. vi is the input, while vo denotes the output. Determine the HTFs
of the circuit Hk       (𝑗2𝜋𝑓).

Figure 5.60

Problem 15. The circuits shown in Figure 5.60 are LPTV networks. The chopper
is controlled by a clock signal that has a 50% duty cycle and a frequency fs. Assume
that 𝐶(1 + 𝑅2∕𝑅1)∕𝑔𝑚 ≪ 1∕𝑓𝑠 and 𝑔𝑚𝑅1, 𝑔𝑚𝑅2 ≫ 1. For each of the circuits, determine
𝐻−𝑘(𝑗2𝜋𝑘𝑓𝑠).
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6

LPTV Circuits and Systems: Advanced Topics

We described the basics of LPTV circuits and systems in Chapter 5. We now build
on those foundations. First, we derive the concepts of reciprocal and inter-reciprocal
networks. As discussed earlier in the context of linear time-invariant (LTI) circuits,
reciprocity and inter-reciprocity are not merely mathematical curiosities—they have
practical utility, especially when determining transfer functions frommultiple inputs
to a single output. This situation arises frequently in noise analysis. If these properties
are useful tools in LTI networks, they are even more valuable in linear periodically
time-varying (LPTV) circuits. The key reason is that in LPTV circuits, one must also
account for frequency translation effects, even in the case of a single input and a single
output.
The outputs of many practically useful LPTV circuits and subsystems are sampled.

Furthermore, it turns out that the sampling rate is identical to the rate at which the
circuit is varying. We discuss this very important class of circuits.
Finally, we study noise in LPTV circuits and systems. As with anything LPTV, the

analysis can be expected to be more involved. In the special (and practically rele-
vant) case of networks with inductors, capacitors, resistors, and periodically operated
switches, it turns out that inter-reciprocity can be exploited to determine the average
noise spectral density and total integrated noise in an efficient manner. These rela-
tionships are analogous to the Nyquist- and Bode noise theorems we encountered in
the context of RLC networks in the LTI case.

6.1 Reciprocity and Inter-Reciprocity

In this section, we aim to understand reciprocity in LPTV circuits and systems. As in
the LTI case, we begin with LPTV networks composed of inductors, capacitors, and
periodically time-varying resistors. Notably, the conceptual approach to reciprocity in
LPTV networks closely parallels that in LTI systems.
Consider the network of Figure 6.1. The conductances vary periodically with time,

and the period is denoted by Ts. The time-variation of one example conductance is
sketched below the network. Note that the nature of the variation of the conductance
can be different for the various instances; however, the period should be identical
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Figure 6.1 Passive LPTV network with periodically varying conductances, inductors and capacitors.
The network is excited by a complex exponential with frequency f. The conductances vary with a period
denoted by Ts ≡ 1∕fs.

for all of them. Clearly, the network is LPTV, varying at a frequency fs = 1∕Ts. The
network is excited by a current iin(t) = ej2�ft, while the “response” we are interested
in is the voltage developed across the terminals of the output port. Without loss of
generality, we number the nodes as shown in the figure.
In the discussion that follows, we use the notation 1r to denote a column vector with

all entries being 0, except the rth row as shown below.

1r = [0 ⋯ 1
⏟⏟⏟
rtℎ term

⋯ 0]
T
. (6.1)

Like in Chapter 5, we assume that every node voltage and branch current is a sum of
complex exponentials with frequencies ranging from (−Mfs + f) to (Mfs + f) (i.e.,
(2M + 1) frequencies in all). The (2M + 1) × 1 current phasor-vector corresponding
to the input excitation ej2�ftis thus given by Iin = 1(M+1) (has units of amperes). Using
the MNA formulation, the network equations are written as

G

⎡
⎢
⎢
⎢
⎢
⎢

⎣

v1

v2

v3

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦

=

⎡
⎢
⎢
⎢
⎢
⎢

⎣

1(M+1)

0

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦

. (6.2)
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If the network has N unknowns, recall from Section 5.5 that G is a (2M + 1)N ×

(2M + 1)Nmatrix formed from theMNA stamps of the individual elements compris-
ing the network. Suppose that we are interested in the transfer function relating the
frequency component of vo(t) at f to the input current. This is the zeroth-order har-
monic transfer function, which we denote byH0(j2�f).

H0(j2�f) =
[
0T 1T

(M+1)
−1T

(M+1)
0T ⋯

]

⎡
⎢
⎢
⎢
⎢
⎢

⎣

v1

v2

v3

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦

. (6.3)

The node-voltage phasor-vectors, obtained by solving the MNA equations, are
given by

⎡
⎢
⎢
⎢
⎢
⎢

⎣

v1

v2

v3

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦

= G−1

⎡
⎢
⎢
⎢
⎢
⎢

⎣

1(M+1)

0

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦

. (6.4)

From the two equations above, we see that

H0(j2�f) =
[
0T 1T

(M+1)
−1T

(M+1)
0T ⋯

]

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
measurement

G−1

⎡
⎢
⎢
⎢
⎢
⎢

⎣

1(M+1)

0

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⏟⎴⏟
excitation

. (6.5)

Transposing both sides, we obtain

H0(j2�f) =
[
1T
(M+1)

0T 0T ⋯
]
(GT)

−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

0

1(M+1)

−1(M+1)

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (6.6)
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The equation above can be interpreted in the following manner, as shown below:

H0(j2�f) =
[
1T
(M+1)

0T 0T ⋯
]

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
measurement

(GT)−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

0

1(M+1)

−1(M+1)

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⏟⎴⎴⏟
excitation

. (6.7)

Figure 6.2 A capacitor inN remains unchanged in N̂, while g(t) inN is replaced by g(−t) in N̂.

Consider a network whose MNA matrix is GT. Excite this network with a current
source ej2�ft placed between nodes 2 and 3 . The output of interest is the voltage
of node 1 , at frequency f. The ratio of the output to input is H0(j2�f). Clearly,
we have interchanged the location of the excitation and measurement ports. Let us
ponder over what the network itself looks like. Evidently, its MNAmatrix is the trans-
pose of that of the network of Figure 6.1. Since the MNA matrix of a network is sim-
ply the sum of the MNA stamps of the individual elements, the new network can be
derived from the original circuit in the following manner. Go element by element in
N, replacing each element with one whose MNA stamp is the transpose of that ele-
ment. We illustrate this process in Figure 6.2.
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A capacitor connected between nodes a and b has the MNA stamp shown on the
left. Recall from Section 5.5 that f is a diagonal matrix. Due to this symmetry, the
MNA stamp is unchanged when it is transposed, leading us to conclude that capac-
itors in the original network remain unchanged in the “new” network. Proceeding
along the same lines, it is easy to see that inductors in the original network also remain
unchanged in the new network.
What about a time-varying conductance? TheMNA stamp corresponding to a time-

varying conductance is shown in the left of Figure 6.2. g(t) can be expanded into a
Fourier series as follows.

g(t) =
∑

l

gle
j2�lfst (6.8)

and g is formed from the Fourier coefficients of g(t) according to

g =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

g0 g−1 ⋯ g−2M+1 g−2M

g1 g0 ⋯ g−2M+2 g−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

g2M−1 g2M−2 ⋯ g0 g−1

g2M g2M−1 ⋯ g1 g0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (6.9)

Since g(t) is real, g−l = g∗
l
. The transpose of the time-varying conductance’s MNA

stamp is shown toward the right in Figure 6.2. What conductance ĝ(t) does this cor-
respond to? Since gT is obtained by replacing every entry of the form gl in g by g−l, it
is apparent that

ĝ(t) =
∑

l

g−le
j2�lfst =

∑

l

gle
j2�(−l)fst =

∑

l

gle
j2�lfs(−t) = g(−t).

Like in the time-invariant case, the “new” network is denoted by N̂, and is called the
inter-reciprocal, or adjoint network.
The summary of our discussion so far is as follows [1]. In the original networkN,

shown in Figure 6.1, the transfer function from an input current at frequency f to
an output voltage at the same frequency is denoted by H0(j2�f). The same transfer
function can be obtained in a modified network N̂ (called the adjoint). The method
of obtaining N̂ and the details of excitation and measurement are as follows.

a. The adjoint N̂ is derived from the original networkN by element replacement
as per the following rules, as shown in Figure 6.3.
• A capacitor of value C inN remains a capacitor with the same value in N̂.
• An inductor of value L inN remains an inductor with the same value in N̂.
• A time-varying conductance g(t) in N is replaced by a time-varying conduc-
tance g(−t) in N̂. This is often referred to as time-reversal.
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Figure 6.3 The inter-reciprocal (or adjoint) network. Note that the variation of the conductances is
reversed in time.

b. Excite the output port of N̂ with a current ej2�ft.
c. Measure the component of the voltage at the input port of N̂ at the frequency f.

It will be H0(j2�f)e
j2�ft.

The result above is called the transfer-function theorem (Figure 6.4) [2].

Figure 6.4 The transfer-function theorem.

6.1.1 The Frequency-Reversal Theorem
If the transfer-function theorem in the discussion above was “interesting,” what we
will see below is positively delicious. Consider again the LPTV network excited by
a current source ej2�ft, as shown in Figure 6.5. The output of interest now is the
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Figure 6.5 LPTV network excited with a current ej2�ft . The output of interest is the component of vo(t)
at the frequency (f +mfs).

component of vo(t) at the frequency (f +mfs), i.e., themth-order harmonic transfer
functionHm(j2�f). As before, the MNA equations can be solved to obtain the node-
voltage phasor-vectors. It is straightforward to see thatHm(j2�f) can be expressed as

Hm(j2�f) =
[
0T 1T

(m+M+1)
−1T

(m+M+1)
0T ⋯

]

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
measurement

G−1

⎡
⎢
⎢
⎢
⎢
⎢

⎣

1(M+1)

0

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⏟⎴⏟
excitation

. (6.10)

Transposing both sides, we obtain

Hm(j2�f) =
[
1T
(M+1)

0T 0T ⋯
]
(GT)

−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

0

1(m+M+1)

−1(m+M+1)

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (6.11)
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The equation above can be interpreted in the following manner, as shown below.

Hm(j2�f)
⏟⎴⎴⏟⎴⎴⏟

N

=
[
1T
(M+1)

0T 0T ⋯
]

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
measurement at frequency f

(GT)
−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

0

1(m+M+1)

−1(m+M+1)

0

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦
⏟⎴⎴⎴⏟⎴⎴⎴⏟

excitation
at frequency
(f+mfs)

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟ ⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
Ĥ−m(j2�(f+mfs)) of N̂

. (6.12)

The right-hand-side corresponds to the transfer function of a network whose MNA
matrix is GT. This is the adjoint network N̂. The excitation is a current source
ej2�(f+mfs)t placed between nodes 2 and 3 , while the output of interest is the voltage
of node 1 , at frequency f. The ratio of output to input, therefore, is Ĥ−m(j2�(f +

mfs)). The hat onH serves to remind ourselves that this transfer function pertains to
the adjoint network N̂.What Eq. (6.12) is telling us is thatHm(j2�f) = Ĥ−m(j2�(f +

mfs)). This is the frequency-reversal theorem, illustrated in Figure 6.6 [2].

Figure 6.6 The frequency-reversal theorem.
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Replacingm with −m, and then replacing f with (f +mfs), we obtain the equiva-
lent relationship

H−m(j2�(f +mfs)) = Ĥm(j2�f). (6.13)

Equivalently, for two frequencies f1 and f2, both of which are of the form f + lfs with
l being an integer, the frequency-reversal theorem reads as follows.

The output at a frequency f2 at port 2 of an LPTV networkN
excited at port 1 by ej2�f1t

has the same complex amplitude as
the output at a frequency f1 at port 1 of the adjoint network N̂

excited at port 2 by ej2�f2t.

From the discussion above, the transfer-function theorem is seen to be a special case
of the frequency reversal theorem where f1 = f2, as shown graphically in Figure 6.7.

Figure 6.7 The frequency-reversal theorem allows us to calculate the contributions frommultiple input
frequencies to a single output frequency in one shot.

What is so exciting about the frequency-reversal theorem? It turns out that in many
situations that arise in practice (and during noise analysis), we are interested in deter-
mining the signal at the output of an LPTV network at a frequency f. We know that a
component at f can be due to inputs at frequencies of the form (f +mfs), wherem is
an integer. We therefore need to determine, for allm, the harmonic transfer functions
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H−m(j2�(f +mfs)), which quantify the gain from an input at frequency (f +mfs)

to the output frequency f. How would we go about this if we were not aware of the
frequency-reversal theorem? We would excite the system with ej2�(f+mfs)t for all m,
one at a time, and calculate the output component at f. As one can imagine, this is
an extremely laborious process, where we need to solve the MNA equations (2M + 1)

times.
The frequency-reversal theoremhelps us compute all theH−m(j2�(f +mfs)) in one

shot, as illustrated in Figure 6.8.We do this as follows.We form the adjoint network N̂
using the element-replacement rules discussed earlier in this section. We then excite
the output port of the adjoint network with a complex exponential current ej2�ft. The
voltage developed across the input port is given by

v̂1(t) =
∑

m

Ĥm(j2�f)e
j2�(f+mfs)t =

∑

m

H−m(j2�(f + mfs))e
j2�(f+mfs)t. (6.14)

Thanks to the frequency-reversal theorem, the strength of the component of v̂1(t) at
(f +mfs) yieldsH−m(f +mfs).

Figure 6.8 Applying the frequency-reversal theorem to calculate gains frommultiple input frequencies
of the form ej2�(f+mfs) to an output frequency f.
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(Continued)

Example: The Switched-RC Network

Figure 6.9 Applying the frequency-reversal theorem to calculate gains frommultiple input frequen-
cies of the form ej2�(f+mfs) to an output frequency f, for f = 0.

Consider the switched-RC network of Figure 6.9a. The switch is controlled by s(t),
whose period and duty cycle are denoted byTs andD respectively.RC ≫DTs.What
areH−m(j2�(f +mfs)) of this network for f = 0?
To determine the desired HTFs in one shot, we exploit the frequency-reversal

theorem. The output frequency is f, which is dc. The adjoint network is shown in
Figure 6.9b. The switch-control waveform is ŝ(t) = s(−t). The input voltage is set
to 0, and a 1 A current is injected into the capacitor. Once the steady-state wave-
form io(t) is determined, the coefficients of its Fourier expansion are the desired
H−m(j2�(f +mfs)).
When ŝ(t) is high, the capacitor discharges through R. Since RC ≫DTs, it falls

almost linearly from V1 at t = 0 to V2 at t = DTs. We thus see that

V2 = V1 (1 −
DTs
RC

) .
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(Continued)

Since DTs ≪RC, V1 ≈ V2. When the switch is off, io(t) = 0, as shown in Figure
6.9b. The average current flowing through R over the entire cyclemust be 1 A since
no dc current can flow through the capacitor. We thus have

io(t) = D
V1 + V2

2R
= 1 A.

io(t) is seen to be an almost rectangular waveform (since V1 ≈ V2) with a peak
value 1∕D and a duty cycle D. The coefficients of its Fourier expansion are given
by sinc(Dn)e−j�Dn.H−m(j2�(f +mfs)) are therefore

H0(0) = 1

H1(−j2�fs) = sinc(D)ej�D

H−1(j2�fs) = sinc(D)e−j�D

⋯=⋯ .

As expected,H1(−j2�fs) =H∗
−1(j2�fs).

Figure 6.10 Applying the frequency-reversal theorem to determine the relationships between the
driving-point impedance of a network and its adjoint.
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6.1.2 Implications of the Frequency-Reversal Theorem: Driving Point
Impedance of an LPTV Network and Its Adjoint
In this subsection, we discuss some interesting consequences of the frequency-
reversal theorem. The first is the relationship between the driving-point impedance
of a one-port LPTV networkN and its adjoint N̂. Figure 6.10a showsN being driven
by a current i(t) = ej2�ft. The voltage developed across the port is comprised of fre-
quencies (f +mfs). We focus on the component at a frequency (f + lfs). Zl(j2�f)
denotes the lth-order driving point impedance, and relates the component of v(t) at
(f + lfs) to the driving current at f. v(t) is expressed as

v(t) =⋯+ Zl(j2�f)e
j2�(f+lfs)t +⋯ .

In the network of Figure 6.10a, where i(t) = ej2�ft, the component of v(t) at (f + lfs)

is given by Zl(j2�f).
Consider now the network of Figure 6.10b. It shows the adjoint network N̂ excited

by a current i(t) = ej2�(f+ lfs)t. The voltage developed across the port at the frequency
f is given by

v̂(t) =⋯+ Ẑ−l(j2�(f + lfs))e
j2�ft +⋯ .

By the frequency-reversal theorem, interchanging the excitation and measurement
ports inN and N̂, and the input and output frequencies must yield the same transfer
function, which is the impedance in this case. Consequently, we have

Zl(j2�f) = Ẑ−l(j2�(f + lfs)). (6.15)

In the special case of l = 0,

Z0(j2�f) = Ẑ0(j2�f)

indicating that the zeroth-order driving point impedances of an LPTVnetworkN and
its adjoint N̂ are identical [3].

6.1.3 Implications of the Frequency-Reversal Theorem: Two-Port
Parameters
As is evident from our discussion on reciprocity (Chapter 1), an LTI network
with resistors, inductors, and capacitors is reciprocal. Consequently, for a two-
port network formed using such elements, z21 = z12 and y21 = y12 where z and y

refer to the impedance and admittance parameters, respectively. Does this hold for
LPTV networks consisting of periodically time-varying conductances, inductors, and
capacitors?
To understand this, consider the two-port N shown in Figure 6.11a. To find

z21(j2�f), we excite port 1 with i1 = ej2�ft and measure the component of the volt-
age developed across port 2 at the frequency f. In a similar fashion, exciting port 2
of N̂ with a current ej2�ft results in a voltage v̂1 with a component ẑ12(j2�f)ej2�ft
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Figure 6.11 Applying the transfer-function theorem to relate (a) z21 of a network to (b) ẑ12 of its adjoint.

as shown in Figure 6.11b. Using the transfer function theorem, we conclude that
z21(j2�f) = ẑ12(j2�f). However, N and N̂ need not be identical. Consequently,
z21(j2�f) and z12(j2�f) ofN are not necessarily equal.
To summarize, LPTV networks with inductors, capacitors and time-varying con-

ductances are capable of achieving non-reciprocal operation, something that is sim-
ply not possible with time-invariant RLC circuits.

6.1.4 The Adjoint Network with Periodically-Varying Controlled Sources
How does frequency reversal apply when the networkNperiodically contains time-
varying controlled sources? It is apparent that, like earlier, we would need to replace
each controlled source by a block whose MNA stamp is the transpose of that of the
source under consideration. This is best illustrated with an example. Figure 6.12
shows a time-varying voltage-controlled voltage source (VCVS), whose gain �(t) is
varying periodically with time.1 It can therefore be expanded into a Fourier series

�(t) =
∑

l

�le
j2�lfst. (6.16)

1This period must be the same as that with which the network is varying.
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Like we did with a time-varying conductance, we form the matrix � from the Fourier
coefficients of �(t) according to

� =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

�0 �−1 ⋯ �−2M+1 �−2M

�1 �0 ⋯ �−2M+2 �−2M+1

⋮ ⋮ ⋱ ⋮ ⋮

�2M−1 �2M−2 ⋯ �0 �−1

�2M �2M−1 ⋯ �1 �0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

. (6.17)

Since �(t) is real, �−l = �∗
l
. The MNA stamp of the VCVS is shown below in

Figure 6.12. As usual, the 1’s are identity matrices with appropriate order. The trans-
pose of this stamp is that of a time-varying current-controlled current source (CCCS)
with controlling- and controlled-ports flipped, as shown in the figure. Furthermore,
the MNA stamp has in it �T. Recall that this corresponds to a gain function that is
reversed in time. The CCCS, therefore, has the time-varying gain �(−t).

Figure 6.12 A time-varying VCVS in N should be replaced by a CCCS in the adjoint, with the gain
being time reversed. The controlling and controlled ports are interchanged.

Reasoning in a similar manner, we see that a CCCS with gain �(t) inN should be
replaced by a VCVS in the adjoint with a gain �(−t), with the controlling and con-
trolled ports interchanged. This is shown in Figure 6.13.
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Figure 6.13 A time-varying CCCS in N should be replaced by a VCVS in the adjoint, with the gain
being time reversed. The controlling and controlled ports are interchanged.

Figure 6.14a, b shows the element-replacement rules that should be followed with
respect to a voltage-controlled current source (VCCS) and a current-controlled volt-
age source (CCVS) respectively. Apart from interchanging the controlled and con-
trolling ports, the time-varying transconductance and transimpedance functions are
time-reversed in the adjoint.

6.1.5 Multiple Inputs
The concepts of inter-reciprocity and the adjoint network become even more com-
pelling and useful when one is dealing with multiple input sources, as illustrated in
Figure 6.15a. The LPTV networkN is excited by p independent voltage sources, and
q independent current sources. Each source is a mixture of tones, with every tone’s
frequency being of the form (f + lfs) where l is an integer (|l| ≤M). Suppose that
we need to determine the component of the output voltage vo at the frequency f. To
accomplish this, we would have to find all the harmonic transfer functions from every
source to the output, needing us to solve the network (p + q)(2M + 1) times.
By exploiting the concept of inter-reciprocity and the frequency-reversal theorem,

all the harmonic transfer functions corresponding to all the sources can be obtained
in one shot as shown in Figure 6.15b. The “output port” of the adjoint network N̂ is
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Figure 6.14 Element replacement rules for a (a) time-varying VCCS and (b) time-varying CCVS.

excited by a current ej2�ft. The voltages developed across the current-input ports and
the currents through the voltage-input ports yield all the required harmonic transfer
functions, thereby requiring us to solve the network only once.
The reader may wonder if the problem scenario described in Figure 6.15 is relevant

in practice. It turns out that such a situation is encountered routinely during noise
analysis.
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Figure 6.15 (a) LPTV network with multiple input sources and a single output. We are interested in
determining the component of vo(t) at frequency f. (b) The transfer functions from all the sources and
at all frequencies of the form (f + lfs) can be obtained in one shot by exciting the “output” port of the
adjoint network N̂ with a current ej2�ft .

Simulation Corner: Periodic Transfer Function (PXF) Analysis

In the previous chapter, we described the idea behind periodic AC analysis (.PAC
in short) in an RF circuit simulator. Aswe saw there, the.PAC analysis computes
the harmonic transfer functions from one AC source to any number of designated
outputs in an LPTV network. The frequency range of the input source is specified,
and so is the desired order of the harmonic transfer functions. The outputs are the
Hl(j2�f). In other words, the input frequency is f, while the output frequency is
(f + lfs).
The periodic transfer function analysis (.PXF in short) works in the reverse

manner, and is useful in the following scenario.
a. There is one output, and a desired output frequency range.
b. There are multiple independent sources.
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c. We desire to find the harmonic transfer functions from the (multiple) sources
to the output of the form H−l(f + lfs).

In other words, we seek to answer the question: for each source, how does a
component at (f + lfs) contribute to the output at f? In a .PXF analysis, there-
fore, the output frequency is fixed, while the input frequencies are of the form
(f + lfs) [4].

6.1.6 Signal-Flow Graphs

Figure 6.16 The signal-flow graph of an LPTV system (i.e., the Zadeh expansion).

We often encounter signal-flow graphs in our analysis of LPTV systems. A case in
point is the flow graph corresponding to the Zadeh expansion of a periodically time-
varying system. As seen in Figure 6.16, the graph is comprised of pick-off points,
branches with a time-invariant gain (could be frequency dependent), branches with
time-varying gain, and summing junctions.
The adjoint signal-flow graph can be derived by element-wise replacement of the

individual branches as described below.

a. When a pick-off point with time-invariant weights is encountered, it is replaced
by a summing junction. Further, the directions of all arrows are reversed as shown
in Figure 6.17a.

b. In a similar vein, a summing junction with weighted inputs is replaced by a pick-
off point, again with the directions of all arrows reversed, as seen in Figure 6.17b.

c. A branch with a time-varying gain w(t) is replaced by a branch with direction
reversed, and a gain w(−t), as shown in Figure 6.17c.
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Figure 6.17 (a) A pick-off point with time-invariant weights w1, w2, w3 is replaced by a summing junc-
tion and (b) vice-versa. (c) A periodically time-varying gainw(t) is replaced by a periodically time-varying
gain w(−t), with the input and output interchanged.

The rules listed above can be derived systematically. However, we should be able to
do better by using our experience with controlled sources. Assume all quantities inN
are voltages. The pick-off point of Figure 6.17a reduces to x controlling three VCVS’s
with gains w1, w2, w3. In the adjoint, the VCVS’s will become CCCS’s with control-
ling and controlled ports interchanged. The gains of the CCCS’s, whose outputs are
shorted, will be w1, w2, w3. It is thus seen that interpreting all quantities in N̂ as cur-
rents, a pick-off point inN will be replaced by a summing junction in N̂. Other rules
are similarly derived. Let us now apply what we just learned to the signal-flow graph
corresponding to the Zadeh expansion of an LPTV system.
Figure 6.18a shows the Zadeh expansion of an LPTV networkN. The adjoint of this

signal-flow graph is shown in part (b) of the figure. This corresponds to the Zadeh
expansion of the adjoint network N̂. Notice that y(t) is now the input, while x(t)
is the output. Further, we see that multiplication by ej2�kfst in the original graph is
replaced with multiplication by e−j2�kfst in the adjoint graph. We will now confirm
the frequency-reversal theorem with respect to these two graphs. If we exciteN with
x(t) = ej2�(f+kfs)t, the strength of the component of y(t) at the frequency f is given by
H−k(j2�(f + kfs)).
To see the frequency-reversal theorem in action, we excite the adjoint graph with

y(t) = ej2�ft. This gets up-converted to (f + kfs) and is processed by the LTI filter
H−k. The output component of x(t) at frequency (f + kfs), therefore, isH−k(j2�(f +

kfs))e
j2�(f+kfs)t. This confirms what we knew already.
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Figure 6.18 (a) Zadeh expansion for an LPTV network and (b) its adjoint.

6.2 A Chopped Amplifier as an LPTV System

Many practical applications need to process low-frequency (and/or dc) inputs. The
first step in the signal processing chain is amplification. It turns out that transistors
used in these amplifiers not only add broadband noise, but also exhibit another kind
of noise that is very strong at low frequencies. This is called flicker noise. It has been
empirically found that flicker noise has a spectrumwhose density increases inversely
with frequency; consequently, it is also referred to as 1∕f noise. The strength of 1∕f
noise is tied to the manufacturing process, and it suffices to say that the exact mech-
anisms that govern flicker noise are not “well-understood.”
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Abrute-force way of reducing flicker noise is to use larger device sizes. For instance,
increasing the size of a device by 4× reduces 1∕f noise spectral density by a factor
of 2. Brute-force sizing is a common approach, especially when one is dealing with
wide signal bandwidths; in such applications low frequencies (where 1∕f noise is
dominant) form only a small fraction of the overall signal bandwidth. Flicker noise,
therefore, is aminor irritant that is easily addressed. There are, however,many impor-
tant applications where the signal is confined to low frequencies. In these cases,
flicker noise accounts for almost all the noise added by the transistors. Here, brute-
force sizing is not an option for several reasons. Reducing 1∕f noise by a factor of 10
will need 100× larger devices, which may be impractically large. Increasing device
sizes results in larger parasitic capacitances, which in turn degrade amplifier band-
width. Finally, there can be wide variations (more than 5×) in the strength of flicker
noise even with the same manufacturing process. If one sizes devices for the worst
case (whichmay occur in only a small fraction ofmanufactured ICs), most ICs are ter-
ribly oversized, which is wasteful. Circuit designers are, therefore, forced to innovate
and come up with circuit solutions that address flicker noise. All these techniques
exploit the fact that 1∕f noise is “slowly varying.” One such approach is chopping
[5], which is the preferred technique for 1∕f noise mitigation in continuous-time
systems.

Figure 6.19 Principle behind chopping, and representative spectra at various points in the signal chain.

The basic idea behind chopping is the following. We know that flicker noise
becomes very small at high frequencies. Consequently, what if we “move” the spec-
trumof the signal to a frequencywhere the noise is white, amplify the “moved” signal,
and “move” the amplified spectrum back to dc? This way, the input signal’s spectrum
does not overlap with that of flicker noise, making the latter inconsequential.
“Moving” the spectrum is nothing butmodulation; the system that incorporates the

idea above is shown in Figure 6.19, which shows the signal chain and representative
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spectra at various points in the chain. The baseband input x(t) needs to be processed
by the amplifier, whose gain is A. The amplifier’s input referred noise is modeled by
vn, which consists of white and 1∕f components. Directly exciting the amplifier with
x(t)would produce an output with a large flicker noise component. Chopping avoids
this by first modulating x(t)with a sinusoid at the chopping frequency fc. The ampli-
fier processes the modulated signal, resulting in an output where the desired ampli-
fied input is centered around fc. The amplifier output is then demodulated by the
chopping tone, causing the desired signal to appear around dc. This operation causes
vn to get modulated to around fc. The low-pass filter eliminates the modulated flicker
noise, resulting in an amplified output Ax(t) that is free from 1∕f noise. Intuitively,
we see that the low frequency components of vn should be eliminated at y, since vn
goes through only one modulator. Clearly, the chopped amplifier is an LPTV system
varying at fc with two “inputs,” namely x(t) and vn. We would be interested in deter-
mining how these signals influence the output. Since we are dealing with multiple
inputs and the potential for frequency translated versions of the signals to appear at
the output, it seems appropriate that we benefit from the simplicity to be had by using
the adjoint network.

Figure 6.20 The adjoint signal-flow graph of a chopped amplifier.

Figure 6.20 shows the adjoint signal-flow graph of the chopped amplifier of
Figure 6.19. The chopping tones remain unchanged, since the cosine is an even func-
tion of its argument. The adjoint should help us answer the question –what are all the
inputs that can result in an output at a frequency f? In the adjoint, an input ej2�ftis
applied at the ŷ(t) “port.” Assuming f is within the filter’s bandwidth, it goes through
to b , gets modulated by the chopping tone and is then amplified. The output of
the amplifier is again modulated by the chopping tone to yield the adjoint network’s
“output” x̂(t). The harmonic transfer functions fromx and vn to y in themainnetwork
are related to the transfer functions from ŷ to x̂ and v̂n in the adjoint. It is straightfor-
ward to see that

Ĥv−1(j2�f) = Ĥv1(j2�f) =
A

2

Ĥx0(j2�f) =
A

2

Ĥx−2(j2�f) = Ĥx2(j2�f) =
A

4
.
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All other harmonic transfer functions are zero. From the frequency-reversal theorem,
it therefore follows that

Hv1(j2�(f − fc)) =Hv−1(j2�(f + fc)) =
A

2

Ĥx0(j2�f) =
A

2

Hx2(j2�(f − 2fc)) =Hx−2(j2�(f + 2fc)) =
A

4
.

All other harmonic transfer functions are zero. As expected, we see that Hv0 = 0,
which means that the low-frequency components of vn (i.e., the amplifier’s flicker
noise) do not appear at the output y. We also see that the gain from x to y is A∕2;
this is not entirely unexpected, since modulation by a cosine (whose maximum value
is 1) should result in a gain loss. Interestingly,Hx−2(j2�(f + 2fc)) = A∕4, indicating
that components in x(t) around the frequency 2fc are down-converted and appear
at y with half the gain as that experienced by a low-frequency input! If we know a
priori that x(t) is “clean” around 2fc, this might not pose a serious problem. There
are, however, important applications2 where this is not true. In such cases, the down-
conversion of out-of-band inputs into the signal band is worrisome, and has to be
addressed.
The simplistic view of chopping given in Figure 6.19 is a useful aid to understand-

ing. Practical chopped amplifiers deviate significantly from the model of Figure 6.19.
These deviations and their ramifications are listed below.

Figure 6.21 A practical chopped-amplifier signal chain.

a. Square-wave Modulation: In practice, (de)modulating the input with sinusoidal
signals is problematic. Square-wavemixing is the norm, and is particularly easy to
implement in fully differential CMOS circuits using switches. Figure 6.21 shows
the resulting signal chain with square-wave chopping. Consequently, the input is
translated to around all odd multiples of fc, processed by the amplifier, and then
demodulated. Interestingly, if the amplifier’s bandwidth is infinite, it is easy to see

2A continuous-time ∆Σ modulator employing a chopped input integrator is a case in point.
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that x(t) is gained up by a factor A, and multiplied by the square of the chopping
waveform (which is 1). Unlike with a sinusoidal chopping tone, there is no down-
conversion of out-of-band components into the signal band. The amplifier’s offset
and flicker noise vn, which is multiplied by a square wave and subsequently fil-
tered, results in zero offset and flicker noise at y, as in the case with sinusoidal
chopping.

b. Finite Amplifier Bandwidth: A practical amplifier will have finite bandwidth.
While this does not affect the elimination of the dc offset and flicker noise vn at y,
it results in several non-idealities that we will analyze using the adjoint net-
work. In the discussion to follow, the amplifier is modeled as a single-pole system
according to

A(s) =
Ao

1 + s�
, (6.18)

so that its 3 dB bandwidth is 1∕(2��)Hz.
c. Chopping Embedded in a Feedback Loop: The amplifier in Figure 6.19 operates

in an open-loop fashion. Many practical applications embed the amplifier in a
feedback loop. As a result, the signal chain does not lend itself to be modeled in
the simple manner of Figure 6.19.

In the discussion that follows, we consider only (a) and (b) above. The combi-
nation of a square-wave chopping tone and finite amplifier bandwidth makes the
analysis of the signal-chain of Figure 6.21 considerably more involved than that of
Figure 6.19. Adjoint-network techniques make our life easy, as described below.
Figure 6.22a shows the adjoint signal-flow graph. The direction of signal flow is
reversed, and the summing node at the amplifier input is replaced with a pick-off
point. The chopping waveform is time-reversed.
As before, we would like to answer the question: what are all the inputs that would

result in a low-frequency output at y in Figure 6.21? We are, therefore, interested in
determiningH−l(j2�lfc). To obtain these transfer functions, ŷ(t) in the adjoint signal-
flow graph is excited with dc, as shown in Figure 6.22a. The input to the amplifier
is a square wave with period Tc. In steady state, the amplifier output (at a ) is an
exponential wave,with amplitudeA. From the theory of adjoint networks, the Fourier
coefficients of this periodic wave must be the harmonic transfer functions from vn
to the output of the original system, evaluated at j2�lfc. Since the dc value of the
waveform at a is zero, it follows that dc offset does not appear at the output of the
chopped amplifier of Figure 6.21, even when finite bandwidth effects are considered.
Moving on, the waveform at x̂(t) is as shown in Figure 6.22b. The Fourier expansion
of this waveform not only yields theHl we are after, but also places in evidence other
interesting aspects.

a. The waveform at x̂(t) has a period Tc∕2. Thus, expanding it in a Fourier series
with a fundamental frequency of fc = 1∕Tc will result in all odd coefficients
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Figure 6.22 (a) The adjoint signal-flow graph and (b) representative waveforms.

being zero. This means that in the signal chain of Figure 6.21, only input compo-
nents from multiples of twice the chopping frequency will appear in the output
at dc. Thus, though the system is LPTV with frequency fc,H−l(j2�lfc) = 0 for all
odd l.

b. The dc component of x̂(t), which is the dc gain of the chopped amplifier, is given
by A(1 − (4�∕Tc)).

c. Observing x̂(t) in Figure 6.22b, we see that it can be written as

x̂(t) = A −
∑

k

q (t − k
Tc
2
), (6.19)

where q(t) = 2A exp(−t∕�). The Fourier coefficients, obtained by sampling the
Fourier transform of q(t), are given by

H−2l = −
�

Tc

4A

1 − j4�lfc�
, l = 1, 2,⋯ (6.20)

Results from periodic transfer function (PXF) simulations of the chopped sig-
nal chain of Figure 6.21, for A = 1 and �∕Tc = 0.05, confirm the analysis above.
Figure 6.23 shows themagnitudes ofH−l(j2�lfc) for l = 0,⋯ , 7. The calculatedmag-
nitudes, from (6.20), fall right on the simulated values. As expected, the conversion
gains from odd multiples of the chopping frequency to the output are zero. From
(6.20),we see that the aliasing gains fromevenmultiples offc are proportional to �∕Tc.
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Figure 6.23 Simulated and calculated magnitudes of H−l(j2�lfc) for l = 0,⋯ , 7 for the system of
Figure 6.21 for A = 1 and �∕Tc = 0.05.

6.3 Time Domain Implications of Reciprocity and
Inter-Reciprocity

So far, we have seen the transfer function and frequency reversal theorems pertaining
to reciprocal and inter-reciprocal networks. Surely, there must be some time-domain
relationships that must be equivalent to the frequency-domain truths we arrived at
previously. This section is dedicated to examining time-domain aspects. Recall that
the impulse response of a general LTV system is denoted by ℎ(t, �). The system is
excited at (t − �), while the output is observed at t. If the system, in addition to being
time-varying, is also periodically so, the impulse response satisfies

ℎ(t, �) = ℎ(t + Ts, �) =
∑

k

ℎk(�)e
j2�kfst. (6.21)

Figure 6.24 Time-domain restatement of the Zadeh expansion.
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The response y(t) of an LPTV system to an input x(t) is thus given by the convolu-
tion integral

y(t) =∫

∞

0

ℎ(t, �)x(t − �) d� =∫

∞

0

∑

k

ℎk(�)e
j2�kfstx(t − �) d�. (6.22)

Since the integral is with respect to �, the ej2�kfst can be brought out of the integral.
Further, the order of the summation and integration can be interchanged. We then
have

y(t) =
∑

k

[∫

∞

0

ℎk(�)x(t − �) d�]

⏟⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⏟
x(t)∗ℎk(t)

ej2�kfst. (6.23)

This can be interpreted as follows. The output y(t) of the LPTV system is comprised of
contributions frommany paths. The output of each path is derived by exciting an LTI
system whose impulse response is ℎk(t) with the input x(t), and modulating the out-
put of the LTI system by ej2�kfst, as shown in Figure 6.24. The reader will immediately
recognize that this is simply the time-domain restatement of the Zadeh expansion,
with ℎk(t) andHk(j2�f) forming a Fourier-transform pair.

Figure 6.25 Response of an LPTV system measured at t2, when excited with an impulse at t1.

Let us now excite the LPTV system with an impulse at t1 and observe its output at
t2, where t2 > t1. Referring to Figure 6.25, x(t) = �(t − t1) and the output of the LTI
system in the kth path is ℎk(t − t1). The system output at t = t2, namely y(t2), is thus
given by

y(t2) =
∑

k

ℎk(t2 − t1)e
j2�kfst2 . (6.24)
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Figure 6.26 Response of the kth arm of the LPTV systemmeasured at t2, when excited with an impulse
at t1.

Consider the kth path in Figure 6.25, as shown in Figure 6.26a. Denoting the output
of this path by yk(t), we see that

yk(t2) = ℎk (t2
⏟⏟⏟
time of

observation

− t1)
⏟⏟⏟
time of

excitation

ej2�kfst2
⏟⎴⏟⎴⏟
output

scale factor

(6.25)

The right-hand side of the equation above can be interpreted in the followingmanner.

yk(t2) = ℎk( (−t1)
⏟⏟⏟
time of

observation

− (−t2)
⏟⏟⏟
time of
excitation

) e−j2�kfs(−t2)
⏟⎴⎴⏟⎴⎴⏟

input
scale factor

= ŷk(−t1). (6.26)

Suppose there is an LTI systemwith impulse responseℎk(t), whose input ismultiplied
by e−j2�kfst, as shown in Figure 6.26b. If the input to this system is an impulse applied
at t = −t2, its output at−t1, denoted by ŷk(−t1) is given byℎk((−t1) − (−t2))e

−j2�fs(−t2),
which is identical to yk(t2) = ℎk(t2 − t1)e

j2�fst2 . We thus see that exciting the kth path
with an impulse at t1, and measuring its output yk(t) at t2 yields the same response
as that obtained by exciting the system of Figure 6.26b with an impulse at (−t2) and
measuring its response ŷk(t) at −t1. It thus follows that the same relationship must
hold for the outputs of the LPTV system of Figure 6.27a,b.
The system of Figure 6.27b can be immediately recognized as being the adjoint of

that of Figure 6.27a. We thus have the following [1, 6]:

The response y(t2) at port 2 of an LPTV networkN excited at port 1 by an
impulse at t1 is the same as

the response ŷ(−t1) at port 1 of the adjoint network N̂ excited at port 2 with an
impulse at −t2.
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Figure 6.27 (a) Response of an LPTV system measured at t2, when excited with an impulse at t1 is
identical to (b) the response of the adjoint excited at −t2 and measured at −t1.

Figure 6.28 The voltage across port 2 ofN at time t2 when port 1 is excited by a current impulse at t1
is the same as the voltage developed across port 1 of the adjoint network at time −t1 when its port 2 is
excited by a current impulse at −t2.

An example excitation-response pair is shown in Figure 6.28. We have already
learned how to form the adjoint network—all time-varying conductances are time-
reversed, and controlled sources are replaced appropriately as discussed in the
previous section. Some readers might be alarmed (looking at negative times in our
discussion) that causality might be violated in the adjoint network. This is definitely
not so: since t2 > t1, it follows that−t1 > −t2. We can therefore rest in peace, knowing
that the response of N̂ occurs only after it is excited.
Another straightforward observation, which is a consequence of the periodically

time-varying nature of N, is the following. The response y(mTs + t2) at port 2 of
an LPTV network N excited at port 1 by an impulse at mTs + t1 is the same as the
response ŷ(−t1) at port 1 of the adjoint network N̂ excited at port 2 with an impulse
at −t2.
We illustrate with an example. Consider again our friend, the periodically-switched

RC network, excited with a voltage impulse at t = t1, as shown in Figure 6.29a. The
switch control sequence has a period Ts and a duty cycle of 50%. The output voltage
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Figure 6.29 The voltage across port 2 ofN at time t2 when port 1 is excited by a voltage impulse at t1
is the same as the current through port 1 of the adjoint network at time −t1, when its port 2 is excited by
a current impulse at −t2.

vc(t1) is 1∕RC, and initially decays exponentially with a time-constant RC. It is easy
to see that

vc(0.5 Ts) = vc(Ts) =
1

RC
e
−

(0.5 Ts−t1)

RC , vc(t2) =
1

RC
e
−

(0.5 Ts−t1)

RC e
−

(t2−Ts )

RC . (6.27)

The response at t2 due to a voltage impulse excitation at t1, therefore, is given by
1

RC
e−(0.5 Ts−t1)∕RCe−(t2−Ts)∕RC .

The adjoint network is shown in Figure 6.29b. The switch-control signal is time
reversed, and a current impulse is applied across the capacitor at t = −t2. The current
î1(t) through the 0 V input source is the output under observation. î1(−t2) = 1∕RC,
and initially decays exponentially with a time-constant RC. At t = −Ts, when the
switch is opened, the current drops to zero. Again, it is straightforward to see that

î1(−Ts) = î1(−0.5 Ts) =
1

RC
e
−

(t2−Ts )

RC , î1(−t1) =
1

RC
e
−

(t2−Ts )

RC e
−

(0.5 Ts−t1)

RC . (6.28)

As expected from the theory, î1(−t1)∕1 A = vc(t2)∕1 V.
The question that arises is the following. Why is the result discussed in this section

useful, or worth knowing? It turns out to be of immense value when dealing with the
properties of sampled LPTV systems, which we consider next.

6.4 LPTV Systems with Sampled Outputs

Many practically-important LPTV systems have outputs that are sampled at the
same rate as that at which the system is varying. Some examples are shown in
Figure 6.30. Part (a) of the figure shows a switched-RC circuit. The switch is controlled
by a clock with period Ts and duty cycle d. Depending on the ratio of RC to Ts and the
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Figure 6.30 (a) A switched-RC network. The output of interest is vo sampled at the falling edges of s(t).
(b) A switched-capacitor integrator. The output of interest is vo sampled at the falling edges of p1.

duty cycle d, the network can be used as a track-and-hold or a narrow-band filter.
It also forms the basic building block of an N-path filter. It turns out that vc(lTs),
which is the capacitor voltage sampled at integer multiples of Ts, plays a crucial role
in the operation of this circuit.
Figure 6.30b shows a switched-capacitor integrator, where the switches are oper-

ated periodically as per the non-overlapping clocks p1 and p2. The output of interest
is vo sampled at the falling edges of p2. To summarize, many practically important
LPTV circuits have a continuous-time input and a sampled output. Furthermore, the
sampling rate of the output is the same as that at which the circuit is varying.
Consider an LPTV system varying with period Ts, as shown in Figure 6.31a. It is

excited by a complex exponential x(t) = ej2�ft. The output y(t) is sampled at the
rate fs = 1∕Ts as shown in the figure to yield a discrete-time sequence y[n] = y(nTs).
Mathematically, sampling implies that y(t) is multiplied by an impulse train to yield a
sequence of continuous-time impulses. The c/d converter conceptually converts this
sequence of continuous-time impulses into a discrete-time sequence. In system dia-
grams, it is common to denote the entire contraption in the gray ellipse by a sampling
switch as shown in Figure 6.31b.
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Figure 6.31 (a) An LPTV system (varying at a rate fs) whose output is sampled at fs. (b) Equivalent
representation of the sampler and continuous-to-discrete time converter. (c) AnLTI systemwhose output
sampled at fs yields the same sequence as the system of (a).

Since the system is LPTV, we have

y(t) =
∞∑

l=−∞

Hl(j2�f)e
j2�(f+lfs)t. (6.29)

The samples of y(t) are given by

y(nTs) =
∞∑

l=−∞

Hl(j2�f)e
j2�(f+lfs)nTs

= ej2�fnTs
∞∑

l=−∞

Hl(j2�f).

(6.30)

Consider now the system of Figure 6.31c. It is a linear time-invariant system, cho-
sen so that its frequency response Heq(j2�f) is chosen to be

∑
l
Hl(j2�f), where the
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Hl(j2�f) are the harmonic transfer functions of the LPTV system of Figure 6.31a.
If this LTI system is excited by ej2�ft, its output is

yeq(t) = ej2�ft
∞∑

l=−∞

Hl(j2�f). (6.31)

When sampled at a rate fs = 1∕Ts, we obtain

yeq(nTs) = ej2�nfTs
∞∑

l=−∞

Hl(j2�f). (6.32)

From Eqs.(6.30) and (6.32), we see that as far as output samples are concerned, an
LPTV system whose output is sampled at fs is equivalent to an LTI system whose
output sampled at fs. The equivalent LTI filter has a frequency response [6]

Heq(j2�f) =
∞∑

l=−∞

Hl(j2�f). (6.33)

Since an arbitrary input x(t) can be represented as a sum of sinusoids, it follows that
the output samples of an LPTV system (when the sampling rate is the same as that at
which the system is varying) can be thought of as being obtained by exciting an LTI
filter by x(t) and sampling its output at a rate fs, as shown in Figure 6.31c.
The result derived abovemakes intuitive sense due to the following.When an LPTV

system is excited by a tone at f, the output comprises tones at frequencies f + lfs,
where l is an integer.When sampled atfs, frequency components higher than or equal
to fs are aliased to f. Thus, if one is only interested in the samples of the system’s
output, they could as well be produced by a properly chosen LTI filter acting on an
input tone at a frequency f. Note that the equivalence holds only for samples, and not
for the waveforms. Referring to Figure 6.31b,c, we note that y(nTs) = yeq(nTs), but
y(t) need not equal yeq(t).
Howdowe determine the transfer function of the equivalent LTI systemHeq(j2�f),

given an LPTV system? One way of doing this is to determine theHl(j2�f) of the sys-
tem, and then use Eq. (6.33). This, however, is inefficient, since we first need to work
hard to determine the individualHl(j2�f) for all l, and then throwmuch of that infor-
mation away as we are only interested in the sum of the harmonic transfer functions.
Fortunately, however, it is easier to proceed in the time domain, as discussed below.
The principle is illustrated using Figure 6.32a. Without loss of generality, we con-

sider the LPTV networkN with a current input and voltage output, namely vo. The
network varies periodically with a frequency fs, and vo is sampled at the same rate.
As discussed earlier, vo(nTs) can be obtained by exciting an LTI system with the
same input asN, and sampling its output at t = nTs. We would like to determine the
impulse response ℎeq(t) of the equivalent LTI system. In our example, we note that
ℎeq(t) relates an input current to an output voltage.
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Figure 6.32 (a) An LPTV network excited with an impulse at −to and output sampled at t = 0. The
same output voltage sample is obtained by exciting an equivalent LTI system with an impulse current at
t = −to. (b) Obtaining veq(t) in one shot using the adjoint network.

We observe the following:

a. We excite N, as well as the equivalent LTI system with a current impulse
at t = −to.

b. The output of the LTI system is given by

veq(t) = �(t + to) × ℎeq(t) = ℎeq(t + to)1A ⋅ s (6.34)

We see that veq(t) has the same shape as ℎeq(t + to) except for the units.
ℎeq(t + to), therefore, can be obtained by dividing veq(t) by 1A ⋅ s.

c. From (b) above, using t = 0 we have

veq(0) = ℎeq(to)1A ⋅ s. (6.35)

By sampling the output of the LPTV system at t = 0, we obtain vo(0), which by
our theory is identical to veq(0). ℎeq(to) is obtained from

ℎeq(to) = vo(0)∕1A ⋅ s. (6.36)

We note that the units of ℎeq(t) are Ω∕s, which (as expected) means that
Heq(j2�f) has units of Ω.
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The observations above suggest the following approach to determine ℎeq(t), as illus-
trated in Figure 6.32a.

1. ExciteN with a current impulse at t = 0, and measure the output voltage vo(t) of
N at t = 0. Calculate ℎeq(0) = vo(0)∕(1A ⋅ s).

2. Excite N with a current impulse at t = −∆t, where ∆t ≪ Ts, and measure the
output voltage vo(t) ofN at t = 0. Calculate ℎeq(∆t) = vo(0)∕(1A ⋅ s).

3. Excite N with a current impulse at t = −2∆t, where ∆t ≪ Ts, and measure the
output voltage vo(t) ofN at t = 0. Calculate ℎeq(2∆t) = vo(0)∕(1A ⋅ s).

4. ⋯

Determining the impulse response of the equivalent LTI filter by applying succes-
sively advanced impulses, as shown in Figure 6.32a, is useful but tedious. Fortunately,
veq(t) can be found in one shot by exploiting the time-domain properties of the adjoint
network as discussed below.
The basic idea is shown in Figure 6.32b. The adjoint network N̂ is derived fromN

using the element-replacement rules discussed earlier. Recall from Section 6.3 that
the response of N at t = t2 when excited by an impulse at t = t1 is identical to the
response that would be obtained at the input port of N̂ at t = −t1 when its output
port is excited by an impulse at time t = −t2. Applying this toN of Figure 6.32a, we
observe the following.

a. The output ofN at t = 0while applying a current impulse at t = 0 is veq(0). There-
fore, exciting the output port of N̂ at t = 0 should result in a voltage veq(0) at the
input port, from which we obtain ℎeq(0).

b. The output ofN at t = 0 while applying a current impulse at t = −∆t is veq(∆t).
Therefore, exciting the output port of N̂ at t = 0 should result in a voltage veq(∆t)
at the input port, from which we obtain ℎeq(∆t).

c. The output ofN at t = 0while applying a current impulse at t = −2∆t is veq(2∆t).
Therefore, exciting the output port of N̂ at t = 0 should result in a voltage veq(2∆t)
at the input port, from which we obtain ℎeq(2∆t).

d. In general, applying a current impulse at the “output port” of the adjoint network
at t = 0 yields veq(t) at its input port as shown in Figure 6.32b. Consequently,
ℎeq(t) is simply the voltage waveform developed at the input port of N̂, divided
by 1 A ⋅ s.

Thanks to the adjoint network, therefore, we are able to obtain the impulse response
of the equivalent time-invariant filter in one shot. We illustrate with several practical
examples.

6.4.1 The Switched-RC Kernel
The switched-RC circuit of Figure 6.33a is an LPTV network varying at a frequency fs.
The switch is controlled by a clock with period Ts and duty cycle d. The focus of this
example is to relate vo(lTs) to vi(t). From the discussion above, vo(lTs) can be thought
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Figure 6.33 (a) The switched-RC kernel. The output of interest is the sampled capacitor voltage at
multiples of kTs. (b) The adjoint network: the current in the input port î(t) is needed to determine the
impulse response of the equivalent time-invariant filter. (c) ℎeq(t) = î(t)∕1 coulomb.

of as being the sampled output of a linear time-invariant filter driven by vi(t). The
impulse response of this filter is denoted by ℎeq(t).
To determine ℎeq(t), we first draw the adjoint network. The result is shown in

Figure 6.33b. Note that the switch-control signal in the original network is reversed
in time. The determination of ℎeq(t) proceeds as follows [7, 8]. The excitation and
response in the original network are both voltages. Consequently, those in the adjoint
network must be currents. The “output” port of the adjoint is excited by an impulse
current at t = 0, and the current waveform through the input port is recorded. This
waveform, divided by 1 A⋅s, yields ℎeq(t).
Referring to Figure 6.33b, the current impulse causes the capacitor voltage to

instantly increase to3 v̂o(0+) = 1∕C. In the discussion that follows,wedenote �∕Ts ≡ d

and exp(−�∕RC) ≡ �. For 0 < t < �, the capacitor discharges through the resistor
with a time-constant RC. î(t) during this interval, therefore, is (1∕RC) exp(−t∕RC).
Just before t = �, the capacitor voltage is v̂o(�−) = (1∕C) exp(−�∕RC) ≡ �v̂o(0+). For
� ≤ t < Ts, the switch is open, and î = 0. The voltage across the capacitor does not
change during this period.
We denote î(t) for 0 ≤ t < Ts by p(t). At t = Ts+, the switch is closed, and the capaci-

tor begins to discharge again, but now froma value �v̂o(0+). Note that î is the response
to a voltage v̂o(0+) on the capacitor at t = 0+. Therefore, the response to a capacitor
3t− and t+ denote the time instants just before and just after t respectively. The 1∕C actually
has dimensions of voltage, since the 1 stands for 1 coulomb.
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voltage �v̂o(0+) at t = Ts+must be �î(t − Ts). This is a consequence of linearity and
the periodically time-varying nature of the network. We thus write

î(t) = p(t) + �î(t − Ts). (6.37)

In the frequency domain,

Î(j2�f) =
P(j2�f)

1 − �e−j2�fTs
. (6.38)

Observing Figure 6.33b shows that p(t) can be expressed as the difference between
two decaying exponentials as follows, where ℎ(t) ≡ e−t∕RCu(t) and u(t) denotes the
unit-step function.

p(t) =
1

RC
(ℎ(t) − �ℎ(t − �)). (6.39)

Thus,

P(j2�f) =
1

1 + j2�fRC
(1 − �e−j2�f�). (6.40)

Using Eqs. (6.38) and (6.40), we have

Heq(j2�f) =
1

(1 + j2�fRC)

1 − �e−j2�f�

1 − �e−j2�fTs
. (6.41)

When RC ≪ Ts, � = exp(−DTs∕RC) ≈ 0, and the switched-RC network is said to be
operating in the samplermode. In thismode,Heq(j2�f) approaches 1∕(1 + j2�fRC).
Since RC ≪ Ts, the voltage stored on the capacitor during the hold phase (i.e., when
the switch is off) is the input sampled after filtering by a very wide-bandwidth filter.

Figure 6.34 |Heq(j2�f)| in the mixer mode, for RC = 3Ts, D = 0.25.

When RC ≫ Ts, the switched-RC network operates in what is called the mixer
mode. In this mode, themagnitude response of the equivalent filter relating the input
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to the sampled output exhibits peaks around multiples of fs as shown in Figure 6.34.
Thismakes intuitive sense due to the following.When the input is a sinusoid at fs, the
waveform in the timewindowwhen the switch is closed remains the same in all clock
cycles. Consequently, the capacitor “sees” the same portion of the sinewave during
every clock cycle and a dc voltage is developed across the capacitor. As the input fre-
quency deviates fromfs, thewaveformduring the switch’s “on-window” keeps chang-
ing, reducing the peak voltage on the capacitor.

6.4.2 Integrator with Sampled Feedback

Figure 6.35 (a) Integrator with sampled feedback. (b) The adjoint signal flow graph. (c) Waveforms in
the adjoint.

Figure 6.35a shows an LPTV system which consists of an integrator enclosed in
a sampled feedback loop.4 The output of the integrator is multiplied by an impulse
train (with period 1 s), which excites an LTI system with a rectangular impulse

4For those readers familiar with continuous-time delta-sigma data converters, this is the
signal processing equivalent of a first-order CT∆ΣMwhere the quantization noise is set to
zero.
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response p(t). The output of the filter, namely v(t) is subtracted from the input of
the integrator. v(t) is sampled at 1 Hz to yield the sequence v[n]. We would like to
determine the impulse response of the equivalent linear time-invariant systemwhose
sampled output is identical to v[n] for the same excitation u(t).
As discussed earlier in this section, ℎeq(t) of the equivalent LTI system can be

obtained using the adjoint signal-flow graph. To form the adjoint, the summing node
is replaced by a pick-off point and vice versa. The input and outputs of the other blocks
are interchanged, resulting in the signal-flow graph shown in Figure 6.35b. To deter-
mine ℎeq(t), an impulse is injected into the “output” port of the adjoint. Thewaveform
û(t) so developed is the impulse response of the equivalent filter.
Figure 6.35c shows the signals at various points in the adjoint. x̂(t) jumps to 1 at

t = 0+ and stays that way up to 0.5 s. At t = 0.5, ŷ(t) is an impulse—consequently,
the output of the integrator, namely û(t) steps to 1. Since û(t) is fed back and inverted
at the input of the filter, x̂(t) begins to ramp down at a rate 1 unit per second from
its value at t = 0.5. x̂(t) is the sum of p(t) and the inverted ramp. At t = 1.5, when
x̂(t) = −1, ŷ(t) is a negative impulse which causes û(t) to zero. As a result, x̂(t) ramps
up to zero at t = 2.5 and remains at that value. From the discussion above, we see that
ℎeq(t) is the unit-rectangular pulse centered at t = 1. The frequency response of the
equivalent LTI filter is therefore

Heq(j2�f) = sinc(f)e−j2�f.

The dc gain is seen to be unity. Interestingly, as seen in Figure 6.36, the magnitude
response of the equivalent filter has nulls at multiples of the sampling rate, namely
1 Hz. This makes sense due to the following.

Figure 6.36 Magnitude response of the equivalent LTI filter relating u(t) to y[n] in Figure 6.35.

To determine Heq(0), we excite the system of Figure 6.35a with a constant input as
shown in Figure 6.37a. We proceed as follows.
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Figure 6.37 Insight to determineHeq(j2�f) of the system of Figure 6.35a at (a) dc and (b) at fs = 1Hz.

• 1 Assuming the system is stable, it must follow that the dc value of the integra-
tor’s input must be zero. If this was not true, the output of the integrator would
go to infinity, contradicting our assumption of stability.

• 2 Consequently, the dc value of v(t)must be unity. This means that Heq(0) = 1.

Let us now intuitively understand whyHeq(j2�fs) =Heq(j2�) has to be zero. How
would we determine Heq(j2�)? We should excite the system with a sine wave at the
sampling frequency fs = 1 Hz. After being processed by Heq(j2�f), the output will
be a sine wave scaled byHeq(j2�). When sampled at fs, this sine wave will result in a
dc sequence, from which we determine Heq(j2�). The application of this idea to our
system is shown in Figure 6.37b. We proceed in a step-wise fashion as follows.

• 1 Assuming the system is stable, it must follow that the dc value of the integra-
tor’s input must be zero, as before.

• 2 The dc value of the input is zero. Consequently, the dc value of v(t) must be
zero. This means that Heq(j2�) should be zero.

6.4.3 Offset Sampling
So far we assumed that the output of the LPTV system is sampled at time instants
nTs, and used the adjoint network to determine ℎeq(t). In many cases, the sampling
instants are offset, in the sense that the LPTV system’s output is sampled at (nTs + tx)

as shown in Figure 6.38a. tx is called the timing offset. How do we find the impulse
response of the equivalent LTI system, namely ℎeq(t), in this case?
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Figure 6.38 (a) LPTV system with offset sampling, and the equivalent model. (b) Determining ℎeq(t)
using the adjoint network.

The equivalent model of the system is shown in Figure 6.38a. As in the case where
tx = 0, we use the adjoint network. Reasoning in the same manner as we did earlier,
which we leave to the reader as an exercise, it turns out that ℎeq(t) can be obtained
as follows. The output port of the adjoint N̂ is excited by an impulse at t = −tx as
shown in Figure 6.38b. The waveform that results at the input port can be shown to
be proportional to ℎeq(t). In the case of a current input and voltage output, the voltage
developed at the input port of the adjoint, denoted by v̂1(t) in Figure 6.38 is given by
ℎeq(t + tx) 1A ⋅ s.

Simulation Corner: DeterminingHeq(j2�f)

Suppose that we had an RF simulator capable of running a periodic AC analysis
(.PAC). How do we determine Heq(j2�f) using such a simulator? Recall that
the.PAC analysis, in general, is run on the small-signal LPTV network obtained
by linearizing a nonlinear circuit about a periodically-varying operating point. As
such, the designer has no access to this small-signal network. Creating the adjoint,
and exciting it with an impulse to obtain ℎeq(t) (from which Heq(j2�f) can be
determined) is thus not feasible. Some simulators do have the option to obtain
Heq(j2�f) at any timing offset using what is called the sampled .PAC analysis,
but what about a simulator without this feature?



6.5 LPTV Systems Driven by a Class of Modulated Signals 299

Figure 6.39 DeterminingHeq(j2�f) in an RF simulator without a sampled.PAC option.

One way of accomplishing this is given in Figure 6.39. The output of the LPTV
system under consideration is given by y(t), and suppose that we are interested
in determining the relationship from the input to the samples y(nTs). Since the
simulator is capable of determining the harmonic transfer functions of the system,
Hl(j2�f) are known. We have

y(t) =
∑

l

Hl(j2�f)e
j2�(f+ lfs)t.

What we need is to determine the sum of the Hl. To do this, we multiply y(t)
with an impulse train to result in yc(t) as shown in Figure 6.39. (In practice, the
impulse train can be approximated by a rectangular wave with a sufficiently small
duty cycle). yc(t) is treated as the output of a newLPTV system.Multiplicationwith
the impulse train will cause tones of the form (f + lfs) to alias to f. Consequently,

yc(t) = {
∑

k

Hk(j2�f)}
∑

l

ej2�(f+ lfs)t.

All the harmonic transfer functions of this new system are seen to be the sum of
the HTFs of the original system, which is what we wanted to determine.
To summarize, Heq(j2�f) is the zeroth-order harmonic transfer function of the

composite system of Figure 6.39. ℎeq(t) can be obtained by computing the inverse
Fourier transform ofHeq(j2�f).

6.5 LPTV Systems Driven by a Class of Modulated Signals

In the previous section, we related the samples of an LPTV system’s output to its
(continuous-time) input. In this section, we consider a corollary property, where an
LPTV system is driven by a class of modulated signals, and we relate the (continuous-
time) output waveform to its input.
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Figure 6.40 (a) An LPTV system varying at frequency fs. (b) Equivalent representation—theHl(j2�f)

represent linear time-invariant filters. (c) Simplified system.

Consider an LPTV system driven by the modulated signal

x(t) =
∑

l

a(t)�(t − lTs) =
∑

l

a(lTs)�(t − lTs) (6.42)

as shown in Figure 6.40a. Notice that the Dirac impulse train is periodic with a fun-
damental frequency fs = 1∕Ts, which is the same as that at which the LPTV system is
varying. x(t) can be thought of as the result of modulating a continuous-time signal
a(t) by the impulse train.
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The LPTV system is replaced with the mixer-first form of its Zadeh expansion
derived in Chapter 5, resulting in the system of Figure 6.40b. Since x(t) consists of
Dirac impulses, it is nonzero only for t = lTs. Thus, x(t)ej2�kfst = x(t)ej2�kl = x(t). As
a result, the diagram of Figure 6.40b can be simplified to that shown in Figure 6.40c.
Since theHk represent time-invariant filters, their sum is also time-invariant. It is thus
seen that y(t) can be thought of as being the output of a linear time-invariant system
whose transfer function is

Heq(j2�f) =
∞∑

k=−∞

Hk(j2�(f − kfs)). (6.43)

Consider now a more general case, where x(t) is of the form
∑

l
a(lTs)p(t − lTs).

The model of this system is given in Figure 6.41a. Conceptually, x(t) can be thought
of as being obtained by filtering the impulsive sequence

∑
l
a(lTs)�(t − lTs) with a

linear time-invariant filter whose impulse response is p(t). The cascade of the pulse-
shaping filter and the LPTV system can be thought of as another LPTV system, whose
harmonic transfer functions are given by P(j2�f)Hl(j2�f), where P(j2�f) denotes
the Fourier transform of p(t) andHl(j2�f) are the harmonic transfer functions of the
LPTV system. y(t) can therefore be thought of as the output of a linear time-invariant
filter whose transfer function is

Heq(j2�f) =
∞∑

l=−∞

Hl(j2�(f − lfs))P(j2�(f − lfs)). (6.44)

The result above can thus be summarized as follows [9].

Figure 6.41 (a) An LPTV system varying at frequency fs. (b) Equivalent representation—theHl(j2�f)

represent linear time-invariant filters.
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The output y(t) of an LPTV system driven by an input of the form
∑

k
akp(t − kTs)

is indistinguishable from the output of an appropriately chosen linear time-
invariant filter driven by

∑
k
ak�(t − kTs). The frequency response of the filter is

given by Equation (6.44) above.

Rather than drive the equivalent LTI filter with
∑

k
ak�(t − kTs), one could drive a

filter with transfer functionHeq(j2�f)∕P(j2�f) with
∑

k
akp(t − kTs). It is straight-

forward to determine the impulse response of the equivalent LTI filter. As seen in
Figure 6.41, applying an impulse at the input results in y(t) = ℎeq(t).
While the results above are important in their own right, and add to our knowledge

of the behavior of LPTV systems, a question that arises is—is this potentially useful
in practice, and if so, where?

Figure 6.42 (a) A DAC, whose spectral images are attenuated using a time-invariant smoothing filter
and (b) the time-invariant filter can be replaced by an LPTV system, potentially simplifying the design
of the smoothing filter.

It is well-known that the output of a digital-to-analog converter (DAC) can be
expressed as

∑
k
akp(t − kTs), where ak is the discrete-time sequence that needs to be

converted into analog form. p(t) denotes the DAC pulse shape. Commonly used DAC
pulses are the non-return to zero (NRZ) and return-to-zero (RZ) shapes. From a spec-
tral viewpoint, the DAC output is seen to be the impulsive sequence

∑
ak�(t − kTs)

processed by a filter with transfer function P(j2�f). Unfortunately, the NRZ and
RZ pulses are discontinuous, and therefore, do not adequately attenuate the high-
frequency images of the DAC output spectrum. Thus, as shown in Figure 6.42a, a
smoothing filter needs to be used. This filter is time-invariant, and needs to have high
stop-band attenuation. Further, a common requirement is that the filter should have
sufficiently small group-delay distortion (i.e., linear phase). Due to this, high-order
Bessel filters are often employed, so as to obtain an adequate stop-band attenuation.
The result derived above enables the replacement of the time-invariant smoothing
filter with an LPTV system as shown in Figure 6.42b.
Why would the use of an LPTV system in place of an LTI smoothing filter be any

better? When compared to an LTI system, an LPTV system with the same number of
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states has increased degrees of freedom, in the sense that the coefficients of the dif-
ferential equations describing the system can be varied periodically in a user-defined
fashion. As will be shown in the next, this freedom can be exploited to improve filter-
ing characteristics.

6.5.1 Example: LPTV Smoothing Filter

Figure 6.43 (a) NRZ DAC driving an LPTV smoothing filter. (b) Key waveforms. (c) First-order LTI
filter with the same 3 dB bandwidth.

In this section, we illustrate the benefits to be had by using an LPTV smoothing filter
instead of an LTI one. Figure 6.43a shows an NRZ DAC driving an LPTV system.
The sampling rate is assumed to be 1 Hz—this does not lead to a loss of generality.
The LPTV “filter” consists of an integrator with sampled-and-held feedback through
a zero-order-hold (ZoH). As discussed, even though the network is periodically time-
varying, the output cannot be distinguished from that of an equivalent time-invariant
filter. y(t) can be written as

y(t) =
∑

k

akp̂(t − kTs). (6.45)
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To determine p̂(t), all that one needs to do is to set a[n] = �[n]. The resulting wave-
forms at 1 , 2 , and y(t) are shown in Figure 6.43b. It is seen that the effective DAC
pulse-shape at the output of the LPTV system is a triangular pulse. Since the DAC
pulse is rectangular, it follows that the LPTV filter effectively behaves like a filter
whose impulse response is also a unit rectangular pulse.

Figure 6.44 Comparison of the magnitude responses of the LPTV filter and a first-order LTI filter with
the same 3-dB bandwidth.

Figure 6.44 compares the magnitude response of a first-order linear time-invariant
filter with that of the LPTV smoothing filter (which provides a sinc response). The
LTI filter is chosen to have the same 3 dB bandwidth as the LPTV structure. The
magnitude responses of both filters are almost identical at low frequencies, with
the 3 dB bandwidth being 0.45 times the sampling frequency. It is apparent that the
LPTV smoothing filter provides a sharper response and nulls at multiples of the sam-
pling frequency. The attenuation of images is, therefore, higher. Furthermore, the
phase response of the LPTV filter is linear, and no group-delay distortion is incurred.
From an implementation viewpoint, the modification from a time-invariant to a
time-varying filter is simply the insertion of a sample-and-hold in the feedback path
(Figure 6.43a), as opposed to the continuous path that would be necessary in the
LTI filter.
It is evident that the LPTV structure performs better than the LTI filter both in terms

of the magnitude and phase responses. In the LPTV case, notches are obtained in the
frequency response at allmultiples of the sampling rate by using only one integrator.
Such behavior is simply impossible to realize using time-invariant structures.

6.6 Noise in LPTV Networks

LPTV networks are noisy, like their linear time-invariant cousins. Perhaps unsur-
prisingly, the analysis of noise in LPTV networks is more involved. We illus-
trate with an example. Consider the system of Figure 6.45a. The RC networks
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Figure 6.45 (a) Example LPTV network and measurement of the average noise-spectral density. (b)
Representative noise waveform at 1 and (c) at 2 .

produces stationary noise at point 1 , with a two-sided noise spectral density
given by

S1(f) =
2kTR

1 + (2�fRC)
2
.

Figure 6.45b shows a representative noise waveform v1(t). The mean-square value
v21(t), as seen earlier, is kT∕C. v1(t) is multiplied by a square wave with 50% duty cycle
to result in v2. The question we wish to answer is “what is the noise spectral density
of the waveform at point 2 ?” Before we go there, however, a few observations are in
order.
The waveform at 2 is clearly the output of an LPTV system, and is shown in

Figure 6.45c. Evidently, there is something “different” about v2(t) when compared to
v1(t). What is this difference? Suppose we had a million instances of the LPTV sys-
tem of Figure 6.45a. If we determined the variance at the output of this ensemble
at two instants t = t1 and t = t2, the variance at 1 would be the same at both time
instants. For the noise waveform at 2 , however, the variance is clearly varying (par-
don the pun). In fact, at t = t2, v2(t) = 0! Furthermore, it is evident that the variance
of v2(t) changes periodically with period Ts. Such random processes, whose statistical
properties vary periodically with time, are referred to as being cyclostationary [10].
In an LPTV network, where circuit properties change periodically with time, noise
produced is cyclostationary in general. The aim of this section is to give the reader a
basic understanding of noise in LPTV circuits adequate for circuit work.
In LTI circuits, we saw that the spectral density at a frequency f was determined as

follows.
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a. Process the noise waveform by a narrowband filter centered at f and bandwidth
∆f→ 0.

b. Determine the mean-square value of the filter’s output and divide it by ∆f to
obtain the noise spectral density at the frequency f.

The process described above can also be applied to cyclostationary noise. It turns out
that this yields what is termed the “average” noise spectral density at the frequency f.
Let us determine this quantity for the system of Figure 6.45a. We proceed as follows.

Figure 6.46 Illustrating the translation of noise from frequencies of the form (f + lfs) to f.

The bandpass filter is time-invariant—hence, the noise power at 3 at f is iden-
tical to that at f at 2 (in a bandwidth ∆f). The question therefore is: what is the
noise density at 2 around f? To answer this, we recognize that the output of an
LPTV network at a frequency f has contributions from all frequencies of the form
(f + lfs). The relative strengths of these contributions depend on two factors. The
first is the strength of the input spectral density at (f + lfs). Second is the magnitude
of the harmonic transfer function H−l(j2�(f + lfs)) which quantifies the gain from
an input at (f + lfs) to the output at f. In our example, calculation of the NSD at 2 ,
namely S2(f) proceeds as follows, and is illustrated in Figure 6.46.

a. The noise spectral density (which is the mean-square value of the noise at f nor-
malized to ∆f ) at 1 is S1(f). Intuitively, one can think of this as a sine-wave at
f whose mean-square value is given by S1(f)∆f.

b. The NSD at 2 at f due to noise at 1 at f is given by S1(f)|H0(j2�f)|
2.
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c. The NSD at 2 at f due to noise at 1 at (f + lfs) is given by S1(f +

lfs)|H−l(j2�(f + lfs))|
2. This is due to noise folding from frequencies of the form

(f + lfs).
d. The power of all the sinewaves add; consequently, theNSD at 2 at the frequency

f is given by

S2(f) =
∞∑

l=−∞

S1(f + lfs)|H−l(j2�(f + lfs))|
2. (6.46)

In general, therefore, the average NSD at the output of an LPTV system with har-
monic transfer functions denoted by Hl(j2�f) driven by a stationary noise source
with NSD Sin(f) is given by [11]

So(f) =
∞∑

l=−∞

Sin(f + lfs)|H−l(j2�(f + lfs))|
2. (6.47)

6.6.1 Cascaded LPTV Systems

Figure 6.47 Noise in cascaded LPTV systems driven by a stationary noise source.

Consider a cascade of LPTV systems, whose harmonic transfer functions are denoted
by Al(j2�f) and Bl(j2�f) respectively (Figure 6.47). The input to the cascade is a
stationary noise source with NSD given by Sin(f). The average NSD at 1 is given by

S1(f) =
∞∑

l=−∞

Sin(f + lfs)|A−l(j2�(f + lfs))|
2.

It is tempting, albeit incorrect, to conclude that the average NSD at the output of sys-
tem B can be obtained using the relation above with Sin and Al replaced by S1 and Bl
respectively. In other words,

S2(f) ≠
∞∑

l=−∞

S1(f + lfs)|B−l(j2�(f + lfs))|
2 in general. (6.48)

To see why the relation above is not valid in general, suppose that Sin(f) had a very
narrowband spectrum concentrated around f. The NSD at the output of system A
would have components around all frequencies of the form (f + lfs). The origin (or
root cause) of all these translated components is the same, namely the input NSD
around f. Consequently, these translated components are all correlated, which is not
accounted for in the relation for S2 above. The correct approach to obtain S2(f) is to
determine the harmonic transfer functions of the cascade and then use Eq. (6.47).
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Example: LPTV Noise Calculations

Figure 6.48 (a) What is the mean-square value of y(t)? (b) NSD of the stationary noise source x.
The mean-square value v2x(t) = �B.

Consider the system of Figure 6.48a. x(t) is a stationary noise source with the
spectral density shown in Figure 6.48b. Furthermore, we denote the mean-square
value of x by v2x, which equals �B. We seek to answer the following questions.

a. What is the NSD at y?
b. What is the mean-square value of y(t)?

Our first order of business is to determine the harmonic transfer functions from x

to y. Suppose x(t) = ej2�ft.

a ⟶
1

2
ej2�(f+fo)t +

1

2
ej2�(f−fo)t

b ⟶
1

2
H(j2�(f + fo))e

j2�(f+fo)t +
1

2
H(j2�(f − fo))e

j2�(f−fo)t

y ⟶
1

4
{H(j2�(f + fo)) +H(j2�(f − fo))} e

j2�ft+

1

4
H(j2�(f + fo))e

j2�(f+2fo)t+

1

4
H(j2�(f − fo))e

j2�(f−2fo)t.
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Sx(f) is zero for |f| > B∕2, i.e., the input frequency content is limited to |f| ≤ B∕2.
Consequently, from the equation for y above, we see that for a sine-wave input
ej2�ftwhere |f| ≤ B∕2,

y→
1

2
ej2�ft +

1

4
ej2�(f+2fo)t +

1

4
ej2�(f−2fo)t.

Figure 6.49 Average NSD at y.

Consequently, the NSD of y consists of three parts:

a. (1∕4)Sx(f), which is due to the gainH0(j2�f).
b. (1∕16)Sx(f − 2fo), which is due to the up conversion of the input noise to 2fo

due to translation by two modulators.
c. (1∕16)Sx(f + 2fo), which is due to the down conversion of the input noise to

−2fo, again due to translation by two modulators.

The NSD is shown in Figure 6.49. The mean square value at y, namely
v2y = (3∕8)�B = (3∕8)v2x.
Let us use this example to illustrate Eq. (6.48). The average NSD at a is given by

1

4
Sx(f − fo) +

1

4
Sx(f + fo). Since the spectral width of this noise lies in the pass-

band of the bandpass filter, the average NSD at b is identical to that at a . The
secondmultiplier translates this noise to around dc and 2fo. The resulting (wrong!)
average NSD at y is given by

Sy(f) =
1

8
Sx(f) +

1

16
Sx(f − 2fo) +

1

16
Sx(f + 2fo)

which predicts that v2y = �B∕4 = (1∕4)v2x. The correct v2y, as seen earlier, is (3∕8)v2x
which is 50% higher than what we incorrectly calculated above [10].

When we discussed noise in linear time-invariant circuits, we found that we could
exploit reciprocity to simplify the determination of noise spectral density and total
integrated noise is networks comprising of resistors, inductors and capacitors. Specif-
ically, we saw how the Nyquist and Bode noise theoremswere derived.What happens
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when the network consists of periodically operated switches in addition? Perhaps
unsurprisingly, it turns out that similar relationships can be found for the average
noise spectral density and integrated noise in LPTV networks with resistors, capaci-
tors, inductors, and periodically operated switches. These results are derived next.

6.6.2 Average Noise Spectral Density in RLC Networks with Periodically
Operated Switches

Figure 6.50 (a) LPTV network with inductors, capacitors, resistors, and periodically operated switches.
(b) The network with all the resistors pulled out. The pth conductance is associated with a white noise
current with spectral density 2kTGp. All the elements inside the box are lossless.

We intend to determine the average noise spectral density across terminals 1-1′ of the
networkN shown in Figure 6.50a. It consists of inductors, capacitors, resistors, and
periodically operated switches. Since every switch is associated with a series resis-
tance it ismodeled as an ideal switch in series with a resistance as shown in the figure.
�1,⋯ , �l represent the switch-control waveforms, with a switch closed when the cor-
responding � is high and vice versa. All the switch-control waveforms have the same
period Ts, but are otherwise arbitrary. Every resistor adds thermal noise, modeled as a
noise current in parallel with it. In the discussion that follows, we will useG ≡ (1∕R).
Figure 6.50b shows the same network, but with all the resistors (including those

associated with the switches) pulled out. The noise current generated by the ptℎ con-
ductance, which has a spectral density 2kTGp, has the harmonic transfer functions
Hl,p(j2�f) to the output. Since the noise generated by the conductances is indepen-
dent, their noise contributions to the output can simply be added together. Using this
along with Eq. (6.47), we see that the double-sided average output noise spectral den-
sity is given by

So(f) = 2kT
m∑

p=1

∞∑

l=−∞

Gp|H−l,p(j2�(f + lfs))|
2. (6.49)
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Figure 6.51 Nyquist’s noise theorem states that the single-sided voltage noise spectral density across
terminals 1-1′ is given by Sv(f) = 4kTRe{Z(j2�f)}.

Consider now the adjoint network N̂ corresponding toN, as shown in Figure 6.51.
The switch control signals in N̂ are reversed in time, i.e., �̂1(t) = �1(−t) etc.We excite
the adjoint with a current i(t) = Ioe

j2�ft at the output port. The voltage across the pth
conductance is given by

vp(t) = Io

∞∑

l=−∞

Ĥl,pe
j2�(f+ lfs)t. (6.50)

The power dissipated in Gp is thus seen to be
∑

l
I2oGp|Ĥl,p|

2. Consequently, the total
power dissipated in all the conductances is given by

P =
m∑

p=1

∞∑

l=−∞

I2oGp|Ĥl,p(j2�f)|
2. (6.51)

The voltage v(t) developed across the current source i(t) is related to Io as

v(t) =
∞∑

l=−∞

IoẐl(j2�f)e
j2�(f+ lfs)t (6.52)
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where Ẑl is the lth-order harmonic transfer impedance of N̂. Therefore, the power
supplied by the current source i(t) is I2oRe{Ẑ0(j2�f)}. Since this must be dissipated
in all the conductances, we have

P = I2oRe{Ẑ0(j2�f)} =
m∑

p=1

∞∑

l=−∞

I2oGp|Ĥl,p(j2�f)|
2. (6.53)

Applying the frequency reversal theorem to N and N̂, we see that Ĥl,p(j2�f) =

H−l,p(j2�(f + lfs)). Furthermore, as a consequence of the transfer function theorem,
Ẑ0(j2�f) = Z0(j2�f). (Recall that Z0(j2�f) denotes the zeroth-order driving point
impedance of the original networkN). Using the observations above in Eq. (6.53) we
obtain

m∑

p=1

∞∑

l=−∞

Gp|H−l,p(j2�(f + lfs))|
2 = Re{Z0(j2�f)}. (6.54)

Using this in Eq. (6.49), we see that the average double-sided noise voltage spectral
density between the terminals 1-1′ ofN is given by So(f) = 2kTRe{Z0(j2�f)}. Since
the real part of Z0(j2�f) is even, we obtain the single-sided voltage NSD as [3]

So(f) = 4kT Re{Z0(j2�f)}. (6.55)

Since anLTI network is a special case of anLPTV system, the result above holds for the
former, which is the well-known Nyquist noise theorem. The total integrated noise is
simply the integral of the average noise spectral density and is given by

Ntot =∫

∞

0

4kT Re{Z0(j2�f)} df. (6.56)

It turns out that evaluating this integral can be challenging. An alternative and much
simpler way of arriving atNtot uses the concepts of energy and is discussed in the next
section.
Using the approach described above, it is easy to show that the average short-circuit

noise current spectral density of the one-port network in Figure 6.50 is given by
4kT Re{Y0(j2�f)}. HereY0(j2�f) denotes the zeroth-order admittance, and is deter-
mined by applying a voltage source ej2�ft between 1-1′ andmeasuring the component
of current flowing into the network at the frequency f. This is left as an exercise for
the reader.

6.6.3 The Switched-RC Kernel
The so called switched-RC kernel is shown in Figure 6.52a. The switch duty cycle is
denoted by D. When RC ≪ Ts, the switched-RC circuit is said to be operating in the
sampler mode, while the mixer mode refers to the case where RC ≫ Ts. Of particular
interest in practice is the NSD of the capacitor voltage at very low frequencies. From
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Figure 6.52 (a) The switched-RC kernel. The switch duty cycle is D. (b) The capacitor voltage when
RC ≫ Ts and RC ≪ Ts.

our theory, it is necessary to find the real part of the zeroth-order impedance of the
network at dc. To this end, a dc current I is injected into the capacitor as shown in blue
in Figure 6.52a. The dc value of the resulting v(t) divided by I yields the impedance
we are after.
Let V2 and V1 denote v(t) at the beginning and end of �1 respectively. When �1 is

low, the switch is open, and the capacitor is charged by the current source. V2 − V1 =

I(1 − D)Ts∕C irrespective of the operating mode.

6.6.3.1 Sampler Mode (RC ≪ Ts)
When �1 is high, the capacitor discharges rapidly to IR since RC ≪ Ts. Consequently,
V1 = IR as shown in Figure 6.52b. The average value of v(t) can easily be calcu-
lated as 0.5I(1 − D)

2
(Ts∕C) + IR + I(1 − D)R. The real part of Z0(0) is thus seen to

be 0.5(1 − D)
2
(Ts∕C) + (2 − D)R. The double-sided NSD at low frequencies is thus

given by

Sv(0) ≈ 2kT (
(1 − D)

2

2

Ts
C
+ (2 − D)R) . (6.57)

6.6.3.2 Mixer Mode (RC ≫ Ts)
In this mode, the capacitor discharges (almost) linearly when �1 is high and
attains the voltage V1 at the end of the phase. The average voltage across R in
this phase is (V1 + V2)∕2. Consequently, the charge removed from the capacitor is
DTs(V1 + V2)∕(2R). Thismust be balanced by the charge injected by I into the capaci-
tor, namely ITs. The average value of v(t), which is (V1 + V2)∕2, is thus given by IR∕D.
The double-sided NSD at low frequencies is therefore seen to be Sv(0) ≈ 2kTR∕D.
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Figure 6.53 Comparing Re{Z(j2�f)} (solid lines) and single-sided NSD/4kT (markers) for a switched-
RC kernel for different values of R.

Figure 6.53 compares the simulated (using Spectre) Re{Z(j2�f)} (solid lines) and
single-sided NSD (normalized to 4kT) (markers) for the switched-RC kernel as R is
varied. Excellent agreement is seen, in accordance with our theory.

6.6.4 First-Order Switched-Capacitor Filter

Figure 6.54 (a) A first-order switched-capacitor filter. (b) The capacitor voltage when RC ≪ Ts and
RC1 ≪Ts.

Consider the first-order switched-capacitor lowpass filter shown in Figure 6.54a. The
switches are controlled by two non-overlapping waveforms with period Ts and 50%
duty cycle. The resistance of the switches, denoted by R, is assumed to be very small.
For C1 ≪C, it is well known that C1 behaves like a resistor of value Ts/C1, and the
3 dB bandwidth of the filter is fsC1/C.



6.6 Noise in LPTV Networks 315

To determine the low-frequency noise spectral density at the output, we set vi = 0

and inject a dc current I into the output node as shown in Figure 6.54a. Z0(0) is given
by vo(t)∕I in steady state. To determine vo(t), we proceed as follows, as shown in
Figure 6.54b.

a. During �1,C1 is discharged. Denoting vo at the beginning and end of �1 byV1 and
V2 respectively, we see that

V2 − V1 =
1

2C
ITs. (6.58)

b. During �2, C1 and C are connected together. Due to charge sharing, vo (almost
instantaneously) falls to�V2 at the beginning of�2where� = C∕(C + C1). vo rises
with a slope I∕(C + C1) during this phase, and C1 and C attain a voltageV1 at the
end of the phase. Consequently, we have

V1 = �V2 +
1

2(C + C1)
ITs. (6.59)

c. From Figure 6.54b, it is straightforward to see that

vo(t) =
1

2
V1 +

1

4
(1 + �)V2. (6.60)

Using Eqs. (6.58)–(6.60), we obtain

V1 =
ITs
C1

, V2 =
ITs
C1

+
ITs
2C

vo(t) =
ITs
C1

(1 +
C2
1

8C(C + C1)
) .

The results make intuitive sense due to the following. In steady state, the average
current flowing into C must be zero. Consequently, the current flowing into C (i.e., I)
must equal that flowing out, which isC1V1∕Ts.V1must thus be ITs∕C1. Since Z0(0) =
vo(t)∕I, we obtain the single-sided low-frequency noise spectral density as

Sv(0) = 4kT
1

fsC1
(1 +

C2
1

8C(C + C1)
) . (6.61)

Interestingly, Sv(0) depends on C, reducing to 4kT∕(fsC1) for C1 ≪C.
The circuit of Figure 6.54a was simulated in Spectre for three values of C1.

fs = 1 GHz, C = 100 pF and the switch resistance was 3Ω. Figure 6.55 compares the
simulatedRe {Z0(j2�f)} and the outputNSD∕4kT. Excellent agreement is seen. Sim-
ulations indicate that the values of Z0(0) are 100.7, 27.4, and 18.7Ω for C1 =10, 40,
and 70 pF respectively. Our analysis (6.61) predicts Z0(0) of 100.9, 27.9, and 18.5Ω for
these values of C1, again in good agreement with simulations (given that we assumed
switch resistance to be zero).
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Figure 6.55 Re {Z0(j2�f)} and the output NSD∕4kT. C = 100 pF, and the switch resistance is 3Ω.

6.6.5 Charge-Rotating Switched-Capacitor Filter
Figure 6.56a shows a charge-rotating switched-capacitor filter. The non-
overlapping switch-control phases, each with 25% duty cycle, are denoted by
�s, �1, �2, �3. C2a, C2b, C2c are identical capacitors whose value is C2. It turns out that
v1, vo, v3 represent the outputs of successively higher-order transfer functions.
In the discussion that follows, we apply our theory to evaluate the low-frequency

noise voltage spectral density at the output marked vo. The single-sided density is
given by 4kTZ0(0), whereZ0(0) is the zeroth-order impedance seen at the output node
at dc. To determine Z0(0), we inject a dc current I into the output and determine vo(t)
in steady state. vo(t)∕I yields Z0(0). We proceed in the following step-by-step fashion.

a. When �2 goes high, C2b, which was at a voltage Vc at the end of �1 shares charge
with C1. Consequently, vo drops to Va at the beginning of �2, and increases at a
rate I∕(C1 + C2). (Vb − Va) is thus given by 1 in Figure 6.56b.

b. When �2 goes low, I completely flows into C2b and dvo∕dt = I∕C2. (Vc − Vb) is
thus given 2 by in Figure 6.56b.

c. The voltage across C1, namely vx(t) tracks vo(t) in �2 and remains Vb during �3.
During �s, vx decays exponentially with a time constant RC1, and attains a value
Vd at the end of the phase. Vd is related to Vb as shown in 3 in Figure 6.56b.

d. The average value of the current flowing through the resistor R, namely i(t), must
be I since the average current through all the capacitors is zero. Charge flows into
R only in �s, and is given by C1(Vb − Vd). Consequently, i(t) is fsC1(Vb − Vd) as
shown in 4 in Figure 6.56b.

e. In steady state, v1(t) = Vd and v3(t) = Vb.
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Figure 6.56 (a) A charge-rotating switched-capacitor filter. (b) The capacitor voltage when RC2 ≪Ts
and RC1 ≪Ts.

From Eqs. 1 – 4 in Figure 6.56b, we obtain

Vb =
I

fsC1

1

1 − �
, Vd = �Vb

Vc = Vb +
3ITs
4C2

, Va = Vb −
ITs

4(C1 + C2)
.

(6.62)

Furthermore, from Figure 6.56b, it is apparent that

vo(t) =
1

4

(Va + Vb)

2
+
3

4

(Vb + Vc)

2
=
1

2
Vb +

1

8
Va +

3

8
Vc.

From Va, Vb, andVc determined above, we obtain Z0(0) = vo(t)∕I, and the single-
sided low-frequency noise voltage spectral density as

So(0) =
4kT

fsC1
{

1

(1 − �)
+

9C1
32C2

−
C1

32(C1 + C2)
}.
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6.6.6 Total Integrated Noise in RLC Networks with Periodically
Operated Switches

Figure 6.57 (a) The class of periodically-switched networks considered in this paper. (b) Equivalent,
with all resistors (including the series resistances of the switches) brought out.

Consider a network that consists of linear inductors, capacitors, resistors, and peri-
odically operated switches (all of which are operated at a frequency fs = 1∕Ts), as
shown in Figure 6.57a. We show, for illustration, switches operated with two phases
(�1 and �2) – but the number of phases chosen does not result in any loss of general-
ity. Each switch is modeled as a resistor (with its appropriate thermal noise source)
in series with an ideal switch, as shown in the figure. Figure 6.57b is the same net-
work, but with all resistors (including those corresponding to the series resistance of
the switches) “pulled outside the box.” The noise source of the pth resistor Rp, labeled
vnp, has a double-sided spectral density given by 2kTRp V2/Hz. The problem is to
determine the mean square noise voltage v2o. To this end, we first determine the mean
square value of the sampled sequence vo[lTs], where l is an integer.
As seen earlier, vo[lTs] can be related to the noise voltage sources vn1,⋯ , vnm

through linear time-invariant filters whose impulse responses are
ℎeq,1(t),⋯ , ℎeq,m(t), as shown in Figure 6.58a. It is evident that the mean square
value of vo[lTs] is given by

v2o[lTs] = 2kT
m∑

p=1

Rp ∫

∞

0

ℎ2eq,p(t) dt. (6.63)

ℎeq,1(t),⋯ , ℎeq,m(t) are obtained as follows. Excite the adjoint of the network of
Figure 6.57b with a unit current impulse at t = 0, as shown in Figure 6.58b. ℎeq,p(t)
are obtained by dividing the currents i1(t),⋯ , im(t) by 1 coulomb.
Referring to the adjoint network of Figure 6.58b, we denote by E0 and E∞ the ener-

gies stored in the network at t = 0+ and t =∞ respectively for a unit current-impulse
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Figure 6.58 (a) Equivalent model to determine the sampled output noise of an LPTV network.
(b) Determining ℎeq,m(t) for the network of Figure 6.57b using the adjoint network.

excitation at the output port. The difference between E0 and E∞ must be dissipated
in the resistors, i.e.,E0 − E∞ =

∑m

p=1
Rp ∫

∞

0 i2p(t) dt. Since ip(t) = ℎeq,p(t) ⋅ 1 coulomb,
we have [3, 12]

E0 − E∞ = (1 coulomb)2
m∑

p=1

Rp ∫

∞

0

ℎ2eq,p(t) dt. (6.64)

Using Eqs. (6.63) and (6.64), we have

v2o[lTs] =
2kT

1 coulomb2
(E0 − E∞). (6.65)

If the network’s output is sampled at time instants lTs − to where 0 ≤ to < Ts,
the model that relates the output sequence to the noise sources is still that of
Figure 6.58a, except that the impulse responses are different. As earlier, the ℎeq,m(t)
are determined by exciting the output port of the adjoint network of Figure 6.58bwith
an impulse current at t = to. Proceeding exactly as we did while deriving (6.65), it is
easy to see that v2o[lTs − to] = 2kT(Eto − E∞) where Eto is the energy delivered to the
adjoint network at t = to and E∞ is the energy remaining in the network at t =∞. Eto
is proportional to the voltage developed across nodes 1 − 1′ at t = to+ in Figure 6.58b
when an impulse is injected at t = to. E0, on the other hand, depends on the voltage
developed across nodes 1 − 1′ at t = 0+ when an impulse is injected at t = 0. At the
instant at which the impulse is injected, no current flows through the resistors – thus,
the voltage developed across 1 − 1′ immediately after application of the impulse is
independent of the instant at which the impulse is applied. As a result Eto = E0 and
v2o[lTs − to] = v2o[lTs] = 2kT(E0 − E∞) for all t0. Since the mean-square value of the
sampled voltage sequence is independent to, it follows that v2o(t) = 2kT(E0 − E∞).
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Applying (6.64) to determine the mean-square noise voltage across the capacitor C
in Figure 6.33 yields, by inspection, v2o = kT∕C. (6.64) also applies to time-invariant
linear RLC networks, where it is related to Bode’s noise theorem.
The total noise in an LPTV network is usually computed in the frequency domain,

by considering aliasing effects frommany sidebands. This involves considerable alge-
bra and computational effort (see, for instance, the complexity of determining the
mean-square noise of the switched-RC kernel). Thanks to the use of reciprocity and
the adjoint network, determining the total integrated noise in networks comprising
of R,L,C and periodically operated switches is significantly simplified.

6.7 Application Examples

6.7.1 Example 1

Figure 6.59 (a) Normalized N-path filter with parasitic source inductance and capacitance, with
L = 0.1H, C1 = 2.5F, C2 = 3F, C3 = 3F. Ts = 1 s, and � = Ts∕4. (b) Comparison of analytical results with
periodic noise simulations as C4 is varied.

Figure 6.59a shows a normalized N-path filter (where the sampling rate is 1 Hz and
the source resistance is 1Ω), with parasitic source capacitance Cp and inductance
L. If C1,⋯ , C4 are equal, and the voltage across Cp is treated as the output, an N-
path filter results. We set out to determine the mean square noise across C4, sampled
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at lTs. Without loss of generality, we choose fs = 1 Hz. L = 0.1H, and C1, C2, C3 are
deliberately chosen to be unequal. Rs = 1 Ω and the switches have a resistance of 40
mΩ. It is seen that E0 = 1∕(2C4). At t =∞, all the capacitors get discharged and E∞ =

0. We thus conclude that v2o[lTs] =
kT

C4
. Figure 6.59b compares the results obtained

using the equation above with that from periodic noise simulations of the circuit of
Figure 6.59 as C4 is swept, for different values of Cp. As expected from our analysis,
v2o[lTs] is independent of Cp. Determining the mean square noise using conventional
techniques would be considerably harder, and involve summation of infinite series to
account for noise aliasing from multiple sidebands.
Transient noise simulations were run on the N-path network of Figure 6.59a, with

C4 = 2 F. Figure 6.60a shows a representative voltage waveform across C4. When �4
is low, the voltage across the capacitor is held, while resistive noise causes changes in
vo when �4 is high. The histograms in the second row of the figure are for v0[lTs] and
v0[lTs + 0.9 Ts]. The standard deviations are virtually the same, and close to what we
expect, namely

√
kT∕C4 = 45.5 pV.

(a)

(b)

Figure 6.60 Top: vo from a transient noise simulation of the circuit of Figure 6.59a forC4 = 2 F; Bottom:
Histograms of vo[lTs + to] for two values of to.

6.7.2 Example 2
Consider the switched-capacitor low-pass filter shown in Figure 6.61. The switches
have a resistance of 4 Ω. The switching frequency is chosen to be 1 Hz. To evaluate
the mean square noise at the output node, we form the adjoint, and inject an impulse
current. It is apparent that E0 = 1∕(2C1) and E∞ = 0, resulting in

v2o[lTs] =
kT

C1
. (6.66)
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Figure 6.61 (a) Switched-capacitor lowpass filter. The mean-square noise across C1 is of interest.
(b) Comparison of analytical results with periodic noise simulations as C1 is varied.

Figure 6.61b compares our analytical results with those obtained from periodic noise
simulations. Excellent agreement is seen. Though not shown in the figure, simula-
tions indicate (as expected) that the total noise is independent of C2 and C3.

6.7.3 Example 3
Lest the reader conclude that E∞ is always zero, we show a network with a nonzero
E∞. Consider the circuit of Figure 6.62a. p1 and p2 are non-overlapping clocks. The
switching frequency is 1 Hz. The mean square noise of the voltage across C1, denoted
by vo, is of interest. Inspecting the circuit, it is apparent that E0 = 1∕(2C1). At t =∞,
steady-state is reached, and no current flows through the switches even when they
are on. Thus, the voltages across C1, C2, C3 are equal. The total charge on the top
plates of these capacitors must be 1 coulomb—the voltage across them must thus be
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Figure 6.62 (a) Switched-C network. The mean square noise across C1 is of interest. C2 = 25 mF,
C3 = 50mF. The resistance of the switches is 4Ω and the switching frequency is 1 Hz. (b) Determining
E0 and E∞.

v∞ = 1∕(C1 + C2 + C3). E∞, which is (1∕2)v∞ is given by 1∕(2(C1 + C2 + C3)). The
mean square output noise is thus given by

v2o[lTs] = kT (
1

C1
−

1

C1 + C2 + C3
) .

Figure 6.62b compares our analytical results with those obtained from periodic noise
simulations, for various values of C1. Excellent agreement is seen. It is easy to see that
E0 and E∞ remain the same even if p1 and p2 overlap, leading us to conclude that the
mean-square noise does not change even if the clocks overlap.

(Continued)

Simulation Corner: Periodic Noise Analysis

The average NSD and total integrated noise in an LPTV network can be deter-
mined using the periodic noise analysis (referred to in most RF simulators as the
.PNOISE analysis). The sequence of steps is the following.
a. Determine the periodic operating point using the.PSS analysis. This is nec-

essary since the simulator, by default, assumes that the network is nonlinear.
The first order of business, therefore, is to determine the periodic operating
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(Continued)

point about which the network is linearized. The result is a small-signal net-
work which is LPTV.

b. To find the average NSD at a frequency f, theH−l(j2�(f + lfs))must be found
for allnoise sources in the network. This is accomplished in a computationally-
efficient manner using the frequency-reversal theorem.

c. The spectral density of the noise sources is known from the components’ noise
models. A remark is in order here. The noise added by active components
is typically a function of the operating point. For instance, the noise current
added by a long-channel MOS transistor in saturation is given by (8kT∕3)gm,
where gm denotes the (small-signal) transconductance of the device. gm, in
turn, is given by

√
2�nCox(W∕L)Id where Id denotes the quiescent drain cur-

rent. If Id varies periodically in a large-signal fashion, gm also varies periodi-
cally with time. As far as noise is concerned, it is modeled as a stationary noise
currentmultiplied by an appropriately (periodically) varying controlled source.

d. Assuming p uncorrelated stationary noise sources, the averageNSD is given by

So(f) =
p∑

m=1

∞∑

l=−∞

Sm(f + lfs)|H−l,m(j2�(f + lfs))|
2. (6.67)

In practice, the maximum number of sidebands that need to be used are an
input to be specified by the user. A good strategy is to keep doubling the number
of sidebands until the change in So(f) is negligible.

e. Integrating the average NSD over the frequency range 0 −∞ gives the total
integrated noise.

f. Some RF simulators have the option to determine the NSD of the LPTV sys-
tem’s sampled output. This is relevant when, for instance, the LPTV system is
followed by an analog-to-digital converter that digitizes the system’s sampled
output.

Chapter Summary

• Reciprocity and interreciprocity in LPTV networks. The inter-reciprocal
network corresponding to a given LPTV circuit can be obtained (as in the case
of an LTI network) by replacing every element by one whose MNA stamp is
the transpose of the element. For a time-varying element, this will correspond
to time reversal.

• The frequency-reversal theorem. This is an immensely useful relationship
that relates harmonic transfer functions in an LPTV network and its adjoint
cousin.
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• LPTV networks with sampled outputs. The sequence obtained by sam-
pling the output of an LPTV network varying at fs is identical to that obtained
by sampling the output of an appropriately chosen linear time-invariant net-
work excited by the same input as the LPTV system. The transfer function of
the equivalent LTI system is the sum of the harmonic transfer functions of the
LPTV network.

• Average noise spectral density of an LPTV network. To determine the
average noise power at a frequency f, it is necessary to account for folding of
noise from frequencies of the form (f + lfs) (for all integer l) to f.

• Average voltage noise spectral density of a periodically-switched
RLC network. It turns out that the average single-sided noise volt-
age spectral density of a periodically-switched RLC one-port is given by
Sv(f) = 4kTRe {Z0(j2�f)} where Z0(j2�f) denotes the zeroth-order har-
monic driving-point impedance of the port. This is a generalization of the
Nyquist noise theorem for time-invariant RLC networks.

• Total integrated noise in periodically-switched RLC networks. The
energy-based method applicable to time-invariant RLC networks also works
with periodically-switched RLC circuits. The mean-square noise is given by

v2n = 2kT
E0 − E∞

1 coulomb
2

where E0 andE∞ denote the energy stored in the network at t = 0+ and t =∞,
respectively when a 1 coulomb charge is injected into the one-port.

Problems

Problem 1. Derive the MNA stamp of an ideal opamp, which is a part of an LPTV
circuit. Also determine the element that corresponds to the transpose of the stamp you
just determined.

Figure 6.63

Problem 2. Figure 6.63 shows a two-port network consisting of resistors, ideal
periodically operated switches and a capacitor. The switch-control signals have a period
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Ts = 1 s, having 25% duty cycle. Choose R = 1Ω and C= 10 F. The delay between p1 and
p2 is td. Let H0(j2�f) denote the voltage gain from port 1 to port 2 (zeroth-order HTF)
when v1 = ej2�ft. Further, let Ĥ0(j2�f) denote the current gain from port 2 to port 1
(zeroth-order HTF) when i2 = ej2�ft. (Obviously, port 1 is shorted for this test). In other
words, these are the two standard measurements you would make in a time-invariant
network to test for reciprocity. Compute H0(j2�f) and Ĥ0(j2�f) over the range
0.8–1.2 Hz with a resolution of 0.01 Hz, and for td = 0.3, 0.4, and 0.5 s. UseM= 256. For
each td, plot on a separate figure the magnitude and phase of the voltage- and current-
gains. What do you notice?

Problem 3. Consider a two-port N. The zeroth-order harmonic admittance matrix
(i.e., the y-matrix) is defined as follows.

⎡
⎢

⎣

I1

I2

⎤
⎥

⎦

=
⎡
⎢

⎣

y11(j2�f) y12(j2�f)

y21(j2�f) y22(j2�f)

⎤
⎥

⎦

⎡
⎢

⎣

V1

V2

⎤
⎥

⎦

where I1, I2 and V1, V2 represent the phasors of the port currents and voltages, respec-
tively, at the frequency f. To measure y11(j2�f) , one would short port 2, apply
v1(t) = ej2�ft at port 1 and measure the complex amplitude of i1(t) at the frequency f.
Other parameters are similarly measured.
Suppose N consists of resistors, capacitors, inductors, and just one periodically

operated switch controlled by a rectangular wave with duty cycle D. Prove that
y12(j2�f) = y21(j2�f) .

Problem4. Aone-port networkN consists of resistors, capacitors, inductors, andperi-
odically operated switches. The switches are associated with a series resistance that adds
thermal noise. Show that the average noise spectral density of the short circuit current
is given by 4kT Re{Y0(j2�f)}, where Y0(j2�f) denotes the zeroth-order admittance.
It is determined by applying a voltage source ej2�ft across the port and measuring the
component of current flowing into the network at the frequency f.

Figure 6.64
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Problem 5. Determine the average noise voltage spectral density at node a in
Figure 6.64a. What is the mean-square noise? Repeat for the voltage at node c . The
equivalent circuit of the chopper is shown in part (b) of the figure. clk has 50% duty cycle,
and the switches have a series resistance, which add thermal noise.

Figure 6.65

Problem 6. Determine the average noise spectral density of i(t) in Figure 6.65. The
switch is ideal, and controlled by clk, which has a period Ts and duty cycle D.

Figure 6.66

Problem 7. Figure 6.66 shows a DAC driving an LPTV system. Determine the equiv-
alent LTI filter relating the DAC output to y(t). Draw the wave forms at 1 and 2 for
a[n] = �[n].

Figure 6.67
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Problem 8. In the LPTV system of Figure 6.67, determine the equivalent LTI filter
relating x(t) to the samples of y(t), namely y[n]. Ts = 1 s.

Figure 6.68

Problem9. Figure 6.68a shows a lowpass filter with a−3 dB bandwidth of 1∕(2�RC).
The opamp is ideal. SupposeC is fixed. If the bandwidth needed is very low,R can become
impractically large. A way around this is to duty cycle a smaller (practically realizable)
resistor R1 as shown in Figure 6.68b. The clk signal controlling the switches has a period
Ts ≪RC, and a duty cycle denoted by D. Estimate the zeroth- and first-order harmonic
transfer functions of the switched-RC lowpass filter.
Determine the low-frequency noise voltage spectral density, and mean-square noise at

the outputs of the LTI and LPTV filters.
Write a computer program to calculate the harmonic transfer functions for C = 10 pF,

a−3dBbandwidth of 2 kHz, andfs = 5 MHz.What shouldR1 be forD = 10%?Compare
your estimated harmonic transfer functions with the computed ones.

Problem 10. Suppose the output of the switched-RC filter in Figure 6.68b was sam-
pled at the rising edge of clk. Determine the impulse response of the equivalent LTI filter
relating vi to vo[nTs]. Compare the frequency response of this filter to that of the one in
Figure 6.68a.
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7

Continuous-Time Filters

Continuous-time filters are important subsystems that are in wide use in analog sig-
nal chains. The area of filter design is vast, and entire books devoted to each aspect
of filters and their design have been written. This chapter focuses on those aspects
necessary to understand the operation of these analog signal-processing blocks, and
develop intuition for the trade-offs involved.We restrict ourselves to topics that are rel-
evant in the implementation of integrated filters. In other words, we hope to address
the following questions.

a. How are integrated continuous-time filters most commonly used?
b. How does one derive their transfer functions?
c. What is a reasonable way to implement these filters?
d. What practical nonidealities and trade-offs should one be aware of?

Figure 7.1 Block diagram of a modern signal processing system.

Figure 7.1 shows the block diagram of a modern signal-processing system.
It is evident that contemporary signal chains rely heavily on digital processing.
The real world, however, remains stubbornly analog (and is likely to remain so in
the near future). It is therefore necessary to be able to “translate” signals from the
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analog world—namely those gathered by sensors like accelerometers, antennas,
microphones, etc. into digital form. This is accomplished by analog-to-digital
converters (ADC), which convert analog signals (i.e., those that are continuous in
level and time) to digital ones, which are discrete-time, discrete-level signals. The
ADC, therefore, serves as the link between the analog and digital worlds. It accom-
plishes this by sampling and quantization. The mathematical basis for sampling is
Nyquist’s theorem, which states that a continuous-time signal with a bandwidth B
can be recovered from its samples if the sampling rate (fs) exceeds 2B. Though sen-
sors output signalswith a limited bandwidth, direct sampling and digitization of these
outputs is impractical due to the following.

Figure 7.2 (a) Example spectrum at the output of a sensor. (b) Frequency response of the anti-alias filter
and the resulting filtered spectrum. (c) Block diagram of the signal chain incorporating an ADC.

The sensor output, besides containing the desired signal, is almost always corrupted
by noise and/or interferers. An example spectrum is shown in Figure 7.2a. The sig-
nal to be digitized has a bandwidth B. Though the sampling rate fs satisfies Nyquist’s
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criterion with respect to the desired signal, the same is not true for noise and inter-
ference. Specifically, noise and interference in the alias bands, namely signals in the
rangemfs ± Bwherem is an integer, will be indistinguishable from the desired signal
after sampling. To address this issue and enhance signal fidelity, a pre-sampling step
is essential. This step is filtering, which aims to reduce/eliminate aliasing problems
by adequately attenuating out-of-band noise and interferers. This way, the signal pre-
sented to the sampler is almost band limited, thereby satisfying Nyquist’s sampling
theorem. The filter is termed the anti-alias filter. Figure 7.2b shows an example anti-
alias filter response and the spectrum after filtering. We see that out-of-band noise is
largely eliminated, and interferers are attenuated by a large factor.
The block diagram of the signal chain is shown in Figure 7.2c. The amplifiers

are needed to increase the signal level so that the input to the ADC occupies the
latter’s full scale. The filter aims to eliminate all signals other than the desired
one. Ideally, the filter’s response should be the so-called brick-wall response, i.e., it
should let through frequencies in the range 0-B without any attenuation, while com-
pletely eliminating frequencies beyond B. This ideal, of course, can only be approxi-
mated in practice.

Figure 7.3 Block diagram of the signal chain that converts digital signals to analog form. The smoothing
filter removes images from the DAC’s output spectrum.

Filtering is also essential when the digital output provided by the DSP has to be
converted to analog form. The reason is that the spectrum of the DAC output contains
images centered around multiples of the sampling rate. These images, which can be
problematic in practice, need to be removed. This is accomplished by the so-called
smoothing filter (also referred to as the reconstruction filter). The block diagram of the
digital-to-analog conversion signal path is shown in Figure 7.3. The output of theDAC
has step discontinuities (which appear as images in the spectrum). The smoothing
filter, as the name indicates, removes these abrupt changes and results in a smooth
outputwaveform. In the frequency domain, this corresponds to attenuation of images.
To summarize, sharp low-pass filters are needed before an ADC (for antialiasing)

and after the DAC (for smoothing). Ideally, such filters need to have a brick-wall char-
acteristic. The passband is defined as the frequency range from 0 to !o, and the goal
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is to ensure that the filter’s magnitude response is 1 in this range. For ! > !o, the
response must be 0. The specification would thus read:

|H(j!)| = 1, for ! < !o

= 0, for ! > !o
(7.1)

The frequency responseH(j!), corresponding to the transfer functionH(s), is con-
strained by the fact that the filter consists of resistors, capacitors, and inductors, result-
ing in a transfer function that is a ratio of polynomials in s:

H(s) =
N(s)

D(s)
=
1 + b1s +⋯ bms

m

1 + a1s +⋯ ansn
. (7.2)

The first order of business, therefore, is to determine the coefficients ofN(s) andD(s)
so that |H(j!)| satisfies themagnitude response specifications. It is, of course, impos-
sible for a ratio of polynomials to result in a response that is an ideal brick wall—we
have to be content with an approximation. Intuitively, it seems that using higher-
order polynomials will result in a better approximation to the ideal.
As a starting point, simplifying the design by considering basic forms for N(s) and

D(s) is a pragmatic approach. AssumingN(s) = 1 is a good starting point. In this sce-
nario, the transfer function H(s) is simply given by H(s) = 1∕D(s). Such filters are
called all-pole filters. The term “all-pole” signifies that the transfer function has only
poles and no zeros. Recall that poles are complex frequencies where the transfer func-
tion goes to infinity, while zeros are complex frequencies where the transfer function
goes to zero.

7.1 Magnitude-Approximation Principles

The problem at hand is to determine the transfer function H(s) whose magnitude
response has some desired properties. For an all-pole filter

H(s) =
1

D(s)
. (7.3)

The denominator D(s) represents an nth-order polynomial, and the condition for a
DC gain of 1, implies that D(s)must take the form 1 + a1s + a2s

2 +⋯+ ans
n. There-

fore, mathematically, the problem is to find the coefficients a1 through an such that
the magnitude response of the transfer function approximates the ideal brick wall in
some sense. How does one relate the magnitude response to the transfer function?
Well, that is straightforward:

|H(j!)|2 =H(j!)H∗(j!) =H(j!)H(−j!) =H(s)H(−s)|s=j!. (7.4)

To determine |H(j!)|2, therefore, we must first form the quantity H(s)H(−s), and
evaluate it at s = j!. The squared magnitude response is a real and even function of
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frequency [1], so we should expect that |H(j!)|2 is a ratio of polynomials in !2. Let
us indeed see that this is the case. We collect terms in D(s) that contain even powers
of s and denote the result as D0(s). Similarly, terms with odd powers of s are collected
as sD1(s). We see that D(s) can be written as

D(s) = 1 + a1s + a2s
2 +⋯+ ans

n = D0(s) + sD1(s). (7.5)

Note that D0(s) and D1(s) are polynomials in s2. D(s)D(−s) is thus given by

D(s)D(−s) = D2
0(s) − s2D2

1(s). (7.6)

To obtain |D(j!)|2, we replace swith j!, which is equivalent to replacing s2with−!2.
Since D0(s) and D1(s) are real polynomials in s2, it follows that D(s)D(−s)must be a
real polynomial in s2.

Example: Magnitude Response of a Second-Order All-Pole Filter

Consider the second-order transfer function

H(s) =
1

1 + a1s + a2s2
. (7.7)

D0(s) = 1 + a2s
2, and D1(s) = a1. D(s)D(−s) = (1 + a2s

2)
2
− a21s

2, which means
that

|H(j!)|2 =
1

(1 − a2!2)
2
+ a21!

2
. (7.8)

So far, we have obtained the squared magnitude response, and concluded that the
denominator is a nth-order polynomial in !2. The coefficients of this polynomial are
functions of the coefficients a1, a2,⋯ , an of the denominator polynomial D(s). We
move to the next (and key) step, namely—to determine the coefficients of the polyno-
mial of |D(j!)|2 so that themagnitude of |H(j!)|2 achieves the desired specifications.
There are many ways of doing this—after all, the ideal brick-wall response cannot be
achieved, and there are several ways of approaching this ideal. We will examine this
in greater detail going forward—but for the time being, assume that we have found
the polynomial |D(j!)|2 that results in the desired magnitude response. How do we
obtain D(s) from |D(j!)|2?
Recall that |D(j!)|2 was obtained by replacing s2 with −!2 in D(s)D(−s). To

determine D(s), therefore, we proceed in the reverse fashion by replacing !2

with −s2. The result is a 2ntℎ-order polynomial in s. The 2n roots of this polyno-
mial are found. Since the polynomial can be factored as D(s)D(−s), it follows that
the roots exhibit conjugate- and mirror-symmetry. In other words, if p1 is a root of
D(s)D(−s), p∗1 , −p1, and −p

∗
1 are also roots. To determine D(s) therefore, we collect
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all poles in the left-half s-plane. Denoting them by p1, p2,⋯ , pn, the denominator
polynomial is seen to be

D(s) = (1 −
s

p1
)⋯ (1 −

s

pn
) . (7.9)

Example: Going from |H(j!)|2 toH(s)

Suppose that |H(j!)|2 is obtained as

|H(j!)|2 =
1

1 + !2
. (7.10)

|D(j!)|2 = 1 + !2. Replacing!2with−s2, we obtainD(s)D(−s) = 1 − s2. The roots
of (1 − s2) are ±1. The root of D(s) is the one in the left half s-plane, namely −1.
The transfer function is thus given by

H(s) =
1

1 + s
. (7.11)

To summarize, the process of finding an all-pole transfer function H(s) = 1∕D(s)

with a desired magnitude response is the following.

a. The squared magnitude response |H(j!)|2 is of the form 1∕|D(j!)|2 where
|D(j!)|2 is a polynomial in !2.

b. The polynomial |D(j!)|2 is chosen so that |H(j!)|2 satisfies the magnitude-
response specifications.

c. Once |D(j!)|2 is chosen, !2 is replaced by−s2 to obtain a polynomial of order 2n
in s. The left-half plane roots correspond to the roots of D(s). Once the roots of
D(s) are known, D(s) is determined using Eq. (7.9).

A significant portion of filter design originated in the context of approximating the
ideal “brick wall” response, acknowledging the impossibility of achieving a perfect
brick wall and aiming to approach this ideal by increasing the filter order. The ideal
brick wall response targeted a magnitude response of 1 up to a cutoff frequency of
!o rad/s. To avoid carrying terms involving !o in all our derivations, we first assume
!o = 1 rad/s. This choice, however, is not restrictive. Frequency scaling can be applied
to extend the design to any desired cutoff frequency. For instance, if a transfer func-
tion H(s) achieves a cutoff frequency of 1 rad/s, and one wishes to scale the cutoff
frequency to !o rad/s, the transformation can be achieved by replacing s inH(s)with
s∕!o. The new transfer function Ĥ(s) is given by

Ĥ(s) =H (
s

!o
) . (7.12)
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In a similar vein, if a network with inductors, capacitors, and resistors yields a cutoff
frequency of 1 rad/s, to change the cutoff frequency to !o rad/s, inductors and capac-
itors should be divided by !o, while resistors should be left unchanged.

7.2 The Maximally Flat (Butterworth) Approximation

The transfer function H(s) for an all-pole filter is represented as 1∕D(s), where D(s)
is a polynomial. To determine the squared magnitude response |H(j!)|2, one eval-
uates H(s) ⋅H(−s) at s = j!. This process yields a ratio of polynomials in !2, with
the numerator being 1, and the denominator taking the form 1 + k1!

2 + k2!
4 +⋯

+ kn!
2n. Denoting k1!2 + k2!

4 +⋯+ kn!
2n by F(!2), we have

|H(j!)|2 = H(s)H(−s)|s=j! =
1

D(s)D(−s)|s=j!
=

1

1 + k1!
2 +⋯+ kn!

2n

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
F(!2)

=
1

1 + F(!2)
.

(7.13)

Figure 7.4 (a) Brickwall response to be approximated. (b) Corresponding plot of F(!2).

If |H(j!)| has to approximate a brick wall, so does |H(j!)|2 (see Figure 7.4). Work-
ing with the squared magnitude response saves us the bother of having to deal with
square roots. The task at hand, therefore, is to determine F(!2) or equivalently the
values of k1,⋯ , kn such that the squared magnitude response approximates a brick
wall. In mathematical terms, this implies that 1 + F(!2) should approximate 1 in the
range [0, 1] and go to infinity beyond ! = 1. Equivalently, the goal is to find a polyno-
mial F(!2) such that it is 0 for! < 1 and approaches infinity for! > 1. However, find-
ing a polynomial that satisfies these conditions is not possible. The solution involves
finding a good approximation. We reason as follows.
At dc (! = 0), F(!2) = 0, which satisfies the requirement. For frequencies slightly

away from DC (i.e., ! ≠ 0 but !≪ 1), F(!2) is approximately given by the lowest-
order term, namely k1!2. Since the goal is to make F(!2) = 0 in the pass band, k1!2
must be set to 0,which is achieved by choosing k1 = 0. Continuing this line of thought,
we see that for !≪ 1, F(!2) is now approximately given by k2!4. Since we want this
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term to be 0, it follows that k2 = 0. Extending this argument, it is straightforward to
see that k1, k2,⋯ , kn−1 all must be chosen to be zero. What about kn? Tempting as it
may be to set this to zero, we see that this would indeed result in a flat gain in the pass
band—but without any frequency selectivity! Therefore, setting kn to 0 is not feasible.
We choose kn = 1 so that F(!2) = 1 at ! = 1; this way, |H(j!)|2 will be 0.5 at ! = 1,
irrespective of n.
We thus see that the function F(!2) = !2n (and consequently |H(j!)|2) is “as flat as

it can possibly be” at ! = 0. The resulting |H(j!)|2 is therefore called the maximally
flat magnitude response.

Figure 7.5 Magnitude responses of Butterworth low-pass filters from order 1 to 4. The −3 dB cut-off
frequency is 1 rad/s.

Figure 7.5 shows themagnitude responses of first-, second-, third-, and fourth-order
maximally-flat low-pass filters with a −3 dB bandwidth of 1 rad/s. As n increases,
|H(j!)|2 becomes flatter in the pass band and falls more sharply in the stop band,
thereby approximating the desired brick-wall response more effectively. In general,
the concept of maximal flatness refers to achieving a flat magnitude response at a spe-
cific frequency, and higher-order derivatives are made zero to accomplish this flat-
ness. The magnitude response of an nth-order maximally-flat low-pass filter is thus
given by

|H(j!)| =
1

√
1 + !2n

. (7.14)

We have just derived the Butterworth magnitude response, named after the British
engineer Stephen Butterworth. The Butterworth filter is designed to achieve a
maximally-flat magnitude response around dc, making it a useful approximation for
applications where a flat response is desired in the pass band. Let us now address the
process of obtainingH(s) from |H(j!)|.

D(s)D(−s) = 1 + (−s2)
n (7.15)
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For odd n, s2n = 1 and the roots are given by

pk = e
j
2�k

2n , k = 1,⋯ , 2n. (7.16)

For even n, s2n = −1 and the roots of D(s)D(−s) are given by

pk = e
j
�(2k−1)

2n , k = 1,⋯ , 2n. (7.17)

Note that the roots lie on a circle with unit radius.

Example: Denominator Polynomial of a Third-Order Butterworth Filter

For n = 3, the roots of D(s)D(−s) are given by

e
j
2�

6 , e
j
4�

6 , e
j
6�

6 , e
j
8�

6 , e
j
10�

6 , e
j
12�

6 . (7.18)

The roots lie on a circle, as shown in Figure 7.6. Of these, the poles in the left half
plane are

p2 = e
j
4�

6 = e
j
2�

3

p3 = e
j
6�

6 = −1

p4 = e
j
8�

6 = e
−j

2�

3

(7.19)

D(s) is thus given by (1 − s∕p2)(1 − s∕p3)(1 − s∕p4) which turns out to be

D(s) = (1 + s)(1 + s + s2). (7.20)

Figure 7.6 Roots of D(s)D(−s) for a third-order Butterworth filter.
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Example: Denominator Polynomial of a Second-Order Butterworth Filter

For n = 2, the roots of D(s)D(−s) are given by

e
j
�

4 , e
j
3�

4 , e
j
5�

4 , e
j
7�

4 . (7.21)

The roots lie on a circle, as shown in Figure 7.7. Of these, the poles in the left half
plane are

p2 = e
j
3�

4

p3 = e
j
5�

4

(7.22)

D(s) is thus given by (1 − s∕p2)(1 − s∕p3) which turns out to be

D(s) = (1 +
√
2s + s2). (7.23)

Figure 7.7 Roots of D(s)D(−s) for a second-order Butterworth filter.

To summarize, the poles of a Butterworth filter with a 3 dB bandwidth 1 rad/s lie
on a circle with radius 1. A bandwidth !o can be achieved by simply replacing s with
(s∕!o) in the transfer functions we have derived so far.

7.2.1 Standard Form of a Second-Order Section
It turns out that a second-order all-pole low-pass filter is often expressed in “standard
form,” which is

H(s) =
Go

1 +
s

!pQp

+
s2

!2p

. (7.24)
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Figure 7.8 Pole positions for the standard form, for Qp >
1

2
.

Here, Go is the dc gain, !p is termed the “center frequency,” and Qp is called the
“quality factor.” For Qp > 1∕2, the poles are complex conjugates and lie on a circle
with radius!p, as shown in Figure 7.8. The real part of p is given by−!p∕(2Qp). Such
a transfer function is called a biquadratic transfer function, and blocks that realize
such transfer functions are termed biquads.

Figure 7.9 Magnitude response ofH(s), with Go = 1 and varying Qp.

Figure 7.9 shows the magnitude response of the standard-form filter for various
values of Qp. A few observations are in order.

a. The gain at ! = !p is GoQp.
b. As Qp increases, the peak gain approaches GoQp and the frequency at which the

peak occurs approaches !p.
c. A high-Qp transfer function is associated with a response with a significant

peak—namely, the response rises to and falls from its maximum value of GoQp

over a small frequency range.
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d. ∠H(j!p) is −�∕2.
e. The group delay, defined as �g(!) = −d∠H(j!)∕d!, is 1∕(!pQp) at dc and

2Qp∕!p at ! = !p. Figure 7.10 shows the normalized group delay for various val-
ues of Qp. It is evident that a large Qp entails a significant peaking in the group
delay.

Figure 7.10 Normalized group delay for varying Qp.

The impulse response corresponding toH(s) is given by

ℎ(t) =
Go!p

√
1− (1∕4Q2

p)

⋅ e
−

1

2Qp
!pt

⋅ sin (!p

√

1−
1

4Q2
p

t) u(t). (7.25)

As Qp increases, the poles move closer to the j! axis. Correspondingly, the impulse
response “lasts” longer as the envelope decays at a slower rate. Furthermore, the fre-
quency of ringing in the response approaches !p.
Table 7.1 gives the denominator polynomials (in factored form) for Butterworth fil-

ters of orders 1 through 5. The third column of the table gives the Qp’s of the second-
order sections. Notice that the highest quality factor increases with order.

Table 7.1 Butterworth polynomials.

Order Butterworth polynomial in factored form Quality factors

1 (s + 1)

2 s2 +
√
2s + 1 0.71

3 (s + 1)(s2 + s + 1) 1
4 (s2 + 0.77s + 1)(s2 + 1.85s + 1) 0.54,1.29
5 (s + 1)(s2 + 0.62s + 1)(s2 + 1.62s + 1) 0.62,1.62
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Highest Pole-Qp in an nth-Order Butterworth Filter

The highest-Q poles in a Butterworth filter are those closest to the j! axis. It is
straightforward to see that the angles of these poles are given by ±

(
�

2
+

�

2n

)
radi-

ans. It thus follows that
1

2Qp,max
= sin

( �

2n

)

which leads to

Qp,max =
1

2 sin
(
�

2n

) .

For large n, Qp,max approaches n∕�. This approximate expression predicts that a
fifth-order Butterworth transfer function will have a Qp,max of about 1.59, which is
close to the true value, namely 1.62.

Any high-order filter can be realized by cascading second- and/or first-order
sections. It is instructive to observe the magnitude responses of individual sections
in relation to the response of the whole filter. We use a fifth-order Butterworth trans-
fer function as an example. Figure 7.11 shows the magnitude responses of the indi-
vidual sections, as well as that of the overall filter. We observe that the sharp transi-
tion in the response from the passband to stopband—namely, the sharp selectivity of
the Butterworth transfer function is largely due to the highest-Q section. As we have
seen earlier, this also results in a sharply increasing magnitude in the passband. The
role of the low-Q sections is to tame this peak to result in a flat overall response. The
“flatness” in the passband is thus a consequence of the passband-droop of the lower-
Q sections’ magnitude response compensating for the increasing magnitude of the
high-Q biquad. In the stop band, however, the responses of all sections reduce with
increasing frequency and aid each other in attenuating out-of-band inputs.
Extending this intuition, it is straightforward to see the following:

a. As the filter order increases, the magnitude response approaches the ideal brick
wall. The very sharp drop in the magnitude at the pass-band edge is largely due
to the highest-Q section.

b. The sharp peak of the magnitude response of a very high-Q biquadratic section
occurs at the center frequency. Thismeans that a high-order filterwhose response
shape is close to that of a brick wall with cut-off frequency !c must contain a
high-Q biquad whose center frequency is very close to !c.

c. The impulse response of a high-order filter that approximates a brick-wall with
cutoff frequency !c will have a tail that rings at !c rad/s, which is the center
frequency of the highest-Q biquad.
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Figure 7.11 Magnitude responses of individual sections in a fifth-order Butterworth lowpass filter.

7.3 The Chebyshev Approximation

Figure 7.12 (a) A target |H(j!)| that approximates the brick wall and (b) the resulting F(!2).



7.3 The Chebyshev Approximation 345

Previous sections discussed the maximally-flat (Butterworth) approximation to the
ideal brick-wall low-pass filter. In this section, we will look at another way of approxi-
mating the brick wall. The shape of the magnitude response is shown in Figure 7.12a.
In the pass band, i.e., 0 < ! < 1, the magnitude wiggles between 1 and 1∕

√
1 + �2. For

! > 1, the response falls monotonically, approaching zero as !→∞. The pass-band
response is referred to as being equiripple. Using our experience with Butterworth fil-
ters, we write

|H(j!)|2 =
1

1 + �2F(!2)
. (7.26)

F(!2) is a polynomial in !2 that must vary between 0 and 1 in the pass band and
monotonically increase in the stop band of the filter, as shown in Figure 7.12b. What
is the smallest-order polynomial that can achieve the shape we desire? We observe
the following.

a. F(!2) “looks” like a parabola around 0, !2, and !4. It must therefore have factors
of the form !2, (! − !2)

2, and (! − !4)
2.

b. F(!2) is an even function—it must therefore go to 0 at −!2 and −!4. It must
therefore have factors of the form (! + !2)

2 and (! + !4)
2.

c. The minimum-order polynomial that can result in an F(!2) of the form shown
in Figure 7.12b is thus of the tenth-order and can be written as

F(!2) = k2!2(!2 − !22)
2
(!2 − !24)

2
= {k!(!2 − !22)(!

2 − !24)
⏟⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⏟

C5(!)

}
2
= C2

5(!) (7.27)

d. F(!2) is a perfect square. It can therefore be expressed as the square of a fifth-
order polynomial denoted by C5(!). For large !, C2

5(!)⟶ k2!10.

We have so far used the fact that F(!2) goes to zero at 0, !2, and !4 to conclude that
it is the square of a fifth-order polynomial in!. We have not yet exploited themaxima
at!1 and!3, or the fact that the value attained byF(!2) at these frequencies is 1. Since
F(!2) = C2

5(!) attains a peak value of 1 in the pass band at !1, !3, and F(!2) = 1 at
! = 1, and F(!2) is an even function, it follows that C2

5(!) − 1 can be expressed as

C2
5(!) − 1 = k2(!2 − !21)

2
(!2 − !23)

2
(!2 − 1). (7.28)

As a sanity check, we see that C2
5(!) − 1 is also a tenth-degree polynomial which

goes as k2!10 for large !. Let us now take a look at the behavior of C5(!), plotted in
Figure 7.13. It must attain its maxima and minima at ±!1 and ±!3 respectively.
C5(!)’s derivative must thus have zeros at these frequencies. It can therefore be
expressed as

dC5(!)

d!
∝ (!2 − !21)(!

2 − !23).

The constant of proportionality can be obtained as follows. Recall that C5(!) = k!5

for !≫ 1. dC5(!)
d!

must therefore go as 5k!4 for !≫ 1.
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Figure 7.13 Plot of C5(!), which is an odd function of !.

From the observations above, we see that
dC5(!)

d!
= 5k(!2 − !21)(!

2 − !23). (7.29)

From Eqs. (7.28) and (7.29), we have

(
dC5(!)

d!
)

2

= 25
C2
5(!) − 1

!2 − 1
. (7.30)

We therefore obtain the following differential equations governing C5(!), where the
terms under the square-root sign are appropriately modified for ! < 1 and ! ≥ 1.

dC5(!)

d!
= 5

√
1 − C2

5(!)
√
1 − !2

, ! < 1

dC5(!)

d!
= 5

√
C2
5(!) − 1

√
!2 − 1

, ! ≥ 1.

(7.31)

Solving these differential equations, and using C5(0) = 0, C5(1) = 1 to obtain the con-
stants of integration, we obtain

C5(!) = cos(5 cos−1(!)), ! < 1

= cosh(5 cosh
−1
(!)), ! ≥ 1.

(7.32)

Unbelievable as it may seem at first sight, cos(5cos−1(!)) is actually a polynomial! It
is the fifth-orderChebyshev polynomial, named after the brilliant Russianmathemati-
cian who discovered the theory of equiripple approximation.
Generalizing to the nth-order case, it is straightforward to see that

|H(j!)|2 =
1

1 + �2C2
n(!)

(7.33)
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where

Cn(!) = cos(n cos−1(!)), ! < 1

= cosh(n cosh
−1
(!)), ! ≥ 1.

(7.34)

The maxima of transmission occur at frequencies at which ncos−1(!) attains values
that are odd multiples of �∕2. For our fifth-order example

!max = cos(�∕10), cos(3�∕10), cos(5�∕10). (7.35)

Likewise, the pass-band minima occur at frequencies at which ncos−1(!) attains val-
ues that are even multiples of �∕2. In our example, we have

!min = cos(2�∕10), cos(4�∕10). (7.36)

Sines and Cosines of Complex Numbers

Let (u + jv) be a complex number. What is cos(u + jv)?

cos(u + jv) = cos(u) cos(jv) − sin(u) sin(jv) (7.37)

This brings us to the question: what are cos(jv) and sin(jv)?

cos(jv) = ej(jv) + e−j(jv)

2
= cosh(v)

sin(jv) = ej(jv) − e−j(jv)

2j
= j sinh(v)

We therefore have

cos(u + jv) = cos(u) cosh(v) − j sin(u) sinh(v) (7.38)

Having found |H(j!)|2, our next order of business is to determineH(s). To find the
poles ofH(s), we need to find the left-half plane roots of D(s)D(−s) where

D(s)D(−s) = 1 + �2C2
n (

s

j
) . (7.39)

The roots need to satisfy

cos {ncos−1 (
s

j
)}

⏟⎴⎴⎴⏟⎴⎴⎴⏟
u+jv

= ±
j

�
(7.40)

Denoting the argument of the cosine function by u + jv, we see that

cos(u) cosh(v) − j sin(u) sinh(v) = ±
j

�
. (7.41)
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Equating real and imaginary parts, we obtain

u = (2m + 1)
�

2
, v = ± sinh

−1
(
1

�
) m = 0, 1, 2,⋯ (7.42)

Since

n cos−1 (
s

j
) = u + jv (7.43)

we have
s

j
= cos

(u

n
+ j

v
n

)
= cos

(u

n

)
cosh

( v
n

)
− j sin

(u

n

)
sinh

( v
n

)
(7.44)

which means

s = sin
(u

n

)
sinh

( v
n

)
+ j cos

(u

n

)
cosh

( v
n

)
. (7.45)

The roots of D(s)D(−s) are therefore given by �m + j!m where

�m = ± sin (
(2m + 1)�

2n
) sinh (

1

n
sinh

−1
(
1

�
)), m = 0, 1, 2,⋯

and

!m = cos (
(2m + 1)�

2n
) cosh (

1

n
sinh

−1
(
1

�
)), m = 0, 1, 2,⋯

From the equations above, we see that

�2m

sinh
2
(
1

n
sinh

−1
(
1

�

)) +
!2m

cosh
2
(
1

n
sinh

−1
(
1

�

)) = 1

which indicates that the roots of D(s)D(−s) lie on an ellipse. Those roots that lie in
the left-half s-plane should be chosen to arrive at D(s).
A few observations are in order.

a. For a given �, increasing the order has no effect on the pass-band ripple.
b. For !≫ 1, Cn(!) = cosh(ncosh

−1
(!)) → 2(n−1)!n. The stop-band response

asymptotically approaches 1∕(2n−1�!n). For a fixed order, therefore, choosing a
larger pass-band ripple results in a higher stop-band attenuation. There is thus a
trade-off between pass-band and stop-band performance.

c. The poles that are closest to the j! axis are those that have the least value for
|�m|, which corresponds tom = 0. The left-half-plane poles are

�0 = − sin
( �

2n

)
sinh (

1

n
sinh

−1
(
1

�
))

!0 = ± cos
( �

2n

)
cosh (

1

n
sinh

−1
(
1

�
))
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For a high-order filter (i.e., large n),

sinh (
1

n
sinh

−1
(
1

�
)) ⟶ 0

cosh (
1

n
sinh

−1
(
1

�
)) ⟶ 1.

Thus, �o ≪!o which means that !p =
√
�20 + !2o ≈ !o ≈ 1. The center frequency of

the highest-Q biquad is seen to be close to the band-edge frequency. This makes intu-
itive sense due to the following.

a. The high-order filter response transitions sharply at the band-edge frequency.
b. This sharp transition in the magnitude response must be due to the high-Q

biquad.
c. A high-Q biquad’s magnitude response exhibits a sharp transition at its center

frequency.
d. The high-Q biquad’s center frequency, therefore, must be close to the band-edge

frequency.

Highest Pole-Qp in an nth-Order Chebyshev Filter

The highest-Q poles in a Chebyshev filter are those closest to the j! axis. As seen
from the discussion above, the !p corresponding to these poles is close to the
band-edge frequency, namely 1 rad/s. Furthermore, the distance of the poles to the
j!-axis is given by �m evaluated form = 0. Qp,max is thus seen to be 1∕(2�0) and is
given by

Qp,max =
1

2 sin
(
�

2n

)
sinh

(
1

n
sinh

−1
(
1

�

)) .

For large n

Qp,max ⟹
n2

� sinh
−1
(
1

�

) .

This approximate expression predicts that a fifth-order Chebyshev transfer func-
tion with 0.5 dB ripple (i.e., � = 0.35) will have a Qp,max of about 4.5, which is close
to the true value, namely 4.47.
It is interesting to see that Qp,max for a high-order Chebyshev filter goes as n2,

while that of a Butterworth filter is proportional to n. Since the “sharpness” of the
filter’s response depends on Qp,max, it follows that the Chebyshev filter has a much
more abrupt transition than a Butterworth filter. Intuitively, this can be understood
as follows. As n is increased, all the energies of the Butterworth approximation are
focused onmaking the passband as flat as possible. In a Chebyshev approximation,
on the other hand, the high order is used to achieve a sharp cutoff; the pass-band
variation only depends on � and is independent of order.
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Example: Fifth-Order Chebyshev Filter, 0.5 dB Ripple

Let us apply the theory above to determine the transfer function of a fifth-order
Chebyshev filter with 0.5 dB pass-band ripple (Figure 7.14). The first task is to
determine �. Using

−20 log (
1

√
1 + �2

) = 0.5

we obtain � = 0.35.

Figure 7.14 Pole constellation of D(s)D(−s) and magnitude response for a fifth-order Chebyshev
filter with 0.5 dB pass-band ripple.
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The left-half plane poles are obtained as

− sin(�∕10) sinh
(
0.2 sinh

−1
(1∕�)

)
± j cos(�∕10) cosh

(
0.2 sinh

−1
(1∕�)

)

= −0.11 ± j1.01

− sin(3�∕10) sinh
(
0.2 sinh

−1
(1∕�)

)
± j cos(3�∕10) cosh

(
0.2 sinh

−1
(1∕�)

)

= −0.29 ± j0.63

− sinh
(
0.2 sinh

−1
(2.86)

)
= −0.3623

7.3.1 Even-Order Chebyshev Filters

Figure 7.15 Magnitude response of a sixth-order Chebyshev filter.

Even-order Chebyshev filters have the same governing equations as their odd-order
cousins. Their response at dc, however, is a pass-band minimum (rather than a max-
imum in the odd-order case). Figure 7.15 shows the magnitude response of a sixth-
order Chebyshev filter. The maxima of transmission occur at frequencies

!max = cos((2m + 1)�∕12), m = 0, 1, 2

while the minima occur at

!min = cos(m�∕6), m = 1, 2, 3.

7.4 Butterworth Versus Chebyshev Filters

In system design, one is often faced with the task of choosing an appropriate filter
that satisfies a given frequency response mask. For instance, the requirements could
read as follows.
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a. The dc gain must be unity.
b. The magnitude response must not exceed unity at any frequency.
c. The magnitude response must be greater than 0.95 at ! = !1.
d. The magnitude response must be smaller than 0.01 at ! > 5!1.

The designer has several choices. If (s)he decides to use a Butterworth filter, the order
and cutoff frequency are determined as follows.

|H(j!1)|
2 =

1

1 + (!1∕!c)
2n
> (0.95)

2

|H(j5!1)|
2 =

1

1 + (5!1∕!c)
2n
< (0.01)

2

Several combinations of n and !c are possible. The lowest-order filter that satisfies
this mask is of the fourth-order with !c = 1.33!1.
If a Chebyshev filter is chosen, it must be of odd order, since the dc gain needs to

be unity. The response at ! = !1 is chosen to be 0.95, which results in � = 0.32 and
!c = !1. The stop-band constraint results in

1
√

1 + �2cosh
2
(ncosh

−1
(5!1∕!c))

< 0.01 (7.46)

The lowest n that satisfies the inequality above is n = 3. We thus see that the Cheby-
shev approximation results in a lower-order filter. This makes sense, since the highest
Qp of the Chebyshev approximation is considerably higher than that in the Butter-
worth case.

Figure 7.16 Comparing the magnitude responses of Butterworth and Chebyshev filters to achieve the
same magnitude-response mask.

Figure 7.16 compares the magnitude responses of the two designs. Though the
Chebyshev design is of lower order, its transition band is narrower, thanks to its
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higher quality factor pole pair. The Butterworth response’s roll off at large ! is evi-
dently higher than that of its Chebyshev counterpart—this is to be expected, as its
order is higher.

7.5 Realization of Filters

We have seen that the transfer function of a high-order filter can be expressed as
a product of second- and/or first-order transfer functions. This means that once we
figure out how to implement first-order and biquadratic sections, a filter of arbitrary
order can be realized by cascading these building blocks. We begin with the imple-
mentation of a first-order section. The transfer function of a first-order all-pole section
is given by

H(s) =
1

1 +
s

!0

. (7.47)

Figure 7.17 Simple-minded realization of a first-order section. The transfer function is sensitive to stray
capacitance Cstr.

This can be implemented using a resistor R and a capacitor C with the condition
RC = 1∕!o.When cascading first- and second-order transfer functions, loading effects
can become problematic. To address this issue, a buffer, typically implemented using
an operational amplifier (opamp), can be introduced to maintain the integrity of the
transfer functions. Figure 7.17 shows an example first-order stage,where the opamp is
assumed to be ideal. In practice, however, every node is associated with a stray capac-
itance. Denoted by Cstr in the figure, it appears in parallel with the intended capac-
itance C. The consequence is that the effective bandwidth is altered, and the filter
becomes parasitic sensitive. The modified bandwidth is given by 1∕R(C + Cstr). Stray
capacitances at nodes vi and vo are not problematic since those are “zero-impedance”
nodes.
We now derive an alternative topology that realizes the same transfer function,

except for a sign inversion. The end result is well known, but the emphasis here is
the process by which the topology is derived, so that it can be applied to arrive at the
biquad topology in Section 7.5.1.
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Figure 7.18 (a) Equations governing an RC low-pass filter. (b) Converting the RC low-pass filter into a
signal flow graph.

Figure 7.18a shows the first-order RC low-pass filter. We see that1

I =
1

R
(Vi − Vo) → IR = Vi − Vo

Vo =
1

sCR
⋅ IR.

(7.48)

The equations above suggest the following implementation, as shown in Figure 7.18b.

Step 1 Assuming Vo exists, generate the (voltage) quantity IR as (Vi − Vo).
Step 2 Obtain Vo by integrating IR. The integrator’s unity-gain frequency is 1∕RC

rad/s.
Step 3 Connect Vo obtained in step 2 to the Vo needed in step 1, thereby closing

the feedback loop. The resulting block diagram is the first-order low-pass
filter with a 3 dB bandwidth given by 1∕RC rad/s.

The block diagram derived in Figure 7.18b has the advantage that all quantities
are voltages. The key building block is the summing integrator, whose function is
to add Vi with −Vo and integrate the result. Figure 7.19 shows a circuit realization
of such a block. The opamp is ideal. The resistors convert the inputs v1 and v2 into
currents, which are subsequently summed in the current domain and integrated on
1All capitalized quantities refer to the Laplace transforms of the corresponding time-domain
quantities.
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Figure 7.19 A summing inverting integrator.

the feedback capacitor. The result is that vo, which is the same as the voltage across
the capacitor is the weighted and integrated sum of the inputs. A twist, however,
is that the output is inverted, so that the output is given by

Vo = −
1

sCR
(k1V1 + k2V2). (7.49)

The circuit of Figure 7.19 is called an active-RC or an opamp-RC integrator. The unity-
gain frequency is set by the passives, namely R and C.

Figure 7.20 (a) Signal flow graph of a first-order low-pass filter using an inverting integrator. (b) Steps
in circuit implementation.

To allow for an inverting summing integrator, the block diagram of Figure 7.18b is
modified as shown in Figure 7.20a. Since the integrator is inverting, a negative sign
is needed at the input. This, when “pushed” through the summer, causes the inver-
sion in the vo path to be removed and the sign of vi to be inverted. Figure 7.20b shows
the steps in the derivation of the circuit realization. We assume that Vo is available
and first formVo by summing−Vi andVo, and integrating the result. SinceVo is now
available, we connect it to one of the summing integrator’s inputs, thereby closing
the feedback loop. If the input is −Vi, the output is Vi∕(1 + sCR). The transfer func-
tion realized, therefore, is an inverting first-order one. The inversion in the output is
usually not problematic. Assuming an ideal opamp, the output impedance of this
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stage is zero, making it suitable for cascadingwith other filter sections. The first-order
section derived above is an example of the active-RC filter family, so named as the
basic building block is the active-RC integrator.

Figure 7.21 The first-order opamp-RC section is parasitic insensitive.

Let us now analyze the impact of stray capacitance on a first-order opamp-RC filter
(Figure 7.21).Cstr1 at the virtual ground node does not affect the transfer function. The
reasoning is that one terminal of the stray capacitance is connected to real ground,
while the other is connected to the virtual ground created by the ideal opamp. As the
potential difference across the stray capacitance is effectively zero, no current flows
through it. Therefore, Cstr1 is of no consequence. Cstr2 is not important either, even
though the voltage across it is vo. This is due to the following. The output impedance
of the stage is zero, thanks to the ideal opamp. The current throughCstr2 will therefore
be supplied by the amplifier. vo, however, only depends on the current through C,
which is not altered by that flowing in Cstr2.
To summarize, the active-RC first-order filter structure not only allows for cascad-

ing stages without worrying about loading artifacts, but also results in a design that
is insensitive to stray capacitors. Note that a dc gain with a magnitude greater than
unity can easily be incorporated into the transfer function by appropriatelymodifying
the input resistor. It also turns out that converting this into a differential structure is
straightforward.

7.5.1 Realizing a Second-Order Section
Let us now look at approaches to realize a second-order transfer function. As in the
first-order case, we begin with the passive structure. It turns out that an inductor and
capacitor are both needed to implement a passive second-order filter with arbitrary
!p andQp. The series RLC network shown in Figure 7.22a realizes a low-pass transfer
function given by

H(s) =
1

1 + sRC + s2LC
. (7.50)
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In terms of the passive-component values, it is straightforward to see that

!p =
1

√
LC

, Qp =
1

R

√
L

C
. (7.51)

The problemwith this structure, however, is that the large value of inductance needed
will result in a bulky realization which is not amenable to integrated-circuit imple-
mentation. Recognizing that an inductor, like a capacitor is also an integrator (albeit
one where the current is the integral of the voltage), it should be possible to derive a
block diagram of the RLC network in a manner similar to that used in Figure 7.18b.
We could then use opamp-RC integrators to realize a biquadwithout using inductors.

Example: Component Values in a Second-Order RLC Low-Pass Filter

Consider the prospect of having to realize a second-order Butterworth low-pass
filter with a 3 dB bandwidth of 1 MHz. Assuming R = 10 KΩ, calculations show
that the values of inductance and capacitance needed are

L = 1.13mH, C = 22.5 pF. (7.52)

Realizing such a large-valued inductor on chip is impractical.

Consider again the RLC low-pass filter of Figure 7.22a. The inductor current is
given by

I =
Vi − Vo

R + sL
=

Vi − Vo

1 + s(L∕R)

1

R
. (7.53)

Like in the first-order case, IR can be expressed as

IR = −
Vo − Vi

1 + s(L∕R)
. (7.54)

The capacitor voltage, which is also the filter output is

Vo =
I

sC
⇒

1

sCR
⋅ (IR) = Vo (7.55)

The equations above suggest the following block diagram, as shown in Figure 7.22b.

Step 1 Assuming Vo exists, generate the (voltage) quantity IR as (Vi − Vo)∕(1 +

s(L∕R)). IR is thus a first-order filtered version of (Vi − Vo), and is realized
by enclosing an integrator with unity-gain frequency R∕L rad/s in a feed-
back loop.

Step 2 Obtain Vo by integrating IR. The integrator’s unity-gain frequency is 1∕RC
rad/s.

Step 3 ConnectVo obtained in step 2 to theVo needed in step 1, thereby closing the
feedback loop. The resulting block diagram is the second-order low-pass
filter with !p = 1∕

√
LC rad/s and Qp = (1∕R)

√
L∕C, just like the passive

prototype it is based on.
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Figure 7.22 (a) Equations governing a second-order RLC filter. (b) Steps to implementing them as a
signal flow graph.

Recognizing that we have at hand only inverting active-RC integrators, the block
diagram of Figure 7.22b has to be modified by moving inversions around, as shown
in Figure 7.23a. The summing low-pass filter with 3 dB bandwidth R∕Lrad/s can be
implemented as an active-RC structure as shown in Figure 7.23b provided C1 is cho-
sen so thatC1R2 = L. The gain of−1 is realized using an opamp-based inverting ampli-
fier. The output of the inverting amplifier is integrated and fed back. The result is
the three-opamp, six-resistor, two-capacitor structure named the Tow-Thomas biquad
[2–4], shown in Figure 7.23b.
As with the first-order section, the transfer function is inverting. Furthermore, no

inductors are needed, and the biquad is not affected by stray capacitors, since every
node is either a virtual ground or a “zero-impedance” node. There is a direct cor-
respondence between the passive RLC filter of Figures 7.22a and 7.23b. The out-
put of A1 is proportional to the inductor current I. Since I is a bandpass trans-
fer function, it follows that the output of A1 is an inverting bandpass filter. The
output of A2 is an inverted version of the same. A3’s output, which represents the
capacitor voltage in the network of Figure 7.22a is the low-pass transfer function that
we desire.
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Figure 7.23 (a) Using inverting integrators to realize the signal flow graph of Figure 7.22. (b) Final
circuit, known as the Tow-Thomas biquad.

Example: Component Values in a Second-Order Tow-Thomas Low-Pass
Filter
Consider the prospect of having to realize a second-order Butterworth low-pass
filter with a 3 dB bandwidth of 1 MHz. Assuming R = 10 kΩ, calculations show
that the values of capacitance needed are

C1 = 11.25 pF, C2 = 22.5 pF. (7.56)

When compared to the passive network, which needed a large-valued inductor, we
see that both these capacitance values are realizable on an integrated circuit.

As we will see later, the Tow-Thomas structure is readily amenable to fully-
differential operation, which eliminates the need for the inverting stage. Conse-
quently, only two opamps are required to realize the differential biquad.
Just as there are many paths to Nirvana, the Tow-Thomas biquad can be derived

using a completely different approach.We beginwith the parallel-RLC bandpass filter
network shown in Figure 7.24a. In an attempt tomake this amenable to cascading and
to incorporate parasitic insensitivity, the RLC network is placed in the feedback path
of an ideal opamp (Figure 7.24b). Next, we seek to eliminate the inductors, since we
know that they are bulky and not easy to integrate on a chip. To this end, we recognize
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Figure 7.24 (a) Parallel-RLC network. (b) Parasitic-insensitive realization. (c) Eliminating the inductor
using a non-inverting opamp-RC integrator.

that the inductor’s function is to push a current Vbp∕sL into the virtual ground node.
If we can find a way of injecting the same current without using an inductor, our
objective is achieved. We thus ask the question: suppose we replace the inductor in
Figure 7.24b with a resistor, what voltage would have to be applied at the other end
of the resistor to result in a current Vbp∕sL? It is easy to see that the resistor must
be connected to a voltage Vbp(R∕sL), which is an integrated version of Vbp. Since
our building block, namely the integrator, is inverting, we need to cascade it with an
inverting amplifier to achieve integration without inversion. This is the circuitry in
the gray box in Figure 7.24c. It is apparent that C2 must be chosen as L∕R2 to achieve
the same bandpass transfer function as in Figure 7.24b. Given that the input current
source feeds into a virtual-ground node, it can be replaced by a voltage source in series
with a resistor, which accomplishes the voltage-to-current conversion (albeit with a
sign inversion). The output of A3, which is the integrated version of the bandpass
transfer function, is the low-pass output.
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Figure 7.25 The Tow-Thomas biquad with low-pass and band-pass outputs.

The topology for Figure 7.23b was derived from a passive prototype, but there are
evidently many more components in the circuit; and one is free to vary these compo-
nent values. Figure 7.25 shows a more general form of the Tow-Thomas biquad. The
gain of the inverting amplifier formed by A2 is kept at −1 (which is anyway the case
in a differential implementation). Straightforward analysis shows that

Vlp

Vi
= −

R2
R1

1

1 + sC2R2(R4∕R3) + s2C1C2R2R4
⟶ !p =

1
√
R2R4C1C2

,

Qp =
R3

√
R2R4

√
C1
C2

Vbp

Vi
= −

R2
R1

sC2R4
1 + sC2R2(R4∕R3) + s2C1C2R2R4

(7.57)

Let us ponder over the expression for the low-pass transfer function above and see
why it makes sense.

a. At dc, C2 carries no current, which means that the voltage at the output of A2,
and vbp are zero. Consequently, no current flows through R3. All of the current
through R1 flows through R2, resulting in an output voltage −(R2∕R1)vi. The dc
gain, therefore, is −(R2∕R1).

b. The value of the equivalent inductor realized by A2, A3, R4, C2, R2 is L = R2R4C2.
The !p of the biquad, therefore, is 1∕

√
LC1 = 1∕

√
R2R4C1C2.

c. Qp is that corresponding to the quality factor of the RLC-parallel network, and is
given by R3

√
C1∕L = (R3∕

√
R2R4)

√
C1∕C2.

Let us now make sense of the band-pass transfer function. From Figure 7.25, we
see that

Vlp =
1

sC2R4
Vbp.

Consequently, the Vbp is obtained from Vlp by multiplying it with sC2R4.
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7.5.2 The Rauch Filter

Figure 7.26 (a) The Tow-Thomas biquad—the summing first-order low-pass filter is in gray. (b) Replac-
ing the gray section using passive circuitry to result in the Rauch biquad.

An interesting and widely-used modification of the Tow-Thomas structure is the
so-called Rauch biquad. Its evolution is described using Figure 7.26. The portion
enclosed in gray in part (a) of the figure injects a current ix through R4 given by

Ix = (
Vi

R1
+
Vo

R2
)
1

R4

R3
1 + sC1R3

. (7.58)

We see that Ix is a first-order low-pass filtered version of a weighted sum of vi and
vo. The weighted summation and subsequent low-pass filtering is created by A1,
R1, R2, R3, andC1. Unfortunately, the output ofA1 has a sign inversion, which is reme-
died by the inverting amplifier created by A2.
Weighted summation of vi and vo, and low-pass filtering the result without inversion

can be achieved without opamps by passive summation. This is the idea behind the
Rauch structure shown in Figure 7.26b, where the circuitry in the gray box of the
Tow-Thomas biquad is replaced by a significantly simpler network. The reader may
readily verify that

Ix = (
Vi

R1
+
Vo

R2
)
1

R4

Req

1 + sC1Req
(7.59)

where Req = R1 ∥ R2 ∥ R4. The expressions for Ix in the Tow-Thomas and Rauch struc-
tures are the same form, indicating that the same transfer function can be realized by
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both topologies with an appropriate choice of component values. The transfer func-
tion of the Rauch biquad of Figure 7.26b turns out to be

Vo

Vi
= −

R2
R1

1

1 +
s

!pQp

+
s2

!2p

(7.60)

where

!p =
1

√
R2R4C1C2

, Qp =
Req

√
R2R4

√
C1
C2
. (7.61)

Why do the expressions abovemake sense? Let us begin with the dc gain. The current
through C2, and consequently ix are both zero at dc. As a result, vx = 0. This means
that the dc current through R1, namely vi∕R1, flows through R2. The dc value of vo is
thus −(R2∕R1)vi, indicating that the dc gain of the Rauch biquad is −(R2∕R1).
Next, let us understand the expression for !p. At very high frequencies (i.e.,

s→∞), vo is vanishingly small and the current through R2 is close to 0. Vx is thus
approximately given by Vi∕(sC1R1). Vo is therefore seen to be −Vi∕(s

2C1C2R1R4)

at high frequencies. From (7.60), the asymptotic behavior of Vo∕Vi is seen to be
−(R2∕R1)(!

2
p∕s

2). Consequently, we have

−
R2
R1

!2p

s2
= −

1

s2C1C2R1R4
(7.62)

from which we have !p = 1∕
√
R2R4C1C2.

It is but natural to wonder about the nature of the transfer function Vx∕Vi. Since
Vo∕Vx = −1∕(sC2R4), it is evident that Vx∕Vi = sC2R4(Vo∕Vi) is a band-pass transfer
function.
The Rauch biquad is evidently a lot simpler than the Tow-Thomas structure. The

question that then arises is—why is the latter even relevant? As one might expect,
there is no free lunch, and each topology comes with its own set of advantages and
challenges. With respect to the Tow-Thomas and Rauch biquads, the issues to be con-
sidered are the following.

a. The Rauch structure has fewer degrees of freedom since it employs fewer compo-
nents.

b. The input impedance of the Tow-Thomas biquad is purely resistive (assuming an
ideal opamp). This is not true for the Rauch design.

c. A Rauch biquad is sensitive to stray capacitance that appears in parallel with C1.
d. As we will see going forward, the Tow-Thomas biquad is significantly less noisy

than the Rauch filter for the same power dissipation.
e. It turns out that the out-of-band linearity of the Rauch biquad is much better

than that of the Tow-Thomas filter. The intuition behind this is that out-of-band
signals in the Rauch design first encounter the passive filter formed by R1, C1 and
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are significantly attenuated before they excite the opamp, which is the source of
distortion.

f. Digitally programming component values (by the use of switchable resistor and
capacitor banks) is problematic in the Rauch biquad. This is due to the follow-
ing. Switches are realized usingMOS transistors, which are nonlinear. Since vx in
the Rauch structure is not a virtual ground node, there can be significant switch-
induced distortion when R1, R2, R4, andC2 are realized as digitally programmable
banks.

To summarize, the Rauch biquad realizes a second-order all-pole low-pass response
using only one opamp. It accomplishes this by exploiting passive summation and
filtering. It is amenable to fully differential operation. While it has challenges as
described above, it is a widely used topology on account of its many advantages.

Figure 7.27 (a) Alternative RLC low-pass prototype. (b) Corresponding active-RC prototype.

Other realizations of a biquad are possible. As an example, we show the circuit
developed from another passive RLC low-pass structure. Figure 7.27a shows the pro-
totype.2 Straightforward analysis shows that!p = 1∕

√
LC andQp = R

√
C∕L. Proceed-

ing in the same manner as we did with the circuit of Figure 7.23a, we arrive at
Figure 7.27b. The output of A3 corresponds to vo in the passive network. v1, which is
the output of A1 corresponds to the inductor current (which is no longer a bandpass
transfer function). Analysis shows that

2The reader would have noticed that this is based on a parallel RLC circuit.
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Vo

Vi
= −

1

1 + sRC1 + s2R2C1C2
V1

Vi
= −

1 + sC2R

1 + sRC1 + s2R2C1C2
.

(7.63)

which yields

!p =
1

R
√
C1C2

, Qp =

√
C2
C1
. (7.64)

A natural question that now arises is: which among the structures Figures 7.27b
and 7.23b should one employ in practice? It turns out (as we will see in the subsection
on noise) that the modified Tow-Thomas design of Figure 7.27b, being less noisy than
the original biquad for the same power dissipation, is the more appropriate choice.

(Continued)

Practical Point: Bottom-Plate Parasitic Capacitance

Figure 7.28 (a) Floating capacitor and associated bottom-plate parasitic Cx . (b) Placing Cx at the
virtual ground results in a path for noise to couple into the filter. (c) The correct placing of the bottom-
plate parasitic.

The workhorse of active filters, namely the active-RC integrator, uses a floating
capacitor. It turns out that in practice, one of the terminals of the capacitor has
associated with it a bottom plate parasitic to ground, as shown in Figure 7.28a. The
value of the undesired parasitic is dependent on process technology—it can range
from a few percent to well over 20% of the intended capacitance. This then brings
up the question: on which side should one place the bottom plate?
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(Continued)

Connecting C so that Cx is on the virtual-ground side, as in Figure 7.28b seems
like a good idea: since both plates of the parasitic are at the same potential, no
current will flow through it, thereby rendering Cx inconsequential. On the other
hand, arranging C so that Cx is at the output of the opamp as in Figure 7.28c
will need the parasitic capacitor to be charged and discharged like the main
capacitor C.
As convincing as the argument above might seem, connecting the bottom plate

of C to the virtual-ground node of the opamp is the wrong thing to do! The reasons
are the following.

a. The “ground” of the parasitic capacitance Cx is the substrate of the integrated
circuit. Due to other circuitry on the chip, the substrate node is noisy. Con-
sequently, if Cx is connected to the virtual ground of the opamp, it acts as a
source through which substrate noise is injected into the integrator (and the
filter). Having Cx at the output of the opamp, on the other hand, will result in
substrate noise current being injected into the low-impedance node vo—this
will have no effect on vo, since the noise is “absorbed” by the opamp.

b. In practice, the finite gain-bandwidth product of the opamp will result in
an integrator with a parasitic pole. It turns out that the location of this pole
(which should be as high as possible) depends on the feedback factor. In the
arrangement of Figure 7.28b, the feedback factor around the opamp at high
frequencies is seen to be C∕(C + Cx). On the other hand, the opamp sees
unity feedback in the circuit of Figure 7.28c. Consequently, the parasitic pole
in the latter will be at a higher frequency. It is thus seen that the circuit of
Figure 7.28c is superior on more than one count.

To summarize, we have discussed the origin and intuition behind first- and second-
order filter building blocks. The topologies we arrived at were based on the opamp-
RC integrator, chosen for its parasitic insensitivity. Cascading first- and second-order
sections allow us to realize filters of arbitrary order.

7.6 Noise in Opamp-RC Sections

Having seen first- and second-order-section topologies, let us examine the noise prop-
erties of these building blocks. We begin with the first-order section.
Figure 7.29 shows the first-order section with noise sources marked. vn1 and vn2

denote the thermal noise voltage sources associatedwith the resistors, and vn3 denotes
the input-referred noise voltage of the opamp. It turns out that in a well-designed
opamp, the noise due to the opamp ismuch smaller than that due to the resistors. The
output noise is therefore dominated by that due to the input and feedback resistors.
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Figure 7.29 Noise sources in a first-order section.

Straightforward analysis shows that the voltage noise-spectral density of the output
is given by

So(f) = 8kTR
1

1 + 4�2f2R2C2
.

The mean-square noise v2o is seen to be

v2o = 8kTR∫

∞

0

1

1 + 4�2f2R2C2
df = 2

kT

C
. (7.65)

When compared to a passive-RC filter with the same 3 dB bandwidth, the noise-
spectral density and mean-square noise are higher by a factor of 2. This is the price
to be paid for the “convenience” of being able to cascade sections without having to
worry about loading effects.

Figure 7.30 Noise sources in a second-order section. The inversion is assumed to be noiseless.
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Next, we analyze noise in a Tow-Thomas biquad with low-pass and band-pass out-
puts. The filter is shown in Figure 7.30. Again, the noise of the opamps is neglected.
The low-pass and band-pass transfer functions are given by

Hlp(s) = −
R1
R3

1

1 +
s

!pQp

+
s2

!2p

Hbp(s) = −
Rq

R3

s

!pQp

1 +
s

!pQp

+
s2

!2p

.

(7.66)

To determine the noise-spectral density at the filter outputs, we need to find the
transfer functions from vn1,⋯ , vnq to vlp and vbp.Wemake the following observations
regarding the low-pass output.

a. The transfer function from vn3 to vlp isHlp(s).
b. The transfer functions from vn1 and vnq to vlp are Hlp(s)(R3∕R1) and

Hlp(s)(R3∕Rq), respectively.
c. The transfer function from vn2 to vlp is given by Hlp(s)(R3∕Rq) +

Hbp(s)(R3C1∕R2C2).

The noise-spectral density at the low-pass output is thus given by

Slp(f) = 4kTR1 [1 +
R1
R3

+
R1
Rq

+
R1R2

R2q
]

1

(1 − (f∕fp)2)2 + (f∕fpQp)2

+4kTR1 (
C1
C2
)

(f∕fp)
2

(1 − (f∕fp)2)2 + (f∕fpQp)2
.

where f denotes the frequency in Hz, and fp = !p∕2�. The noise-spectral density is
high in the filter’s passband, and peaks around the band-edge frequency. The mean-
square noise at the low-pass output is given by

v2
n,lp

=∫

∞

0

Slp(f) df = 4kTR1 [1 +
R1
R3

+
R1
Rq

+
R1R2

R2q
+
C1
C2
]
�Qpfp

2
. (7.67)

Useful Integrals

∫

∞

0

1

(1 − f2)
2
+ (f∕Qp)2

df =
�Qp

2
(7.68)

∫

∞

0

f2

(1 − f2)
2
+ (f∕Qp)2

df =
�Qp

2
. (7.69)
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Regarding the bandpass output, we observe the following.

a. The transfer function from vn3 to vbp isHbp(s).
b. The transfer functions from vn1 and vnq to vlp are Hbp(s)(R3∕R1) and

Hbp(s)(R3∕Rq), respectively.
c. The transfer function from vn2 to vbp is given by Hlp(s)(R3∕R1).

Sbp(f) = 4kTR1
R2C2
R3C1

[1 +
R3
R1

+
R3
Rq
]

(f∕fp)
2

(1 − (f∕fp)2)2 + (f∕fpQp)2

+4kTR2
1

(1 − (f∕fp)2)2 + (f∕fpQp)2
.

The noise-spectral density is seen to be large around the center frequency. The mean-
square noise at the band-pass output is given by

v2
n,bp

=∫

∞

0

Sbp(f) df = 4kTR1 {
R2C2
R3C1

[1 +
R3
R1

+
R3
Rq
] +

R2
R1
}
�Qpfp

2
. (7.70)

A few observations regarding the total integrated noise (at low-pass and band-pass
outputs) are in order.

a. The integrated noise is proportional toQp. Why does thismake sense? For a given
fp, the peak gain from internal noise sources to vlp and vbp is proportional to Qp.
This means that the peak noise-spectral density is proportional to Q2

p. A higher
Qp, however, renders the response “sharper,” thereby reducing the effective band-
width. Consequently, the integrated noise is proportional to Qp.

b. The integrated noise is proportional to fp. Why does this make sense? For a given
Qp, the bandwidth over which the noise-spectral density is significant is propor-
tional to fp. The integrated noise must therefore be proportional to fp.

c. For a given fp and Qp, the total noise can be reduced by a factor � by reducing all
resistors by a factor�. Note that reducing all resistorswhile keepingfp unchanged
will necessitate increasing all capacitors by the same factor �. Consequently, the
opamps will be called upon to supply � times more current, which will in turn
increase the power dissipation by a factor �. Doubling the SNR by reducing noise
by a factor of 2 therefore entails double the power dissipation. High-frequency,
narrowband filters that are designed to achieve low noise should therefore be
expected to dissipate a lot of power.
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Noise in a Butterworth Biquad

Figure 7.31 Butterworth biquad with a dc gain of unity and equal capacitors.

Figure 7.31 shows a Butterworth biquadwith a dc gain of unity. It uses equal capac-
itors. !p = 1∕RC and the damping resistor is given by Rq = QpR. The figure below
shows the noise spectral densities at the low-pass and band-pass outputs (normal-
ized to 4kTR).

The Tow-Thomas structure of Figure 7.30 provides low-pass and band-pass out-
puts. The alternate structure, where the damping resistor is placed across C2, yields
only a low-pass output. It turns out, as we show below, that it is the lower-noise
alternative—useful if one is not interested in obtaining a bandpass output. Figure 7.32
shows the filter. As usual, the noise of the opamps is neglected.
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Figure 7.32 An alternative low-noise biquad, useful if one is only interested in a low-pass transfer
function.

The low-pass transfer function is given by

Hlp(s) = −
R1
R3

1

1 +
s

!pQp

+
s2

!2p

.

To determine the noise-spectral density at the filter output, we need to find the
transfer functions from vn1,⋯ , vnq to vlp. We make the following observations.

a. The transfer functions from vn3 and vn1 to vlp are Hlp(s) and (R3∕R1)Hlp(s).
respectively.

b. The transfer functions from vn2 and vnq to vlp are given by Hbp(s) and
Hbp(s)(R2∕Rq) where

Hbp(s) = −

s

!pQp

1 +
s

!pQp

+
s2

!2p

.

The noise-spectral density at the low-pass output is thus given by

Slp(f) = 4kTR1 [1 +
R1
R3
]

1

(1 − (f∕fp)2)2 + (f∕fpQp)2

+4kTR1 (
C1
C2
) [1 +

R2
Rq
]

(f∕fp)
2

(1 − (f∕fp)2)2 + (f∕fpQp)2
.

where f and fp have their usual meanings. The mean-square noise at the low-pass
output is given by

v2
n,lp

=∫

∞

0

Slp(f) df = 4kTR1 [1 +
R1
R3

+
C1(1 + R2∕Rq)

C2
]
�Qpfp

2
. (7.71)
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Noise in the Alternative Butterworth Biquad

Figure 7.33 Alternative Butterworth biquad with a dc gain of unity and equal capacitors.

Figure 7.33 shows the Butterworth biquad with the damping resistor moved across
the second integrating capacitor. It uses equal capacitors. As before, !p = 1∕RC

and the damping resistor is given by Rq = QpR. The figure below shows the noise
spectral density at the low-pass output (normalized to 4kTR). It is evident that
the noise is considerably smaller than that in the structure of Figure 7.31. The
reduction is significant from the power-efficiency viewpoint—remember that to
obtain a 2× lower noise using the original structure would need twice the power
dissipation!
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7.7 Dynamic-Range Scaling

We now discuss the rationale behind dynamic-range scaling, which is a way to
improve the dynamic range of an analog filter for the same power dissipation. Before
we go there, however, we first talk about a concept called node scaling.

Figure 7.34 (a) Section of an active-RC filter. The transfer function from vi to v1 is denoted byH1(s). (b)
Node scaling the transfer function by a factor � reduces due to the resistor.

Consider a portion of an active-RC filter, as shown in Figure 7.34a. The integrating
capacitor is denoted by C, and the opamp A drives a resistor of value R, whose other
terminal is connected to the virtual ground of an opamp in the filter. The signal cur-
rent in R is denoted by i1 = v1∕R, and its thermal noise current source is shown. The
frequency response at node 1 is denoted byH1(s) = V1∕Vi. The filter’s transfer func-
tion Vo∕Vi is denoted byH(s).
What happens toH(s) ifC is reduced by a factor�? Clearly, the transfer functionwill

change since i1 will increase by a factor �. If one wanted the filter transfer function to
remainH(s) evenwhenC is reduced by a factor�,Rmust be increased to�R as shown
in Figure 7.34b. This way, I1 remains the same (i.e., Ix∕(sCR)) as in Figure 7.34a, and
the rest of the filter “will not know” that the integrating capacitor has reduced toC∕�.
Increasing the resistor to �R, however, reduces the noise power at vo. This is due to
the following. The transfer function from the noise current to vo is unchanged from
part (a) to (b) in Figure 7.34. The noise spectral density in the latter figure, however,
is lower by a factor �.
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To summarize, reducingC and increasingR by� as in Figure 7.34b has the following
consequences:

a. The frequency response at node 1 will be scaled by � to �H1(s). This is therefore
called node scaling. In the time domain, it means that for the same input, the
waveform at will be � times larger. The voltage transfer functions to all nodes
other than will remain unchanged.

b. The noise-power at the filter output reduces, since the spectral density of the
noise current injected by �R is lower by a factor �.

From the discussion above, it seems as if using a large � is beneficial on multiple
counts—the area of the integrating capacitor reduces, and so does the noise at the
filter’s output. So what prevents one from using an arbitrarily large �? The answer is
opamp saturation, as explained next using an example.

Figure 7.35 Magnitude responses at the low-pass and band-pass nodes of a Butterworth biquad, for
� = 0.5 and � = 2.5.

Figure 7.35 shows the schematic of a Tow-Thomas Butterworth biquad. The
impedance in the feedback path of A1 is scaled by �. To ensure that Vo∕Vi remains
Butterworth for arbitrary values of �, the resistor that senses vbp should be modified
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to �R as shown in the figure. The magnitude responses ofVo∕Vi andVbp∕Vi are plot-
ted in Figure 7.35 for � = 0.5 and � = 2.5. While the low-pass transfer function does
not change with �, we see that Vbp∕Vi is scaled by a factor of 5.
The key point crucial to understanding the necessity for dynamic-range scaling is

the concept of opamp saturation. An opamp operates off of supply rails. The peak-to-
peak swing at the output of an opamp is constrained by the supplies, and is usually
a large fraction of the potential difference between the positive and negative supply
voltages. Peak-to-peak outputs beyond this are simply not possible as the output of
the opamp will saturate. We denote the peak-to-peak output swing of an opamp by
2Vmax .
Coming back to our Butterworth example of Figure 7.35, let us assume that

� = 2.5, and that the biquad is excited by a sine-wave input whose amplitude is Vmax

and frequency is !p. If the opamp were ideal, and its output stage did not saturate,
the peak swing at the band-pass node would be about 1.8Vmax . This, however, would
cause the real opampA1 to saturate (Note thatA2 would still be operating in its linear
region). To prevent saturation, the input amplitude should be reduced by a factor of
1.8. Thismeans that themaximum signal power at the filter’s outputwould be smaller
by a factor of (1.82 ≈ 3.2) when compared to what it would have been if A1 did not
saturate.A1, therefore, limits the peak SNR that can be achieved at the filter’s output.
We thus see that the act of using a large � (like � = 2.5 in our example) to reduce

noise at the filter’s output has had the deleterious effect of limiting the maximum
signal amplitude that the filter can handle.What happenswhen � ismade very small?
Using too small an� (say�=0.5 in our example) certainly preventsA1 from saturating,
but it is apparent that the full swing at A1’s output is “not being used.” What is the
largest � that can be used beforeA1 saturates?We see that � can be increased to about
1.41, a choice that results in the peak gain at A1’s output of 1. This in turn will result
in lower noise due to the �R resistor.
The discussion above indicates that the “best” value to use for � is the one that

results in the largest swing atA1’s output without letting it saturate. Equivalently, the
peak of the magnitude response should be unity (like that forA3). This way, when the
filter is excited by a single-tone input of any frequency, no single opamp prematurely
limits the signal level that the filter can handle. This process of node scaling so that
the peak gains of the frequency responses at the outputs of all opamps are unity is
termed dynamic-range scaling. In our example, using � = 1.4 will result in the peak
gain of the band-pass transfer function to be unity. This choicewillmaximize the peak
input sine-wave amplitude that the filter can handle while reducing noise due to �R.
A smaller �would result inmore noise, while a larger �would cause the signal power
to reduce.
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Example: Dynamic-Range Scaling in a Fourth-Order Butterworth Filter

Figure 7.36 Magnitude responses of internal nodes in the fourth-order Butterworth lowpass filter.

Let us apply the techniques we discussed above to a fourth-order Butterworth low-
pass filter. Two Tow-Thomas biquads are cascaded to realize the fourth-order transfer
function, as shown in Figure 7.36. The quality factors of the biquads are 0.54 and
1.31. The low-Q biquad is placed first. The node scaling coefficients of the integrating
capacitors are denoted by �1,⋯ , �4. We start with all �’s being unity. The transfer
functions from vi to v1,⋯ , vo are denoted byH1(s),⋯ , Ho(s) respectively. Figure 7.36
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plots the magnitude responses of these transfer functions. We see that the peaks of
|H2| and |Ho| are 1, and occur at dc. The maximum value of |H1| is 0.54, while that
of |H3| is 0.75. To set the peak gains of all responses to unity, node scaling should be
as per �1 = 1.85, �2 = 1, �3 = 1.33, and �4 = 1. The frequency responses at the opamp
outputs after dynamic range scaling are shown in Figure 7.37.

Figure 7.37 Magnitude responses of internal nodes after dynamic-range scaling.

7.8 Fully-Differential Signal Processing, Integrators
and Filters

Figure 7.38 Problems with single-ended operation. Cx is a parasitic capacitance to the opamp’s virtual
ground node.

We have so far worked with so-called single-ended circuits, which means that input
and output voltages are referred to ground. On an integrated circuit, this approach is
problematic due to the following. Digital circuits on the chip draw spikes of current
from the power supply. Consequently, there is a noise-like waveform superimposed
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on theVdd node, as shown in Figure 7.38. On the same chip, assume that we are trying
to build an inverting amplifier with a gain of −k. Due to unavoidable reasons, there
is a parasitic coupling capacitance Cx between Vdd and the opamp’s virtual ground.
A good design would attempt to make Cx as small as possible, but the key point is
to recognize that it cannot be totally eliminated. The result of a nonzero Cx is that
noise on the supply will appear at the output of the amplifier as shown in Figure 7.38,
thereby corrupting the signals in the analog signal chain.

Figure 7.39 Using two identical amplifiers with a differential input. The output of interest is the differ-
ence between vop and vom.

A solution to the problem is shown in Figure 7.39. Two identical amplifiers are built.
By symmetry, the parasitic capacitances coupling the supply to the virtual-ground
nodes of the opamps are identical. One amplifier is excited with vi, while the other
is excited with −vi. The output of the former, namely vop is the sum of −vi and a
noise waveform. The second amplifier’s output vom is the sum of vi and the same noise
waveform that corrupts vop. If however, one observed the difference between vop and
vom, it is apparent that the noise would go away, since it is common to both outputs.
This way, supply noise coupling does not degrade the signals in the analog path. This
mode of operation, where information of interest is the difference between two node
voltages (or branch currents), is termed differential operation. A few observations are
in order.

a. Differential operation achieves robustness to all sources of noise that are common
to both copies of the circuit. Such noise is called “common-mode” noise.

b. Common-mode noise is eliminated only if both copies of the circuit are exactly
identical. In practice, there will be mismatch between the copies. Consequently,
a portion of common-mode noise leaks into the differential output. Referring to
Figure 7.39, if the Cx’s were not identical the noise waveforms at vop and vom
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would not be exactly equal. The differencewould appear in the differential output
(vop − vom).

c. It might seem that differential operation entails a power penalty since two ampli-
fiers are being used. Note, however, that the SNR at the output is increased by
a factor of 2 when compared to the single-ended amplifier. This is due to the
following. Assuming that Cx = 0, so that the noise at the output of each ampli-
fier is due to the resistors and opamp, we see that output noise at vop and vom
are independent. The signals, however, are vi and −vi. Consequently, the noise
and signal powers in the differential output (vop − vom) will be twice and four
times that in the single-ended case respectively. Consequently, the SNR of the
differential implementation is higher by a factor of 2 while consuming twice the
power, whichmeans that there is no fundamental SNR improvement (or penalty)
due to differential operation. The main advantage is robustness with respect to
common-mode noise sources (like supply noise discussed earlier).

d. In practice, the amplifiers will be weakly nonlinear. vop and vom will both consist
of even- and odd-order distortion components. The differential output, however,
is free from even harmonics as they are common to vop and vom. Differential oper-
ation, therefore, also improves linearity by eliminating even harmonics.

Figure 7.40 Effect of mismatch when two identical inputs are used.

As alluded to earlier, using two nominally identical copies and working with differ-
ential signals results in an output that is sensitive to component mismatch. This can
become particularly problematic when the difference between the two inputs is small,
but both inputs vary by a large amount (though they are identical). This is illustrated
in Figure 7.40. The inputs are identical, and equal to vcm. The feedback resistor in one
of the amplifiers deviates from its nominal value by �R. As a consequence, the differ-
ential output voltage which is ideally supposed to be zero, is now seen to be �kvcm.
There is a differential output even though the differential input is zero. How do we
address this problem?
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Figure 7.41 Evolution of the inverting amplifier.

The root cause of the problem seen above is the following. Ideally, we would like to
amplify only the difference between the two inputs. Each of our amplifiers, however,
operate independently and are unable to distinguish whether their inputs are com-
mon to both of them, or if they are differential. This suggests the following approach.
If the feedback loop leading to the inverting amplifier operated only for differential
signals, we should hope to see improved performance. To understand this better, con-
sider the evolution of the “standard” inverting amplifier, as shown in Figure 7.41.

Step 1 Weneed to generate vo = −kvi. Assuming vo exists, howdowe figure out if it
is “correct?” To do this we first generate the voltage vx = (kvi + vo)∕(k + 1)

using a resistor divider.
Step 2 We compare vx with 0 using an amplifier with infinite gain. If vx > 0, it

means that vo is not negative enough andmust be reduced (and vice versa).
Therefore, if vx > 0, the signs of the opamp must be chosen so that va goes
more negative.

Step 3 The signs of the opamp are chosen appropriately and va and vo are shorted.
In steady state, vx = 0 and vo = −kvi.

Applying the steps above to differential signals, we arrive at the amplifier of
Figure 7.42a. The idea is to ensure that vop − vom = −k(vip − vim). To this end, we form
the differential error

vx =
1

k + 1

[
(kvip + vop) − (kvim + vom)

]
.

As in the single-ended case, (vop − vom) is not sufficiently negative if vx > 0. The fully-
differential opamp senses vx and varies the difference between vop and vom to make vx
go to zero. The opamp, whose equivalent is shown in Figure 7.42b only responds to
the differential voltage vx. vop and vom are balanced about ground, with (vop − vom) =
A(vxp − vxm) where A→∞.
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Figure 7.42 (a) Fully-differential inverting amplifier. (b) Opamp equivalent circuit—the outputs are
balanced with respect to ground.

Figure 7.43 Effect of mismatched resistors on the differential output.

Let us now examine the differential output when both inputs are identical, with
mismatch in the feedback resistors of the amplifier (Figure 7.43). Ideally, the
differential output should be zero. Straightforward analysis shows that the input
terminals of the amplifier are at a potential vcmk∕(k + 1), thereby resulting in a
current i = vcm∕(k + 1)R in both input resistors. The differential output is thus given
by (k∕k + 1)�vcm.When compared to using two independent single-ended amplifiers,
we see that the differential output is (k + 1) times smaller.

7.8.1 Fully-Differential Integrators and Filters
We have so far discussed integrators and filters that are single-ended, in the sense
that the voltages of interest are referred to ground. As discussed above, there are
many advantages to operating circuits in a fully differential fashion. Accordingly,
Figure 7.44 compares single-ended and differential integrators.
Figure 7.44b shows a fully differential integrator. The “input” to the integrator is the

differencebetween thenode voltagesmarked vi and−vi. The opamp is also differential,
meaning that the gain from its differential inputs to its differential outputs is (ideally)
infinite. The output of interest is the difference between the potentials of the nodes
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Figure 7.44 (a) Single-ended and (b) fully-differential integrators.

marked vo and −vo. To reiterate, the signals of interest are not vi or −vi, but their
difference. Another useful consequence of fully-differential circuits is that inversion
can be had for free, simply by crossing wires.

Figure 7.45 (a) A fully-differential Tow-Thomas biquad and (b) its single-ended equivalent.
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Figure 7.45 shows a fully-differential biquad that employs equal resistors, and with
a damped second integrator. When compared to a single-ended biquad design, we
see that the inverting amplifier stage is eliminated. This is because inversion in a dif-
ferential version can be obtained by simply crossing wires. Fully differential circuits
are cumbersome to draw, and are hence often drawn as “single-ended equivalents.”
Such a representation is shown in Figure 7.45b. The inversion is shown as the nega-
tive resistance −R between the two integrators, but should be interpreted as crossing
wires of the first integrator’s output in the actual circuit.

7.9 Effect of Opamp Finite Gain-Bandwidth Product

Our analysis so far assumed ideal opamps, meaning they have infinite dc gain and
bandwidth. In reality, this is not true of course, and it is important to understandwhat
these nonidealities do to the response of a filter.

Figure 7.46 Magnitude response of a dominant-pole compensated opamp.

Auseful approach to account for the finite gain and bandwidth of a practical opamp
is to model it as a single-pole system according to

Vo(s)

Vd(s)
= A(s) =

Ao

1 +
s

!d

(7.72)

whereAo and!d denote the dc gain and 3 dB bandwidth respectively. The Bode plot of
the opamp’s frequency response is given in Figure 7.46.Ao is usually large, often in the
range of 103 to 104. For frequencies larger than !d, the opamp’s gain is approximately
given by

Vo(s)

Vd(s)
= A(s) ≈

Ao!d
s

=
!u
s

(7.73)

where !u is called the gain-bandwidth product. !u is also the frequency at which the
magnitude of the opamp’s gain drops to unity, and is therefore termed the unity-gain
bandwidth.
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The question we wish to understand and answer is: How does the finite unity-gain
bandwidth of the opamp affect the filter transfer function? To address this, we proceed
as follows. We will first determine the effect of opamp nonidealities on the properties
of an integrator, which is the building block of an opamp-RC filter.Wewill then figure
out how a modification of the integrator’s transfer function affects that of the filter.

Figure 7.47 An active-RC integrator with a finite-bandwidth opamp.

Figure 7.47 shows an integrator built using an opamp with a finite gain-bandwidth
product !u. Denoting G = 1∕R, the relationship between Vo and Vi is given by

− (
ViG + VosC

G + sC
)

⏟⎴⎴⎴⏟⎴⎴⎴⏟
Vx(s)

!u
s
= Vo. (7.74)

Rearranging, and using !o = 1∕(RC) we obtain

Vo(s)

Vi(s)
= −

!o
s

1

(1 +
!0

!u
) +

s

!u

= −
!o

s (1 +
!0

!u
)

1

(1 +
s

!u(1+
!0

!u
)
)

. (7.75)

We see that the effect of a finite opamp unity-gain bandwidth is twofold:

a. The integrator’s transfer function is now of second-order. The two-amplifier Tow-
Thomas biquad (assuming inversion is ideal, which is true in a fully-differential
implementation) will be a fourth-order system. The hope is that the frequency
response of this network is close to that of the second-order system it is intended
to realize.

b. The modified transfer function can be thought of as the cascade of an ideal inte-
grator (albeit with a modified unity-gain frequency) and a first-order low-pass
filter with 3 dB bandwidth given by !u(1 + (!o∕!u)).

Let us make some approximations that are valid in a practical integrator. To achieve
a performance close to the ideal, the negative feedback loop should have a high
gain so that the virtual-ground node potential is small. This is of course not possi-
ble at all frequencies, since the opamp’s gain falls with frequency; however, it is clear
that its gain must be large at least up to the unity-gain frequency of the integrator,
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namely!o. Thismeans that the quantity!u∕!0 ≫ 1. Using this practical relationship,
the integrator’s transfer function can be simplified as

V0(s)

Vi(s)
≈ −

!o
s

1

(1 +
s

!u
)

. (7.76)

The equation above indicates that the effect of the opamp’s finite gain-bandwidth
product can be modeled approximately as a high-frequency pole at !u. In the time
domain, this corresponds to a delay of 1∕!u with respect to the output of an ideal
integrator. Figure 7.48 shows the unit-step responses of ideal and practical integrators.

Figure 7.48 Unit-step responses of ideal and practical integrators when !u ≫!o. The finite !u intro-
duces a delay 1∕!u.

Clearly, as !u tends to infinity, the transfer function of a biquad that is built
using non-ideal integrators should approach a second-order one. In practice, the
high-frequency parasitic pole due to finite opamp bandwidth is far away from the
unity-gain frequency of the integrator. This allows us to use concepts like !p and Qp,
originally associated with a second-order system, even though the transfer function
of the biquad is of a higher order.
Before we dive into an analysis of an integrator’s parasitic poles on the frequency

response, let us take a step back and ponder over what we should broadly expect. A
biquad consists of two integrators enclosed in a negative feedback loop. If there is
excess delay in the integrators (due to the finite speed of the opamp), we are in effect
introducing delay into a feedback loop. The closed-loop system will therefore tend to
move closer to the edge of stability.

(Continued)

Geometric Interpretation of a Transfer Function

Consider the standard form of a second-order all-pole transfer function with com-
plex conjugate poles at p and p∗. It can be expressed as

H(s) =
1

s2

!2p
+

s

!pQp

+ 1
=

!2p

(s − p)(s − p∗)
. (7.77)
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(Continued)

To determine H(s) at any complex frequency s1, we simply substitute s = s1 in the
expression above. It is useful to interpret this graphically. Figure 7.49 shows p and
p∗. They lie on a circle of radius !p. s1 is an arbitrary complex frequency. To find
H(s1), we first drawarrows fromp andp∗ to s1. These arrows represent the complex
numbers (s1 − p) and (s1 − p∗), and are denoted by a and b respectively. H(s1) is
given by !2p∕(ab). It is thus seen that the magnitude response |H(s1)| is inversely
proportional to the length of the arrows a and b.

Figure 7.49 Geometric interpretation of a transfer function.

The frequency response is obtained by evaluatingH(s) on the j! axis.

Useful Result: |H(s1)|When s1 Lies on a Circle of Radius !p

We derive below a useful result to evaluate |H(s1)| when s1 is any complex fre-
quency that lies on the circle of radius!p, where |p| = !p. Since |H(s1)| is given by
!2p∕|ab|, we need to find |ab|. We proceed in the following step-by-step manner.

(a) Referring to Figure 7.50, we recognize that the angle � subtended by p-p∗ at
s1 on the circle is half of that it subtends at the circle’s center.
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(b) The area of the triangle formed by p-s1-p∗ is given by (1∕2)|ab| sin �. sin � is
seen to be x∕!p, where x is the Im(p).

(c) The area of the triangle is also given by x ⋅ y, where y = |Re(p) − Re(s1)|.
(d) Using (b) and (c), we have

|H(s1)| =
!p

2|Re(p) − Re(s1)|
(7.78)

As a sanity check, let us evaluate |H(j!p)| using our formula above yields.Re(p) =
−!p∕(2Qp) andRe(s1) = 0. |H(j!p)| is thus seen to beQp, which iswhatwe expect.
Turning this result upside down, we can interpret Qp as the magnitude ofH(j!p).

Figure 7.50 A useful result concerning |H(s1)| when s1 lies on the circle of radius !p.

From (7.76), we see that the transfer function of a practical integrator can be
obtained by replacing s in that of an ideal integrator by s(1 + s∕!u). Denoting the
transfer functions of the nonideal and ideal biquads by Ĥ(s) andH(s), respectively, it
is apparent that they are related as

Ĥ(s) =H (s +
s2

!u
) . (7.79)
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The frequency response, which is obtained by evaluating the Ĥ(s) for s = j!, is
given by

Ĥ(j!) =H (j! −
!2

!u
) (7.80)

which can be graphically interpreted as shown in Figure 7.51.

a. Draw the poles of H(s). These are located at −
!p

2Qp

± j!x where

!x = !p

√

1−
1

4Q2
p

.

Figure 7.51 Ĥ(s) =H(s(1 + s∕!u)). The biquad is now a fourth-order system, but is treated as being of
approximately second-order with enhanced Qp.

The poles lie on circle of radius !p. To determine H(j!), we go along the imagi-
nary axis. At each point j!, we draw the vectors to the poles and determine the
product of their magnitudes from which |H(j!)| can be calculated.

b. Since Ĥ(j!) =H (j! −
!2

!u
), it follows that |Ĥ(j!)| can be evaluated by using

the pole-plot of H(s), but traveling along the curved path j! − !2

!u
as shown in

Figure 7.51. From the figure, it is apparent that Ĥ(0) =H(0). This makes sense,
since the dc gain of the integrator has not been modified by the parasitic pole
at !u.

c. As ! increases, |Ĥ(j!)| = !2p∕|ab| in Figure 7.51 will be larger than |H(j!)|.
This makes sense due to the following. For a given !, the corresponding point on
the curved path is “closer” to the poles than j!.
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d. |Ĥ(j!p)| can be evaluated as follows. For !u ≫!p, the point j!p − !2p∕!u
almost lies on the circle with radius !p. Consequently,

|Ĥ(j!p)| = |H(−!2p∕!u + j!p)|

=
!2p

|ab|
=

!2p

2!py

where

y =
!p

2Qp
−
!2p

!u
.

From the two equations above, we have

|Ĥ(j!p)| = Qp
1

1 −
2!pQp

!u

. (7.81)

Recall that we interpreted Qp for a biquad as being the magnitude of the transfer
function evaluated at s = j!p, namely |H(j!p)|. If we assumed that our nonideal
biquad (a fourth-order system in reality), is a second-order one and determined
its quality factor Q̂p by measuring its gain at !p, we would obtain

Q̂p = Qp
1

1 −
2!pQp

!u

. (7.82)

Since Q̂p > Qp, finite opamp bandwidth is said to cause Q enhancement [5]. As
!u →∞, i.e., the opamp tends to an ideal one, Q̂p → Qp, which makes sense.
Furthermore, the factor by which Qp is enhanced depends on 1 − (2!pQp∕!u).
For the same !p, a biquad with a higher Qp will be affected more. Therefore,
when one chooses an opamp to realize an active-RC filter, its gain-bandwidth
productmust be chosen to bemuch larger than the!pQp product that needs to be
realized. The key point is that the Qp plays a key role in the choice of the opamp.

(Continued)

Q-Enhancement Example

A student is designing a fully-differential active-RC biquad with a 3 dB bandwidth
of 20 kHz and Qp = 10, and decides to use an opamp that has a unity-gain band-
width of 1 MHz. What Qp will the biquad actually have?
Using the relationship derived previously, we see that the quality factor due to

finite opamp speed is enhanced to

Q̂p = 10
1

1 −
2⋅20×103⋅10

106

= 16.67.
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(Continued)

We see that theQp has increased significantly from the desired value. If!u reduces
by 20%due to a change in ambient temperature,Qp would increase to 20, indicating
that the design is very sensitive to environmental variations.

Having seen the effect of the opamp’s finite gain-bandwidth product on the perfor-
mance of a biquad, it is natural to wonder what happens to a high-order low-pass
filter. Such a transfer function is the product of second- and first-order transfer func-
tions. Also, as seen earlier, a high-Qp biquad whose !p is close to the band-edge fre-
quency is needed to achieve the sharp roll-off of the magnitude response. Since this
biquad has the highest Qp among all the biquads in the design, its quality factor is
enhanced to the largest extent. One should therefore expect the magnitude response
to deviate from the ideal to the largest extent at the band edge.

Figure 7.52 Magnitude responses of fifth-order Butterworth lowpass filters built with ideal opamps and
opamps with !u = 25!p.

Figure 7.52 compares the magnitude responses of a fifth-order Butterworth filter
with ideal and finite-bandwidth opamps. The unity-gain bandwidth of the opamps is
chosen as!u = 25!p. We see that themagnitude response peaks at the band-edge; the
deviation from the ideal fifth-order response is mild. This makes sense as the highest
quality-factor poles have Qp = 1.62.
A fifth-order Chebyshev filter presents a very different picture (for the same opamp

!u), as seen in Figure 7.53. Themagnitude has increased by a factor of 1.7 at the band
edge. This is because the highest-Qp biquad in the filter is 5.55.
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Figure 7.53 Magnitude responses of fifth-order Chebyshev lowpass filters built with ideal opamps and
opamps with !u = 25!p.

7.9.1 Addressing Finite Opamp Bandwidth
We have just seen how finite opamp bandwidth causes Q-enhancement, which in
turn results in a significant deviation of the magnitude response from the one that
is desired. How do we fix this issue? One can think of two straightforward ways of
addressing the problem.

a. Wider-bandwidth opamps: This is the most obvious solution. For example,
using !u = 250!p in our example Chebyshev design would greatly reduce
Q-enhancement. This approach of designing wider-band opamps is problematic
on two counts. First, it may simply not be feasible in the process technology used
to design the filter due to inherent speed limitations of the transistors. Next, even
if it were feasible, wider-bandwidth opamps will dissipate significantly higher
power and reduce the power-efficiency of the filter.

b. Transfer-function predistortion: The idea behind this approach is the following.
We know that finite !u will result in an increased Qp. What if we deliberately
aim to realize a transfer function with biquads whoseQp’s are deliberately lower,
so that they result in the desired Qp’s after they become larger due to finite !u?
In other words, if we appropriately predistorted the quality factors based on our
knowledge of !u, the enhanced quality factors would be those that we desired in
the first place. It is straightforward to see this should be done according to

Q̂p = Qp
1

1 +
2!pQp

!u

(7.83)
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Figure 7.54 The use of predistortion to account for finite opamp gain-bandwidth product. The biquads
are designed so that the band-edge response droops with ideal opamps, so that Q-enhancement restores
the response to that which is desired.

where Q̂p andQp denote the predistorted and desired quality factors, respectively.
Going back to our fifth-order Chebyshev example, predistorting the quality fac-
tors to 1.29 and 3.9 should result in a close-to-ideal magnitude response. This
is confirmed by simulations, as shown in Figure 7.54. The magnitude response
with ideal opamps droops significantly near the band edge, and is restored to the
equiripple response due toQ-enhancement caused by !u = 25!p. As seen above,
predistortion allows the use of finite !u opamps by making the opamp a part
of the filter design process. A disadvantage of predistortion, however, is that !u
must be well controlled. Figure 7.54 also shows the response when the trans-
fer function is predistorted assuming !u = 25!p, but !u reduces by 10% due to
changes in the supply voltage and/or the ambient temperature. We see that there
is a small residual peak in the response.

Figure 7.55 Improved integrator configuration using feed forward.

A less obvious approach is to use clever opamp configurations to design improved
integrators. We illustrate one such technique—though conceived in the discrete-
component era, the principle is in extensive use in today’s on-chip integrators. The
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integrator is shown in Figure 7.55. It uses two nominally identical opamps,A1 andA2

in place of the single opamp in the conventional structure. The gain of this equivalent
opamp is

A(s) =
!2u
s2

+
!u
s
. (7.84)

Straightforward analysis shows that the integrator’s transfer function is now given by

Vo(s)

Vi(s)
≈ −

1

sCR

⎛
⎜
⎜

⎝

1 +
s

!u

1 +
s

!u
+

s2

!2u

⎞
⎟
⎟

⎠

= −
!o
s

⎛
⎜
⎜

⎝

1 +
s

!u

1 +
s

!u
+

s2

!2u

⎞
⎟
⎟

⎠

. (7.85)

To understand how the finite !u of the opamp affects the filter transfer function, we
recognize that the variable s has to be replaced according to

s→ s

⎛
⎜
⎜

⎝

1 +
s

!u
+

s2

!2u

1 +
s

!u

⎞
⎟
⎟

⎠

. (7.86)

For |s∕!u|≪ 1, we note that

⎛
⎜
⎜

⎝

1 +
s

!u
+

s2

!2u

1 +
s

!u

⎞
⎟
⎟

⎠

≈ 1 −
s3

!3u
≈ 1. (7.87)

As a consequence, the transfer function Ĥ(s) of a filter built using such integrators,
remains very nearly the same as the ideal transfer functionH(s) in spite of a finite!u,
up to frequencies as large as a significant fraction of !u.
With the conventional integrator, the quality factor of a biquad with intended qual-

ity factorQp was enhanced by a factor 1∕(1 −
2!pQp

!u
), andwas arrived at by evaluating

H(s) at j!p − (!2p∕!u). With the modified integrator, we need to evaluateH(s) at

j!p

⎛
⎜
⎜

⎝

1 +
j!p

!u
−

!2p

!2u

1 +
j!p

!u

⎞
⎟
⎟

⎠

≈ j!p (1 + j
!3p

!3u
) ≈ j!p (7.88)

which indicates that Ĥ(j!p) ≈H(j!p). If !u = 25!p for instance, (!p∕!u)
3
= 6.4 ×

10−5 leading us to conclude that Q-enhancement should be negligible with the
improved integrator. The intuition behind the improved integrator is the follow-
ing. The gain of the “composite opamp” is high at low frequencies since it benefits
from the cascade of A1 and A2. Stability is maintained due to the feed-forward path
through A2.
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7.10 Transconductance-Capacitance Integrators and Filters

We have so far explored active filters employing operational amplifiers, resistors, and
capacitors. The rationale behind employing active elements is to eliminate the neces-
sity for inductors. It turns out that employing opamps, resistors, and capacitors is
not the only way to emulate an inductor. In this section, we look at an alternative
method—one that employs voltage-controlled current sources (also called transcon-
ductors) and capacitors. Filters based on this approach are called transconductor-
capacitor, or Gm-C filters [6, 7].

7.10.1 The First-Order Gm-C Filter

Figure 7.56 (a) First-order RC filter. (b) Signal-flow graph. (c) Implementation using transconductors.
(d) A first-order gm-C filter.

Figure 7.56a shows a first-order RC low-pass filter. We see that

I =
1

R
(Vi − Vo), Vo =

I

sC
. (7.89)

The equations above suggest the following implementation, as shown in Figure 7.56b.
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1 Assuming Vo exists, generate the current I as (Vi − Vo)∕R.
2 Obtain Vo by integrating I using a capacitor.
3 Connect Vo obtained in step 2 to the Vo needed in step 1, thereby closing the

feedback loop. The resulting block diagram is the first-order low-pass filter with
a 3 dB bandwidth given by 1∕RC rad/s.

To implement the strategy above, one could use voltage-controlled current sources
(also called transconductors) to generate I as shown in Figure 7.56c. The output of the
transconductors, which is the current I, is integrated on the capacitor C. The voltage
developed across the capacitor is fed back to one of the transconductors. The resulting
filter is a first-order transconductor-capacitor structure, or Gm-C filter in short, and
is redrawn in compact form in Figure 7.56d.

Figure 7.57 (a) First-order Gm-C filter. The dc gain is gm1∕gm2, and the 3 dB bandwidth is gm2∕C. (b)
The Gm-C integrator.

The general form of a first-order Gm-C filter is shown in Figure 7.57a. The input
impedance is infinite, enabling it to be cascaded with another such section without
loading it. The transfer function is given by

Vo

Vi
=

gm1∕gm2
1 + (sC∕gm2)

. (7.90)

The dc gain is gm1∕gm2. This makes sense due to the following. At dc, the capacitor
behaves like an open circuit. All the current pushed out by gm1 is therefore “absorbed”
by gm2. Consequently, the output voltage is gm1vi∕gm2, indicating that the dc gain is
gm1∕gm2. The pole frequency is gm2∕C and does not depend on gm1. This makes sense:
the time-constant is determined by the Thevenin resistance across C, which is 1∕gm2.
The basic building block of the Gm-C filter is the Gm-C integrator, shown in

Figure 7.57b. The unity-gain frequency is gm∕C rad/s.

7.10.2 The Gm-C Biquad
There are several ways of developing a Gm-C biquad. One way is to proceed as we
did in the active-RC case (The reader is encouraged to pursue that line of thought).
Another way is to begin with the parallel RLC network shown in Figure 7.58a. The
transfer function from the input current to voltage across the tank is bandpass, while
that to the inductor current is lowpass. Let’s try to achieve the bandpass response
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Figure 7.58 (a) RLC prototype. (b) Replacing the real inductor by a synthetic one.

without utilizing an inductor, as shown in Figure 7.58b. If we consider the gray box as
a component that emulates the function of an inductor, we expect the current drawn
by this box to be proportional toVbp∕sL, where L is the equivalent inductance it emu-
lates. In other words, the current drawn by the box must be proportional to the inte-
gral of the voltage across it. To achieve integrationwithout using an inductor, wemust
employ a capacitor since it is the only other element known for its ability to integrate.
However, a capacitor integrates current to generate voltage, while what wewant is the
opposite—that is, we desire to integrate voltage and generate a current proportional
to it. To accomplish this, we proceed in the step-by-step manner described below
(Figure 7.59).

Figure 7.59 Evolution of the synthetic inductor.

1 A transconductor whose transconductance is gm1 converts vbp into a current.
2 This current is integrated on a capacitor to result in a voltage vc given by

vc =
1

C
∫

t

−∞

gm1vbp(t) dt.

3 vc is converted into a current using another transconductor with transconduc-
tance gm2, and this current is pulled out of the input voltage source, namely vbp.
Note carefully that vc is connected to the negative sign of gm2.
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4 The current drawn from the input voltage source, therefore, is given by

ix = gm2vc(t) =
gm1gm2
C

∫

t

−∞

vbp(t) dt.

In the Laplace domain, this means that

Ix(s) =
gm1gm2
sC

⏟⎴⏟⎴⏟
1∕sLeq

Vx(s). (7.91)

The arrangement, therefore, emulates an inductor of value

Leq =
C

gm1gm2
. (7.92)

In summary, the contraption we have just seen successfully mimics the functional-
ity of an inductor by interchanging the roles of voltage and current in a capacitor. It
achieves this by converting the input voltage to a current, using a capacitor to inte-
grate this current and generate a voltage, and then converting the voltage back to a
current which is drawn from the input source. The effective inductance achieved by
this configuration is determined by the relationship Leq = C∕(gm1gm2). This approach
facilitates the emulation of an inductor without the need for an actual inductor in the
circuit.

Figure 7.60 (a) RLC filter with a synthetic inductor. (b) Complete Gm-C biquad.
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Replacing the inductor of Figure 7.58a with the synthetic version of Figure 7.59, we
obtain the filter of Figure 7.60a. The voltage across C1 is band pass. Since the voltage
across C2 is proportional to the inductor current, it follows that it is the low pass out-
put. Since the synthetic inductor has a value C2∕(gm3gm4), it is apparent that

!p =
1

√
LeqC1

=

√
gm3gm4
C1C2

and Qp =
R

√
Leq∕C1

= R

√
C1
C2

√
gm3gm4. (7.93)

The next step is to recognize that the resistor can be realized as a transconductor
that is fed back on itself. Furthermore, to work with an input voltage (rather than a
current as in Figure 7.60a), we can use a transconductor to convert voltage into cur-
rent. The resulting biquad is shown in Figure 7.60b. gm2 plays the role of the resistor,
and gm1 converts vi into a current. The biquad now consists only of transconductors
and capacitors; it is aptly termed the Gm-C biquad.

The Gyrator

The back-to-back connected transconductors play a key role in realizing the induc-
tor, as seen in Figure 7.59. It is an important component in its own right, and is
called a gyrator. It is shown in Figure 7.61 below.

Figure 7.61 The gyrator.

The port voltages and currents are related as

⎡
⎢

⎣

i1

i2

⎤
⎥

⎦

=
⎡
⎢

⎣

0 gm2

−gm1 0

⎤
⎥

⎦

⎡
⎢

⎣

v1
v2

⎤
⎥

⎦

(7.94)

The power dissipated in the two ports, namely v1i1 + v2i2, is (gm2 − gm1)v1v2. If
gm1 = gm2, the gyrator does not dissipate power and is therefore passive. Further-
more, it is not a reciprocal two port, since y12 ≠ y21. This shows that a passive two
port need not necessarily be reciprocal.
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Straightforward analysis shows that the transfer functions from v𝑖 to the bandpass
and lowpass nodes are

𝑉𝑏𝑝

𝑉𝑖
= 𝑠
𝜔𝑝𝑄𝑝

(𝑔𝑚1∕𝑔𝑚2)
𝑠2

𝜔2𝑝
+ 𝑠

𝜔𝑝𝑄𝑝
+ 1

𝑉𝑙𝑝

𝑉𝑖
=
𝑔𝑚1
𝑔𝑚4

1
𝑠2

𝜔2𝑝
+ 𝑠

𝜔𝑝𝑄𝑝
+ 1

(7.95)

where

𝜔𝑝 =
√

𝑔𝑚3𝑔𝑚4
𝐶1𝐶2

and 𝑄𝑝 =

√
𝐶1
𝐶2

√
𝑔𝑚3𝑔𝑚4
𝑔2𝑚2

. (7.96)

Let us examine why the expressions for the bandpass and lowpass transfer functions
abovemake sense.We have already discussed the intuition behind the expressions for
𝜔𝑝 and𝑄𝑝. The gain of the bandpass filter at 𝜔 = 𝜔𝑝, which is the resonant frequency
of the parallel LC tank formed by 𝑔𝑚3-𝑔𝑚4-𝐶1-𝐶2, must be 𝑔𝑚1∕𝑔𝑚2 since the tank
behaves like an open circuit at its resonant frequency.
To determine the dc gain of the lowpass transfer function, we apply a dc voltage at

the input. Since the output of 𝑔𝑚1 is a bandpass node, the dc voltage at this point is 0.
Consequently, the current through 𝑔𝑚2 must be zero. All of 𝑔𝑚1’s dc output current
must therefore be “absorbed” by 𝑔𝑚4. The dc gain thus has to be 𝑔𝑚1∕𝑔𝑚4.

Figure 7.62 (a) Noise model of a transconductor. 𝜂 is the excess-noise factor. (b) First-order Gm-C filter
with noise sources.

Gm-C integrators are noisy, just like their opamp-RC counterparts. The origin of
noise is the transconductor, whose noise model is shown in Figure 7.62a. The out-
put signal current, namely 𝑔𝑚v𝑖 is accompanied by a current noise with spectral den-
sity 4𝑘𝑇𝜂𝑔𝑚 A2/Hz. 𝜂 is the so-called excess-noise factor, and is dependent on the
transconductor’s implementation details. Figure 7.62b shows a first-order Gm-C fil-
ter with noise sources included. The noise of the negative 𝑔𝑚 transconductor is also
4𝑘𝑇𝜂𝑔𝑚2. The output voltage noise spectral density can be calculated as

𝑆𝑜(𝑓) = 4𝑘𝑇𝜂 1
𝑔𝑚2

(1 +
𝑔𝑚1
𝑔𝑚2

) 1
1 + 4𝜋2𝑓2𝐶2∕𝑔2𝑚2

. (7.97)
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Like an active-RC integrator, where there are limits on the maximum input and
output voltage swing imposed by the opamp, a Gm-C integrator has the same limi-
tations. While the opamp is responsible for these limits in the former, the transcon-
ductor imposes swing limits in the latter. In fact, it turns out that for a given supply
voltage, the peak-to-peak voltage swing that can be handled by a transconductor is
significantly smaller than in a well-designed opamp-RC integrator. Dynamic-range
scaling is necessary to maximize the signal handling capacity of the filter. The proce-
dure to design a high-order Gm-C filter, therefore, is identical to that we discussed in
the context of active-RC filters. It entails

a. Appropriately ordering the biquads.
b. Performing dynamic-range scaling. This maximizes the magnitude of the largest

signal that the filter can handle.
c. Impedance scaling the resulting filter to achieve the desiredmean-squared output

noise.

We have seen two styles for realizing active filters. A natural question that arises is
“which style should one choose?” The answer to this question, like in most engineer-
ing scenarios, is—it depends! Let us look at the advantages and disadvantages of the
Gm-C approach. The integrator is an open-loop structure, and that is a good thing,
since it enables high-speed operation. The speed advantage of an open-loop system
is often concomitant with poor linearity, and the Gm-C integrator is no exception
to this rule. Any attempt to improve the transconductor’s linearity usually degrades
noise performance. Gm-C filters are therefore restricted to high-speed applications
with modest linearity and dynamic-range requirements. Furthermore, the unity-gain
frequency of a Gm-C integrator is sensitive to parasitic capacitances, which can be
challenging in wide-band filter designs.
An opamp-RC integrator, on the other hand, is able to achieve high linearity and

parasitic insensitivity owing to strong negative feedback. The design of the opamp,
therefore, is crucial. Recall that the unity-gain bandwidth of the opamp should be
many times larger than the !pQp product of the highest-Q biquad employed in the
filter.

Chapter Summary

• Magnitude approximation. We understood the principles behind the But-
terworth and Chebyshev lowpass magnitude approximations.

• Filter realization using a cascade of biquads. The cascade-of-biquads is
the most commonly used method of realizing a high-order transfer function.

• Active-RC biquads. A biquad can be realized in many ways. The active-
RC topology, which uses an opamp-RC integrator, is a robust and parasitic-
insensitive filter structure.
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• Differential operation.We saw the practical utility of processing signals in a
differential fashion; namely, disturbances common to both halves of the circuit
are eliminated.

• Noise and dynamic-range scaling. Practical filters need to deal with two
realities—noise generated by the internal noise sources, as well as saturation
of integrator outputs. The “best” filter for a given output noise is that which
maximizes the amplitude of the input signal that can be handled without inte-
grator saturation. The component values that result in this “best” filter are
obtained using the process of dynamic-range scaling.

• Transconductance-capacitance filters.High-frequency active filters bene-
fit from realizing the integrator as a transconductance-capacitance structure,
as it is an open-loop topology. The disadvantage is the loss of parasitic insen-
sitivity inherent in an active-RC integrator.

Problems

Problem 1. This problem explores the order needed for an anti-alias filter in an ADC
signal chain. The signal bandwidth is B Hz. The sampling rate is fs = 2B ⋅ OSR where
OSR is called the oversampling ratio. Assuming a Butterworth magnitude response, plot
the order of the filter needed as a function of OSR if a minimum attenuation of 40 dB
is needed in the alias band, and if the 3 dB bandwidth is chosen as 1.1 B.

Problem 2. Show that the product of quality factors of all biquads in an odd-order
Butterworth filter is unity.

Problem 3. Show that the product of quality factors of all biquads in an even-order
Butterworth filter is 1∕

√
2.

Problem 4. Determine the expression for the group delay of a second-order transfer
function

H(s) =
1

s2

!2p
+

s

Qp!p
+ 1

.

What is the delay at dc? At !p?

Problem 5. We derived the transfer function for an ntℎ order Butterworth filter by
making F(!2) have ! = 0 as the point of maximum flatness. We could have chosen an
arbitrary frequency !o in the passband as the point of maximum flatness. This problem
develops that line of thought. The desired F(!2) is shown in the figure below. As in the
case of the Butterworth approximation, we constrain F(1) to be unity.
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a. Are there any restrictions on the order of F(!2), and thereby on the order of the filter?
b. What is F(!2) for a filter of order n?
c. Design a fourth-order filter of this type, with !o = 0.65. After you find F(!2) proceed

just as we did in the Butterworth case—that is, find the LHP roots of D(s)D(−s),
and the resulting D(s). You might find it useful to use a computer to find the roots of
the appropriate polynomial. Once you have found the denominator polynomial, nor-
malize it so that the maximum transmission of the filter is unity. Plot the resulting
magnitude response. On the same graph, plot the response of a fourth-order Butter-
worth filter. Which of the filters has a better stop band response ? Can you intuitively
explain why ?

Problem 6. We saw that a Chebyshev polynomial of order n is Cn(!) =

cosℎ(n cosℎ−1(!)). Show that this is equivalent to writing

Cn(!) =
1

2

[
(! +

√
!2 − 1)n + (! +

√
!2 − 1)−n

]

Derive a recurrence relation for Chebyshev polynomials by expanding
cosℎ((n − 1) cosℎ−1(!)), cosℎ(n cosℎ−1(!)), and cosℎ((n + 1) cosℎ−1(!)).

Problem 7. A Chebyshev low-pass filter satisfying the following frequency mask is to
be designed.
a. In the frequency range 0 < ! < 100 rad/s, the magnitude of the transfer function

should have a maximum ripple of 0.5 dB. The maximum gain of the filter should be
unity.

b. At ! = 150 rad/s, the transfer function magnitude must be smaller than 0.02.

Find the minimum order of the filter that will satisfy the above mask, the transfer func-
tion and the frequencies of maximum and minimum transmission in the passband. Plot
the group delay −d�(!)

d!
of the filter.
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Problem 8. A low-pass Butterworth filter is to be designed so that it satisfies the fol-
lowing specifications.

• The dc gain is 1.
• The gain at 1 MHz is at least 0.95.
• The gain at 2 MHz is at most 10−1.

a. Determine the minimum order needed, and the corresponding 3 dB bandwidth of the
Butterworth transfer function. Plot the magnitude response expressed in dB on a scale
that is linear on the x-axis.

b. Suppose the 3 dB bandwidth determined above varies by ±5%. What does the order
need to be so that the response still satisfies the requirements above? Show MATLAB
plots to justify your answer.

Problem 9. It is possible to leverage off our work in deriving the Chebyshev approxi-
mation (which had an equiripple passband and monotonic stop band) to derive a trans-
fer function which has a monotonic pass band and equiripple stop band. This problem
intends to walk you through this process. Such filters are called inverse-Chebyshev filters.
Proceed as follows.
a. Plot the function

F(!2) =
1

C2
n

(
1

!

)

where Cn(!) is the nth-order Chebyshev polynomial. Compare this with C2
n(!). What

do you notice?
b. Plot the function

|H(j!)|2 =
1

1 +
1

�2C2n
(
1

!

)

=
�2C2

n

(
1

!

)

1 + �2C2
n

(
1

!

) (7.98)

c. Determine H(s). Is it an all-pole transfer function?
d. Comment on the nature of the response at dc. Determine the frequencies at which the

magnitude response of the filter is zero.

Problem 10. Determine the pole locations of an nth-order Chebyshev filter as the pass
band ripple tends to zero (i.e., �→ 0), while the 3 dB bandwidth is held fixed at 1 rad/s.

Problem 11. Consider a bandpass transfer function

H(s) =
s∕(!oQ)

(s∕!o)
2
+ (s∕!oQ) + 1

(7.99)

where Q≫ 1. It is excited by an input vi, constrained so that |vi| ≤ 1. Determine the
waveform vi that maximizes the peak output of the bandpass filter. How does this max-
imum compare with what it would be if, in addition, vi(t) was also constrained to be
sinusoidal?
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Problem 12. Design a sixth-order Butterworth low-pass filter as a cascade of active-
RC biquadratic sections, satisfying the following.

a. The magnitude of the dc gain of each biquad must be 1.
b. The input resistance of each biquad must be 10 kΩ.
c. The 3 dB bandwidth of the filter must be 25 kHz.

First, determine the Q’s of the biquads. How will you order them? Then, assume ideal
opamps (can be implemented in LTSPICE as a VCVS with a very large gain), and
show the component values after performing dynamic range scaling. Simulate the filter
with LTSPICE and show the frequency response at all the nodes over a frequency range
0–50 kHz, to verify that the peak magnitude response at all opamp outputs is 1.

Problem 13. In the filter of the previous problem, replace the opamps used in the inte-
grators only with a VCVS, but with a dominant-pole compensated model with a unity-
gain bandwidth of 1       MHz. Calculate and verify with LTSPICE the peak magnitude
response of the filter.

Next, replace the non-ideal integrator with the contraption (Figure 7.63), where each
of the opamps is a dominant-pole compensated model with a unity-gain bandwidth of
1 MHz. Using the approach used in class, estimate the peak magnitude of the filter, and
verify using LTSPICE.

Figure 7.63 Modified integrator using feed forward.

Problem 14. Consider the bandpass filter of Figure 7.25. The opamps are ideal and
noiseless. The amplifier of gain−1 is noiseless. The only noisy elements are the resistors.
Assume Q≫ 1.

The opamps have a peak signal swing of ± 1 V at their outputs. The input |vi| < 1 V.
It is desired to maximize the dynamic range of the filter. The dynamic range is the max-
imum possible SNR at the filter output. The peak signal amplitude at the filter output is
restricted to 1 V, but can be lower if one of the amplifiers saturates before the other. The
noise power at the filter output is its mean square noise. The dynamic range, therefore,
is given by

Dynamic range = (
Max. signal power at output
Mean-square output noise ) (7.100)

The aim of this problem is to illustrate the fundamental difficulty of realizing a high-Q
active bandpass filter with a high dynamic range. Choose component values so that all
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the following constraints are satisfied. Assume that theQ is high, so that the peaks of the
lowpass and bandpass outputs occur at the same frequency.

• Center frequency f0 is 1 MHz.
• Qp = 20
• Gain at f0 of 1.
• C1 + C = 100 pF.

Since there are six component values to be determined but only four constraints, many
component choices can realize the desired transfer function
a. Choose component values so that the output dynamic range is maximized. Do not

skip steps—show your reasoning clearly. What is the maximum dynamic range in
dB? Verify your noise calculations using SPICE.

b. Repeat part (a) if C1 + C = 200 pF.
c. Repeat part (a) if Q = 40, but all other constraints remain as in part (a).
d. Repeat part (a) if f0 = 2 MHz, but all other constraints remain as in part (a).

Problem 15. Evaluate the mean-square noise at the output of the RLC network
(Figure 7.64) using Bode’s noise theorem to derive Eq. (7.68).

Figure 7.64 RLC network to derive Eq. (7.68).

Problem 16. Assuming Eq. (7.68) is known, derive Eq. (7.69).

Figure 7.65 Tow-Thomas biquad with low-pass and band-pass outputs.
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Problem 17. Figure 7.65 shows a Tow-Thomas biquad.
a. Determine the dc gain, 𝜔𝑝, and 𝑄𝑝 in terms of component values.
b. Intuitively derive the dc gain and 𝜔𝑝 without evaluating the entire transfer function.
c. Determine the transfer functions from all noise sources to the low-pass and band-pass

outputs.
d. Determine the mean-square noise at the low-pass and band-pass outputs.

Figure 7.66 Gm-C biquad with low-pass and band-pass outputs.

Problem 18. Figure 7.66 shows a Gm-C biquad. Every transconductor is noisy, with
spectral density of the noise current at its output given by 4 𝑘𝑇𝜂𝑔𝑚. 𝜂 is the excess noise
factor.
a. Determine the dc gain, 𝜔𝑝, and 𝑄𝑝 in terms of component values.
b. Intuitively derive the dc gain and 𝜔𝑝 without evaluating the entire transfer function.
c. Determine the transfer functions from all noise sources to the low-pass and band-pass

outputs.
d. Determine the mean-square noise at the low-pass and band-pass outputs.

Problem 19. This problem is intended to compare the noise performance of Tow-
Thomas and Rauch biquads. Design a Tow-Thomas Butterworth biquad with a 3 dB
bandwidth of 1 MHz. Use the version with a damped second integrator, so that the noise
is lower. Assume an ideal inverting stage, and ideal, noiseless opamps. The dc gain must
have a magnitude of unity and input resistor must be 10 kΩ. Apply dynamic-range scal-
ing. Plot the noise spectral density at the output, and evaluate the integrated output noise.

Now design a Rauch biquad for the same specifications. Choose the input resistance
to be the same as in the Tow-Thomas case. Plot the noise spectral density at the output,
and evaluate the integrated output noise. What do you conclude?

References

1 R. W. Daniels, Approximation Methods for Electronic Filter Design: With Applications
to Passive, Active, and Digital Networks. McGraw-Hill, 1974.

2 J. Tow, “A step-by-step active-filter design,” IEEE Spectrum, vol. 6, no. 12, pp. 64–68,
1969.



References 407

3 L. C. Thomas, “The biquad: Part I—Some practical design considerations,”
IEEE Transactions on Circuit Theory, vol. 18, no. 3, pp. 350–357, 1971.

4 L. C. Thomas,“The biquad: Part II—A multipurpose active filtering system,” IEEE
Transactions on Circuit Theory, vol. 18, no. 3, pp. 358–361, 1971.

5 R. Schaumann, M. S. Ghausi, and K. R. Laker, Design of Analog Filters: Passive, Active
RC, and Switched Capacitor. Prentice Hall, 1990.

6 B. Nauta, “A CMOS transconductance-C filter technique for very high frequencies,”
IEEE Journal of Solid-State Circuits, vol. 27, no. 2, pp. 142–153, 1992.

7 Y. Tsividis, “Integrated continuous-time filter design—An overview,” IEEE Journal of
Solid-State Circuits, vol. 29, no. 3, pp. 166–176, 1994.





8

Switched-Capacitor Circuits and Filters

Continuous-time active filters implement their transfer functions by creating time
constants using at least two (sometimes three) different components such as capaci-
tors, resistors, or transconductances. The accuracy of these time constants is limited
by that of the components. For instance, on an integrated circuit, resistors can vary by
as much as ±30% with process and temperature. Consequently, the bandwidth of an
active-RC filter can vary by ±30%! Tuning can reduce this variation to a few percent,
but at the cost of an additional tuning stage and a potentially complicated matching
protocol for all components. Thismakes onewonder if one can realize a filter response
with a transfer function without these problems. It turns out that this is indeed possi-
ble, and the idea is one of those “out-of-the-box” approaches (which, likemost elegant
ideas, looks obvious after the fact).
Using the sampled-data technique described in this chapter, the accuracy of time

constants, and hence of transfer functions, can be improved by several orders of mag-
nitude [1, 2]. The idea is to relate the time constant to a periodic signal (i.e., a clock)
whose frequency can be made very stable (for example, by using a crystal oscillator).
The basic concept of the new circuits is to use only capacitors as the passive ele-

ments in the circuit. To realize poles in the left-half s-plane, some form of loss (or
dissipation) is necessary. In an active filter, this role is performed by resistors. How
can one take a capacitor, which is a lossless element, and achieve power dissipation?
Furthermore, resistors are memoryless while capacitors have memory. How can a
capacitance, therefore, emulate the role of a resistance?
The answer to both these questions turns out to be the addition of switches, as

explained using Figure 8.1. Part (a) shows a resistor R connected between two voltage
sources V1 and V2, resulting in a current (V1 − V2)∕R. If the resistor is replaced by an
initially uncharged capacitor C1, a spike of current with charge C1(V1 − V2)will flow
from V1 to V2. To eliminate the memory of the capacitor, one needs to “remove” the
voltage across it. One way to do this is shown in Figure 8.1b, where two switches are
added. The series switch, controlled by p1, (dis)connects C1 from V1. The switch in
parallel with C1 is controlled by p2. To “zap-the-cap,” the series switch is opened (p1
is low), and the shunt switch is closed (p2 is high). This act of discharging the capac-
itor not only removes its memory, but also creates loss since the energy stored in the
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Figure 8.1 (a) A resistor connected between two dc voltage sources and the resulting current. (b) A
capacitor and a switch network connected between two dc voltage sources. The capacitor’s memory is
destroyed during p2, which also results in a loss of energy. The average current flowing out of V1 (and
into V2) is C1(V1 − V2)fs. (c) An alternative approach to emulate a resistor using a switched capacitor.

capacitor is dissipated in the switch. In the next clock cycle, the capacitor is connected
toV1 againwhenp1 goes high. SinceC1was discharged in the previous cycle, a charge
C1(V1 − V2) flows fromV1 toV2. This is repeated every cycle. We thus see that unlike
in a resistor, where a constant current flows from V1 to V2, the switched-capacitor
network has current flowing in impulses, with an average given by C1(V1 − V2)fs. If
C1fs is chosen to be 1∕R, the combination of switches and capacitors in Figure 8.1b
emulates a resistance R in the average sense.
Another, admittedly less obvious, way of arranging the switches and capacitor is

shown in Figure 8.1c. When p1 is high, C1 is connected to V1, and the charge on it is
C1V1. p1 then goes low, and after a short dead time where both switches are open, p2
goes high connecting the capacitor to V2. As a result, a spike of charge C1(V1 − V2)

flows into V2. When C1 is connected to V1 during p1 of the next clock cycle, a charge
C1(V1 − V2) flows intoC1. In steady state, therefore, an average currentC1(V1 − V2)fs
flows between V1 and V2. In this circuit, the act of connecting C1 to either of the volt-
age sources serves the purpose of zapping its memory, as well as creating loss. Again,
by choosing C1fs to equal 1∕R, the switched-capacitor emulates a resistor of value R
in the average sense. Extending the arguments above, it seems as if a combination of
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capacitors and periodically operated switches can emulate (in an average sense) the
behavior of an RC network. Such networks are called switched-capacitor circuits.
The simplest possible switched-capacitor filter is obtained by replacing the resistor

in a first-order RC lowpass filter with a switched capacitor branch. Figure 8.2a shows
the resulting circuit, where we chose to use the approach of Figure 8.1c to emulate
the resistor. p1 and p2 are non-overlapping clocks with frequency fs = 1∕Ts. The non-
overlap interval is (grossly) exaggerated for clarity. It is instructive to carefully study
the properties of this seemingly simple circuit, as it brings outmany important aspects
of switched-capacitor signal processing.
The input vi is sampled on C1 at the falling edge of p1, which is chosen to coin-

cide with t = 0. During p2, C2, and C1 share charge. Assuming ideal (zero-resistance)
switches, vo changes abruptly at multiples of nTs, and is constant for the rest of the

Figure 8.2 (a) A first-order switched-capacitor filter, obtained by replacing the resistor in anRC lowpass
network by C1 and the two switches. The clocks are non-overlapping. (b) Representative waveforms.
(c) Signal processing equivalent of the lowpass filter.
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clock cycle, as shown in Figure 8.2b. Denoting the held value of vo in the nth clock
cycle by vo[n], charge conservation yields the following

(C1 + C2)vo[n]
⏟⎴⎴⎴⏟⎴⎴⎴⏟

charge on C1 and C2
during p2 of the n

th cycle

= C2vo[n − 1]
⏟⎴⎴⏟⎴⎴⏟
charge on C2 at the

end of the (n−1)th cycle

+ C1vi[n]
⏟⎴⏟⎴⏟

charge on C1 at the

end of the (n−1)th cycle

which simplifies to

vo[n] =
C2

C1 + C2
vo[n − 1] +

C1
C1 + C2

vi[n]. (8.1)

Figure 8.2b shows representative waveforms when vi(t) is sinusoidal. The sequence
sampled onC1 is then also a discrete-time sinusoid, as is the sequence vo[n]. vo(t) is the
zero-order-held version of vo[n]. From a signal-processing perspective, the operation
of the circuit can be interpreted as follows (Figure 8.2c). vi(t) is multiplied by a Dirac
impulse train with period Ts, which is then processed by a continuous-time system
whose transfer function is given by

H(esTs) =
C1

C1 + C2

1

[1 −
C2

C1+C2
e−sTs]

. (8.2)

Note that the output of this system is still a sequence of Dirac impulses, which is
further processed by a continuous-time systemwith aunit-height rectangular impulse
response (having width Ts) to yield vo(t).
If one uses the shortcut z ≡ esTs , and � = C2∕(C1 + C2), H(e

sTs) can be written as

H(esTs) =H(z) =
1 − �

1 − �z−1
. (8.3)

What will vo(t) be when vi(t) is the complex exponential ej2�ft? To answer this ques-
tion, we first recognize that the system is linear and periodically time varying due to
the multiplication of vi(t) with the periodic impulse train. Furthermore, we assume
that |f| < fs∕2. vo(t)will therefore consist of all frequencies of the formf + lfs, where
l is an integer. Let us determine the zeroth-order harmonic transfer function of the
circuit, i.e., the (complex) amplitude of the component of vo(t) at ej2�ft. This is termed
the frequency response of the switched-capacitor network. We proceed as follows.

a. Referring to Figure 8.2c, vi = ej2�ft. At a , the component at f is given by fs. This
is because all the Fourier coefficients of the delta train are (1∕Ts) = fs.1

b. The transfer function H(esTs) when evaluated at the frequency f is given by
H(ej2�fTs). At b , therefore, the strength of the sinusoid at f is fsH(ej2�fTs).

c. The hold pulse is rectangular with width Ts and height of unity. Its frequency
response is given by Tssinc(fTs)e−j�fTs .

d. The strength of the component at f in vo isH(ej2�fTs)sinc(fTs)e−j�fTs .

1Recall that
∑

l
�(t − lTs) = fs

∑
l
ej2�lfs
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The frequency response (which is also the zeroth-order harmonic transfer function
of the circuit of Figure 8.2), denoted byHsc(j2�f) is given by

Hsc(j2�f) =
C1

C1 + C2

1

[1 −
C2e−j2�fTs

C1 + C2
]

sinc(fTs)e
−j�fTs . (8.4)

A few remarks are in order.

1. It is evident that Hsc(j2�f) depends on capacitor ratios. Consequently, the fre-
quency response remains unchanged even if all capacitors change by the same
factor. Fortunately, it turns out that it is easy to obtain very well-controlled ratios
of capacitors on an integrated circuit, even though the absolute values of capac-
itors can change by as much as ±30%. The robustness of the frequency response
in the face of large passive component variations is a key advantage of switched-
capacitor processing.

2. Hsc(j2�f) depends on fTs = f∕fs. This means that the shape of the frequency
response is directly related to the clock frequency fs. By changing fs, therefore,
the frequency axis can be scaled. For instance, increasing fs by a factor of 2
while keeping C1 and C2 unchanged will cause the bandwidth of Hsc to double.
As a corollary, the use of a stable sampling frequency (derived from an external
crystal oscillator, for instance) results in an extremely well-controlled frequency
response shape that is immune to variations in process, supply voltage and tem-
perature.

For input frequencies much smaller than fs so that fTs ≪ 1, e−j2�fTs ≈

(1 − j2�fTs). Furthermore sinc(fTs) ≈ 1. Using this in Eq. (8.4), we obtain

Hsc(j2�f) ≈
1

1 + j2�fC2∕(C1fs)
. (8.5)

Figure 8.3 Magnitude response of the first-order switched-capacitor filter of Figure 8.2 for C1 = 20 pF,
C2 = 80 pF, and fs = 10MHz. The response of the corresponding first-order RC lowpass filter is also
shown (RC = 400 ns).
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This makes sense due to the following: C1 acts like a resistor of value 1∕(fsC1). The
frequency response at low frequencies must thus approximate that of a first-order RC
lowpass filter with a time constant given by C2∕(fsC1). Figure 8.3 shows the magni-
tude response of the first-order switched-capacitor filter of Figure 8.2 for C1 = 20 pF,
C2 = 80 pF, and fs = 10 MHz. The response of the corresponding first-order RC low-
pass filter is also shown (RC = 400 ns).
To summarize, the single-pole switched-capacitor filter effectively addresses the

challenge of maintaining the frequency response over large variations in the val-
ues of the capacitors (provided their ratio is maintained). However, it is fundamen-
tally an LPTV circuit, which causes two problems. First, vi(t) is sampled, as seen in
Figure 8.2c. As a result, input frequencies of the form (f + lfs) will be indistinguish-
able from f after sampling (this is called aliasing). This is addressed by using an anti-
alias filter before the switched-capacitor circuit. One might think that the need for
a continuous-time filter upfront defeats the very purpose of the switched-capacitor
technique. This concern is addressed as follows. The sampling frequency fs is chosen
to be much larger than the cutoff frequency of the switched-capacitor filter. There-
fore, there is adequate attenuation at frequencies beyond fs∕2 even if the bandwidth
of the anti-alias filter changes significantly (due to RC variations). In practice, fs is
chosen to be so high that a single-pole RC filter (whose bandwidth is much higher
than that of the switched-capacitor network) can be used as the anti-alias filter. The
pass-band response of the overall system, i.e., the anti-alias filter+ switched-capacitor
filter cascade is thus defined by the latter.
The second problem with the switched-capacitor structure is that the output wave-

form consists of frequencies of the form (f + lfs), again a consequence of the LPTV
nature of the network. This is evident in the stepped output waveform of Figure 8.2b.
To remove frequencies other than the desired tone at f, a continuous-time filter with
a cut-off frequencyfs∕2 is necessary. This is termed the reconstruction (or smoothing)
filter. As with the anti-alias filter upfront, its requirements are relaxed by choosing a
clock rate whose frequency is much larger than the signal bandwidth.

Figure 8.4 A switched-capacitor signal-processing system.

Figure 8.4 shows the block diagram of a switched-capacitor signal processing sys-
tem. It operates as follows.
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a. The input is first processed by a continuous-time anti-alias filter whose function
is to remove all frequency components |f| ≥ fs∕2.

b. The continuous-time signal at a , namely va(t), consists of frequencies |f| < fs∕2.
This is sampled by the switched-capacitor network to result in vb(t). The sampled
sequence ismodeled by multiplying va(t) with an impulse train.

c. The continuous-time signal vb(t), which is a sequence of impulses, is processed
by a linear time-invariant system whose transfer function can be expressed as
H(esTs). It is easy to see that H(esTs) is a ratio of polynomials in esTs . The output
vc(t) is also a sequence of impulses.

d. The frequency response ofH(esTs), namelyH(ej2�fTs) is periodic with a period fs.
We use the shortcut z ≡ esTs . The coefficients of H(z) depend only on capacitor
ratios. Consequently, large changes in the capacitor values do not affect the fre-
quency response, as long as ratios are maintained. The frequency response at low
frequencies can be obtained by replacing ej2�fTs with an appropriate approxima-
tion, one of which is (1 + j2�fTs).

e. vc(t) is held, typically for a whole clock period, to yield vd(t). This action is mod-
eled by a linear time-invariant system with an impulse response denoted by p(t).
If the hold period is Ts, the frequency response of this block is Tssinc(fTs). The
attenuation due to the sinc function is zero at dc and increases with frequency. If
the bandwidth of the switched-capacitor network is much smaller than fs, which
is necessary anyway, the effect of the sinc is a small droop in the magnitude
response of the filter. Termed “sinc droop,” it can often be ignored if the sampling
rate is very high.

f. If vi(t) is a sinusoid at frequency f, vd(t) will in general consist of frequencies
of the form f + lfs. The role of the smoothing filter is to remove these compo-
nents, thereby resulting in an output vo(t) whose frequency is f. End-to-end,
therefore, the system appears like a linear time-invariant system with a transfer
function given by

Hsc(j2�f) =H(ej2�fTs) ⋅ (1∕Ts)Hp(j2�f) (8.6)

whereHp(j2�f) denotes the Fourier transform of the hold pulse p(t). The factor
(1∕Ts) arises from the Fourier transformof the sampling operation. If one neglects
the effect of the pulse shape on the frequency response of the switched-capacitor
filter,Hsc(j2�f) ≈H(ej2�fTs).

Stability

For the transfer functionH(esTs) to be stable, its poles must lie in the left-half s-plane,
with the imaginary axis s = j2�f separating the left- and right-half planes. Since
z = esTs , the corresponding stability boundary in the z-plane is z = ej2�fTs , which is
the unit circle. To examine stability, therefore, one can determine the roots of the
denominator polynomial of H(z), and check to see if they lie within the unit circle.
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For instance, as seen in Eq. (8.3), the pole of the first-order switched-capacitor fil-
ter of Figure 8.2 is located at z = �, where � = C2∕(C1 + C2). The circuit is stable, as
expected.

8.1 Switched-Capacitor Filters

Suppose that we wanted to implement a switched-capacitor filter whose frequency
response mimicked that of a continuous-time prototype with transfer functionHc(s).
How would we go about this? The discussion above suggests that we find an appro-
priate H(z) so that H(ej2�fTs) approximates the frequency response of the prototype,
namely Hc(j2�f). We then realize H(z) using switched-capacitor circuitry. For a
high-order H(z), this appears to be a daunting task. Fortunately, an alternative and
simpler approach can be found. The thought process is the following, which exploits
the rich literature on continuous-time filter design.
We recognize that an integrator is the basic building block of a continuous-time fil-

ter, and a high-order filter structure is simply a network of integrators. Suppose we
created a switched-capacitor circuit whose response mimicked that of a continuous-
time integrator (with transfer function !o∕s) at low frequencies. What would the
transfer function I(z) of such a switched-capacitor circuit be? The integrator has a
pole at s = 0. Since z = esTs , it follows that I(z) must have a pole at z = 1. Denoting
the input and output of the switched-capacitor circuit by x[n] and y[n], respectively,
we see that I(z) is of the form

I(z) =
Y(z)

X(z)
=

�

1 − z−1
(8.7)

where � is a constant of proportionality. In the time domain, this corresponds to

y[n] = y[n − 1] + �x[n]. (8.8)

The reader will immediately recognize that I(z) is the transfer function of a discrete-
time accumulator, which is intuitively satisfying. To summarize, the switched-
capacitor circuit that behaves like a continuous-time integrator at low frequencies is
an accumulator, which we henceforth call the switched-capacitor integrator.
Once we create a switched-capacitor integrator, we replace every integrator in

the continuous-time filter with an equivalent switched-capacitor structure. We
should expect that the frequency response of the resulting switched-capacitor filter
H(z) =H(esTs) should match that of Hc(s) at low frequencies. This approach allows
us to leverage our knowledge of continuous-time filters, and eliminates the need to
“invent” new filter topologies; the switched-capacitor structure can be obtained by
simply replacing integrators in the continuous-timeprototypewith appropriately cho-
sen switched-capacitor ones. The key, therefore, is to realize a switched-capacitor
integrator. It turns out, as we see below, that several possibilities exist.
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8.1.1 The Switched-Capacitor Integrator
Suppose thatwehave a voltage sequence v𝑖. Howwouldwe generate a sequencewhich
is an accumulated version of v𝑖? In other words, we would like to generate

v𝑜[𝑛] ∝ v𝑖[𝑛] + v𝑖[𝑛 − 1] +⋯ (8.9)

How can we accomplish this using capacitors and switches? The first idea that strikes
one’s mind is the following.

a. Connect a capacitor (call it 𝐶1) to the voltage source v𝑖, which will result in a
charge 𝐶1v𝑖 stored on the capacitor.

b. Somehow transfer this charge completely on to another capacitor (call it 𝐶𝑎). If we
are successful in this endeavor, the charge on 𝐶𝑎 will increase by 𝐶1v𝑖, and that
on 𝐶1 will be zero. Equivalently, the voltage across 𝐶𝑎 will increase by (𝐶1∕𝐶𝑎)v𝑖
and that on 𝐶1 will be zero.

c. Repeat steps (a) and (b) ad infinitum. At the 𝑛th repetition of these steps, the
voltage across𝐶𝑎 will increase by (𝐶1∕𝐶𝑎)v𝑖[𝑛]. The voltage across𝐶𝑎 will thus be

v𝑜[𝑛] =
𝐶1
𝐶𝑎

{v𝑖[𝑛] + v𝑖[𝑛 − 1] +⋯} (8.10)

Let us see how we can put these steps into practice. Step (a) seems easy, as shown
in Figure 8.5a, where we connect 𝐶1 to v𝑖 during phase 𝑝1 of a clock signal. Assuming
the resistance of the switch is low enough, the voltage across 𝐶1 at the end of 𝑝1 is v𝑖.
The charge on 𝐶1 is 𝐶1v𝑖. How do we transfer this charge on to another capacitor 𝐶𝑎?
The first idea that occurs is to disconnect 𝐶1 from v𝑖, and then connect it to 𝐶𝑎. This

can be accomplished by using a switch between 𝐶1 and 𝐶𝑎 which is controlled by a
clock 𝑝2, as indicated in Figure 8.5a. Note that 𝑝1 and 𝑝2 do not overlap, i.e. there is
a “dead time” between 𝑝1 and 𝑝2. When 𝐶1 and 𝐶𝑎 are connected, the voltage across
the capacitors is 𝐶1v𝑖∕(𝐶𝑎 + 𝐶1) and the charge transferred to 𝐶𝑎 is given by

𝑄𝑎 = 𝐶1v𝑖
𝐶𝑎

𝐶𝑎 + 𝐶1
. (8.11)

We thus see that the only way to transfer all the charge from 𝐶1 to 𝐶𝑎 (i.e., 𝑄𝑎 = 𝐶1v𝑖)
is to make 𝐶𝑎 infinite as in Figure 8.5b.
Howdowe realize an infinite capacitor?We exploit theMiller effect, a phenomenon

that is all too familiar to analog designers. The basic idea is to connect the bottom
plate of 𝐶𝑎 to an inverted and amplified version of its top plate voltage as shown in
Figure 8.5c. The effective capacitance across𝐶1 during𝑝2, denoted by𝐶in is (𝐴 + 1)𝐶𝑎.
Using an opamp (whose gain is infinite), 𝐶in becomes infinite. As a consequence, all
the charge from 𝐶1 is transferred to 𝐶in during 𝑝2. Since 𝐶in is infinite, the voltage
across 𝐶1 in 𝑝2 is 0.
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Figure 8.5 Development of a switched-capacitor integrator. (a) The input is sampled onC1 in p1, result-
ing in a charge C1vi stored on C1. In p2, some of the charge is transferred to Ca. (b) All of C1vi can be
transferred on to Ca only if it is infinite. (c) Exploiting the Miller effect to realize the infinite capacitor.

During the next clock cycle, this whole process is repeated, and another packet of
charge C1vi is transferred on to Cin, thereby causing charge to accumulate on Cin.
But where exactly does this charge reside? That must be on the plates of Ca—there is
nowhere else it can be! Every clock cycle, therefore, the charge stored on Ca increases
by C1vi, and the voltage across Ca increases by C1vi∕Ca. The top plate of Ca has a
potential of zero; that of the bottom plate (i.e., the opamp output voltage) must there-
fore go down byC1vi∕Ca. The circuit of Figure 8.5c is redrawn to yield our preliminary
version of the inverting switched-capacitor integrator as shown in Figure 8.6 (with Ca
being renamed as C2).

vo[n] = −
C1
C2

{vi[n − 1] + vi[n − 2] +⋯} (8.12)

Note that vi[n] and vo[n] denote the values of vi and vo at the falling edge of p1 in
the nth clock cycle. Furthermore, the accumulated vi in a particular clock cycle is
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Figure 8.6 Redrawing Figure 8.5. The on periods of p1 and p2 are non-overlapping. The accumulated
output is available in phase p1.

available only in the next clock cycle. This integrator, therefore, is of the inverting and
delaying type with a transfer function given by

Vo(z)

Vi(z)
= −

C1
C2

z−1

1 − z−1
. (8.13)

The frequency response of the integrator is obtained by using the relation
z = ej2�fTs . For low frequencies, where f ≪ fs, the equation above givesH(ej2�fTs) ≈
(C1∕C2)∕(j2�fTs), a transfer function similar to that of an active-RC integrator. How-
ever, unlike the inaccurate time constant RC of the active-RC circuit, that of the SC
integrator isTs(C2∕C1), which can be accurately realized. This is due to the following.

a. The time constant depends onTs, which is the period of a clock signal. This signal
is usually derived from an external crystal oscillator, and is very accurate and
stable over temperature and supply voltage variations.

b. C2∕C1 is a ratio of like elements. While the absolute values of C1 and C2 can vary
with process and temperature, their ratio remains very well controlled (often to
better than 0.1%).

Figure 8.7 The basic switched-capacitor integrator with stray capacitances. cx modifies the transfer
function, while cy has no effect.

As with most preliminary attempts, the circuit shown in Figure 8.6 has an impor-
tant flaw, and is explained using Figure 8.7. It turns out that any on-chip circuit has
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parasitic capacitances loading all its nodes. For the circuit of Figure 8.6, these include
stray capacitances fromall capacitor plates to the substrate, aswell as the capacitances
of the switches connected to C1.2
Referring to Figure 8.7, cx and cy are parasitic capacitances. During p1, both C1 and

cx are charged to vi. The voltage across cy is zero, and therefore does not have charge
stored on it. During p2, C1 is connected to the opamp’s virtual ground, and so is cx.
As a consequence, the charge stored on C2 is (C1 + cx)vi. Since cx cannot be predicted
accurately, the time constant (which is now TsC2∕(C1 + cx)) is poorly controlled, nul-
lifying in part the verymotivation of using the switched-capacitor approach. The inte-
grator of Figure 8.7 is a stray-sensitive circuit.

8.1.2 Stray-Insensitive Integration
How does one solve this problem? The key idea is to recognize that

a. The stray capacitor cy has no charge stored on it (since the voltage across it is
zero).

b. The charge on both plates ofC1 is equal and opposite. Therefore, apart from a sign
change, it does not matter whether we move the charge from the top or bottom
plates of C1 on to C2.

Figure 8.8 (a) Development of the stray-insensitive integrator. (b) Redrawn version: the output is
delayed, and non-inverting.

2Incidentally, these capacitances are nonlinear as they arise from reverse-biased pn junctions
of the MOS transistors used to realize the switches.
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This motivates the following idea. What if we connect the bottom plate of C1 to
the virtual ground in p2, rather than the top plate (see Figure 8.8a)? To be able to
connect C1’s bottom plate to the virtual ground, one would have to disconnect it from
the ground. We, therefore, need two extra switches—one that connects the bottom
plate of C1 to ground during p1, and another that connects it to the opamp’s virtual
ground node in p2. The circuit operates as follows. During phase p1, C1 is charged
to vi. cx is charged to vi while cy does not have any voltage across it. When p1 goes
low, and before p2 turns high, C1 is practically floating since both its terminals are
disconnected from the circuit. During p2, the bottom plate of C1 is connected to the
opamp’s virtual ground, while its top plate is grounded. Consequently, the charge on
the bottom plate of C1 (which is −C1vi) and that on cy (which is zero) are transferred
into C2. However, the problematic charge on cx is discharged into ground and does
not affect the charge on C2. This integrator circuit, arrived at by adding two more
switches to the simple-minded integrator of Figure 8.7, and arranging them in a clever
manner3 is stray insensitive. Furthermore, since a negative charge is transferred to
the top plate of C2, the output voltage of the opamp increases by C1vi∕C2 every clock
cycle. It is, therefore, of the non-inverting type.
A practical remark is in order here. By the nature of construction of high-density

on-chip capacitors, the two plates of a capacitor are not equivalent in the sense that
the parasitic capacitors on both plates are not identical. It turns out that the top-plate
parasitic cx is typically much smaller than on the bottom-plate, namely cy. Since one
plate of the stray capacitance connects to the substrate (which can be very noisy, for
instance, due to coexistence of noisy digital circuits on the chip), it is a source through
which substrate noise can couple into the filter. While the circuit of Figure 8.8a is
parasitic-insensitive, we see that the stray cy connects to the virtual ground during
p2. The virtual ground is an extremely sensitive node that must be handled with care,
since the gain from that node to the output is very high. Addressing this problem is
surprisingly simple, since cy ≫ cx, it makes sense to interchange the top and bottom
plates ofC1. The result is the stray-insensitive, non-inverting integrator of Figure 8.8b.
In general, one should avoid connecting capacitor bottom plates to the virtual ground
of the opamp.
The transfer function of the stray-sensitive integrator is identical to that of the one

in Figure 8.6 except for a sign change. We thus have

Vo(z)

Vi(z)
=
C1
C2

z−1

1 − z−1
.

As discussed earlier, the integrator above is derived from the parallel switched-
capacitor branch of Figure 8.1c. It should be possible to derive another integrator
structure using the series branch of Figure 8.1b. This line of thought is pursued below.

3Such a creative, not immediately obvious, combination of capacitors and switches is not
witchcraft, but switchcraft!
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Figure 8.9 (a) Switched-capacitor integrator development using a series branch. (b) A chargeC1vi flows
into Ca only if it is infinite. (c) Realizing the infinite capacitor using an opamp (A =∞).

Figure 8.9a shows an alternative attempt at delivering a chargeC1vi toCa.C1 andCa
are initially uncharged. During p1, C1 is connected to the input voltage vi as shown.
The voltage developed across Ca is C1vi∕(C1 + Ca). The charge deposited into Ca is
thus given by

Qa = C1vi
Ca

C1 + Ca
. (8.14)

Again, we see that the only way to achieve the transfer of C1vi is to make Ca →∞ as
shown in Figure 8.9b. As before, the infinite capacitor is realized by exploiting the
Miller effect as shown in Figure 8.9c. Redrawing the figure, we obtain the integrator
of Figure 8.10a. A charge C1vi accumulates on the top plate of C2 every clock cycle.
Since the top plate of C2 is at zero potential (thanks to the opamp’s virtual ground),
the output voltage vo decreases by (C1∕C2)vi every clock cycle. This is therefore an
inverting integrator. Furthermore, the accumulated output is available at the end of
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phase p1 of the same clock cycle. Consequently, this integrator is delay free and has a
transfer function

Vo(z)

Vi(z)
= −

C1
C2

1

1 − z−1
.

Figure 8.10 (a) The stray capacitor cy affects the integrator transfer function. (b) Rendering the inte-
grator insensitive to strays by adding two more switches. The resulting integrator is non-delaying and
inverting.

Let us examine how stray capacitances affect the integrator’s performance. During
p1, cy is charged to a voltage vi, while the voltage across cx is zero. During p2, needed
to discharge C1, cy gets connected to the opamp’s virtual ground node. As a result, a
charge cyvi is injected into C2, resulting in a modified (inaccurate) transfer function.
Fortunately, this is easily fixed. Rather than discharging C1 by connecting its

plates together in p2, we could instead connect both plates to ground as shown in
Figure 8.10b. This way, the stray capacitance is discharged to ground (rather than the
virtual ground). Consequently, the charge that accumulates on C2’s top plate every
cycle is given by C1vi, and is insensitive to parasitic capacitances. The integrator of
Figure 8.10b is stray insensitive, inverting, and non-delaying.
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8.2 Switched-Capacitor Filter Stages

Figure 8.11 Development of a first-order continuous-time filter. (a) A summing and inverting inte-
grator. (b) Connecting the output to one of the inputs. (c) Circuit implementation of (a). (d) First-order
filter, with dc gain of −ko and a −3 dB bandwidth given by 1∕(2�RC) (in Hz).

Having realized integrators, let us now attempt to realize a first-order lowpass filter.
We take inspiration from the continuous-time implementation shown in Figure 8.11.
Part (a) of the figure shows a summing, inverting integrator. It is easy to see that

Vo(s) = − {koVi(s) + Vx(s)}
1

sCR
.

By feeding vo back as vx as in Figure 8.11b, we obtain

Vo(s)

Vi(s)
= −

ko
1 + sCR

.

In circuit form, Figure 8.11c shows an inverting, summing integrator. By connecting
vx to vo, we arrive at the first-order lowpass filter of Figure 8.11d. The dc gain is −ko,
and the 3 dB bandwidth is 1∕(2�RC) (in Hz).
To obtain a first-order switched-capacitor lowpass filter, we proceed as shown in

Figure 8.12. Part (a) of the figure shows a summing, inverting integrator. Note that the
top-plate switches of the C1 and koC1 capacitors are shared. During p1, these capaci-
tors are charged to vx and vi, and a charge C1(kovi + vx) is deposited on the top plate
of the integrating capacitor C. In the z-domain, we have

Vo(z) = −
C1
C
{
koVi(z)

1 − z−1
+

Vx(z)

1 − z−1
}.
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Figure 8.12 Development of a first-order switched-capacitor filter. (a) A summing and inverting accu-
mulator. (b) Connecting the output to one of the inputs to result in a first-order filter, with dc gain
of −ko and a −3 dB bandwidth given approximately by (fs∕2�)(C1∕C) (in Hz).

By connecting vx to the opamp output, we have vx = vo as shown in Figure 8.12b. The
equation above can be solved for Vo(z)∕Vi(z) to yield

Vo(z)

Vi(z)
=H(z) = −

ko
1 + (1 − z−1)(C∕C1)

= −
ko

(1 +
C

C1
) −

C

C1
z−1

.

The dc gain, obtained by evaluating the transfer function at z = 1, is seen to be −ko.
This makes sense due to the following. In steady state, the average current flowing
through C must be zero. This means that the average current flowing into the input
capacitor koC1must flow through the switched feedback capacitor, whichmeans that
the voltage across it in p1 must be kovi. Since the top plate is at zero potential (thanks
to the opamp’s virtual ground), the output voltage must be−kovi. Furthermore, since
z = esTs , (1 − z−1) ≈ sTs for low input frequencies and the transfer function reduces
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to −ko∕(1 + sC∕fsC1). This makes sense, since the equivalent damping resistor is
given by 1∕fsC1.
In the simple-minded single-pole example of Figure 8.2a, the output remained

unchanged for a whole clock period, as seen in part (b) of the figure. The situation is
different in the first-order filter of Figure 8.12b. When p1 is high, the feedback capac-
itor is connected in parallel with the integrating capacitor C, and the input sinusoid
injects charge into an effective feedback capacitor (C + C1). As a result, the output of
the opamp has a continuously varying component during p1. The “correct” voltage
at the opamp output is that instant when p1 goes low. This voltage, which represents
the lowpass filtered sequence, is held during p2. The output of the switched-capacitor
filter, therefore, has to be “looked at” during p2. The p2 switch between the opamp
output and vo in Figure 8.12b indicates that the filter output is to be sampled and held
during p2. Assuming a tiny capacitor at the output node (shown in gray), vo is held
for an entire clock period beginning at the rising edge of p2. The frequency response
of the first-order filter is thus seen to be

Hsc(j2�f) =H(ej2�fTs)sinc(fTs)e
−j�fTs . (8.15)

Figure 8.13 Simulated magnitude response of the circuit of Figure 8.12b. ko = 2, C1 = 1 pF,

C = 20 pF, fs = 10 MHz.

Figure 8.13 shows the simulated magnitude response of the lowpass filter of
Figure 8.12b, where ko = 2, C1 = 1 pF, C = 20 pF, fs = 10 MHz. A plot of the magni-
tude response predicted by Eq. (8.15) lies on the simulated curve. As expected, the dc
gain is 2, and the−3 dB bandwidth is about 79.5 kHz, corresponding to 2�f∕fs = 0.05.
An alternative development of the first-order switched-capacitor filter is the fol-

lowing. The starting point is the continuous-time prototype of Figure 8.11d. We
first replace the resistors by appropriate valued capacitors C1 and koC1, as shown in
Figure 8.14a. We notice that nodes 1 and 2 are both connected to ground during
p2 and to the opamp’s virtual ground in p1. They can therefore be shorted together,
as shown by the wire in gray. The advantage of doing this is a reduced number of
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Figure 8.14 Alternative development of a first-order switched-capacitor filter. (a) Resistors in the
continuous-time prototype of Figure 8.11d are replaced by switched capacitors, and switches are shared.
(b) Resulting first-order filter.

switches as discussed below. The two p1 switches connecting nodes 1 and 2 to
the opamp’s virtual ground are in parallel. One of them can be eliminated. Likewise,
the two p2 switches connecting node 1 and node 2 to ground are also in parallel,
allowing one to be removed. This is called switch sharing. The circuit that results
after eliminating the redundant switches, given in Figure 8.14b, is identical to that in
Figure 8.12b.

8.2.1 Second-Order Lowpass Filters
An SC lowpass filter can be similarly constructed by replacing the resistors in an
active-RC biquad by stray-insensitive SC branches, and then simplifying the circuit
by employing switch sharing.
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Figure 8.15 A second-order continuous-time lowpass filter prototype.

An active-RC biquad with a damped second integrator is shown in Figure 8.15. The
center frequency (!o), Q, and dc gain of this filter are given by

!o =
1

√
R2R3CaCb

, Q =
R4

√
R2R3

√
Cb
Ca
, dc gain = −

R2
R1
.

The SC biquad is derived as follows. First, every resistor is replaced by the equiva-
lent four-switch parasitic-free SC branch. Then, pairs of switches performing identi-
cal roles are combined. The resulting SC biquad is shown in Figure 8.16.

Figure 8.16 The second-order switched-capacitor filter based on the active-RC prototype of Figure 8.15.
The output is available in p2.

C2 and its associated switches correspond to R2, while C1 and its switches are the
replacement for R1. The inversion and R3 in Figure 8.15 are realized using the invert-
ing SC branch formed by C3 and its associated switches. The damping resistor R4 is
realized by C4 and its switches. Ca and Cb are the integrating capacitors. To deter-
mine the transfer function Vo(z)∕Vi(z), we proceed as follows. va is the output of an
inverting, delay-free, summing integrator that processes vi and vo. vo can be thought
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of as being the sum of two parts – va, which is delayed, inverted and integrated, and
vo which is integrated in an inverting and non-delaying manner through C4. We can
thus write

Va(z) = −
C1
Ca

1

1 − z−1
Vi(z) −

C2
Ca

1

1 − z−1
Vo(z)

Vo(z) = −
C4
Cb

1

1 − z−1
Vo(z) +

C3
Cb

z−1

1 − z−1
Va(z).

Solving the set of equations above for Vo(z)∕Vi(z) yields

Vo(z)

Vi(z)
=H(z) =

−(C1∕C2)z
−1

z−1 +
C4Ca

C2C3
(1 − z−1) +

CaCb

C2C3
(1 − z−1)2

=
−C1C3z

Ca(Cb + C4)z2 + (C2C3 − CaC4 − 2CaCb)z + CaCb
.

(8.16)

From the equations above, it is evident that the dc gain of the biquad (obtained by
evaluating H(z) for z = 1), is −C1∕C2. Using z−1 = e−j2�fTs ≈ (1 − j2�fTs), we see
that

H(ej2�fTs) ≈
−(C1∕C2)

1 +
C4Ca

C2C3
j2�fTs +

CaCb

C2C3
(j2�fTs)

2
.

Comparing the denominator with that of the standard form of a second-order
continuous-time lowpass filter (1 + j2�f∕!oQ + (j2�f∕!o)

2), we obtain

!o = fs

√
C2C3
CaCb

Q =

√
CbC2C3

CaC
2
4

.

(8.17)

As expected, !o only depends on fs and a ratio of capacitors, while Q is only defined
by capacitor ratios. Furthermore, the expression for !o makes sense due to the fol-
lowing. Referring to the continuous-time prototype of Figure 8.15, !o is given by
1∕
√
R2R3CaCb. In the switched-capacitor biquad, R2 and R3 are replaced by their

switched-capacitor equivalents with values 1∕fsC2 and 1∕fsC3, respectively. Conse-
quently,!o is given byfs

√
C2C3∕(CaCb).Q can be derived from that of the continuous-

time prototype in a similar manner.
Which phase should we “look at” for the output? After all, vo is updated in phase p1

and remains that way in p2. If the opamps were ideal, in the sense that the output set-
tles instantly after the p1 switches are turned on, we could sample vo at any time. In
practice, however, opamps have a finite bandwidth. As a result, vo will settle to its cor-
rect value at the end ofp1. Furthermore, the outputwaveformduring the beginning of
p1 is not a linear function of the input due to a nonlinear phenomenon called slewing.
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To summarize, therefore, the best time to sample the filter’s output is the end of p1,
or equivalently, the beginning of p2 as shown in Figure 8.16. The frequency response
of the filter is given by H(ej2�fTs)sinc(fTs) exp(−j�fTs). An example response and
that of the corresponding continuous-time prototype are shown in Figure 8.17.

Figure 8.17 Simulated frequency response of the switched-capacitor filter, forC1 = 2 pF,C2, C3, C4 = 1

pF, and Ca, Cb =20 pF. The inset shows the passband detail, and the response of the continuous-time
prototype with Q = 1 and !o = fs∕20.

Figure 8.18 An active-RC filter with capacitive damping via C4.

The SC lowpass filter of Figure 8.16 was derived from the active-RC prototype of
Figure 8.15, where damping was introduced by R4. When a high quality factor is
needed, R4 becomes very large. Consequently, in the SC version C4 is very small in
relation to C3 (which in turn is small compared to Cb). The spread in capacitor values
in the switched-capacitor structure thus becomes extremely large.
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The problemwith the large R4 in the active-RC case can be remedied by introducing
damping via the capacitorC4 as shown in Figure 8.18. Straightforward analysis shows
that the effective damping resistance around Cb is (Ca∕C4)R3. A small C4 is adequate
to realize a large quality factor whereas a large resistance R4 would be needed in the
structure of Figure 8.15. In the corresponding SC filter, shown inFigure 8.19, damping
is introduced by the C4-Ca-C3 path. When compared to the circuit of Figure 8.16, C4
can be larger by a factor Ca∕C3. This results in a reduced capacitor spread, making
the design robust.

Figure 8.19 A switched-capacitor biquad suitable to implement high quality factors. Damping is intro-
duced via C4.

The analysis of the transfer function proceeds in a manner similar to that of the
biquad of Figure 8.16. Apart from realizing a summing integrator that adds vi and vo,
there is in addition a proportional path from vo. The second integrator integrates va
to yield vo. We can thus write

Va(z) = −
C1
Ca

1

1 − z−1
Vi(z) −

C2
Ca

1

1 − z−1
Vo(z) −

C4
Ca
Vo(z)

Vo(z) =
C3
Cb

z−1

1 − z−1
Va(z).

Solving the set of equations above for Vo(z)∕Vi(z) yields

Vo(z)

Vi(z)
=H(z) =

−(C1∕C2)z
−1

z−1 +
C4

C2
(1 − z−1)z−1 +

CaCb

C2C3
(1 − z−1)

2

=
−C1C3z

CaCbz2 + (C3(C2 + C4) − 2CaCb)z + CaCb − C3C4
.

(8.18)
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Using z−1 = 1 and (1 − z−1) = j2�ffTs inH(z) above yields an approximate expres-
sion for the frequency response. It turns out that !o is given by fs

√
C2C3∕(CaCb), and

Q = (1∕C4)
√
CaCbC2∕C3. This topology, which is suited to realize filters with high

quality factors, allows C4 to be a factor Ca∕C3 larger when compared to that in the
circuit of Figure 8.16. Consequently, capacitor spread is greatly reduced.

Simulating the Frequency Response of a Switched-Capacitor Filter

How does one simulate the frequency response of a switched-capacitor filter? One
way is to recognize that the network is an LPTV system, and all we are interested
in is its zeroth-order harmonic transfer function. If one has access to an RF circuit
simulator, one can use its periodic analysis capability. Recall that the simulator
inherently assumes that the network is nonlinear. All linear analyses are applied to
the small-signal network that results when the circuit is linearized about its oper-
ating point. Simulation, therefore, proceeds in two steps.

a. Use the periodic steady state analysis (.PSS) to determine the periodic oper-
ating point of the filter. From this, the simulator derives the small-signal net-
work, which is LPTV.

b. Run a periodic AC analysis (.PAC) on the filter, and specify that we only
wish to evaluate the zeroth-order harmonic transfer function. Since we are
interested in the complete waveform, we must choose the sample-and-held
output of the filter. The resulting magnitude response, therefore, will account
for the sinc droop which occurs due to the hold operation.

What does one do if one does not have access to an RF circuit simulator, i.e.,
one that is not able to simulate LPTV circuits? In such a situation, one can resort
to a time-domain approach by recognizing that the frequency response is given
by H(z)sinc(fTs) exp(−j�fTs), where z = ej2�fTs . H(z) is the z-transform of the
discrete-time impulse response of the switched-capacitor network, and can be
obtained by running a time-domain (.TRAN) simulation as follows. The input
is a small signal pulse whose width is adjusted so that the input capacitor sam-
ples a nonzero value only in the first clock cycle. The output sequence of the fil-
ter is monitored,H(z) computed over the desired frequency range, and multiplied
by sinc(fTs) exp(−j�fTs) (due to the sample-and-hold) to yield the desired fre-
quency response.
Figure 8.20 compares the frequency responses of the biquad of Figure 8.19
obtained using the two methods described above. The center frequency is about
80 kHz, with Q = 10. The responses are virtually indistinguishable.
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Figure 8.20 Simulated frequency response of the biquad of Figure 8.19 with C1 = 2 pF, C2 = C3 = 1

pF, C4 = 2 pF, Ca, Cb = 20 pF, and fs = 10 MHz. The dc gain of the filter is 2, and the quality factor is
10. The inset shows the detail around !o. The markers show the results obtained using the transient
analysis method, while the solid curve is that obtained using the.PAC analysis.

As was the case for active-RC filters, the switched-capacitor biquad circuit has
more specifiable element values (six in the example of Figure 8.19) than necessary to
achieve the desired dc gain, !o and Q. The additional three degrees of freedom are
used for the following.

a. Dynamic range scaling: In general, the peak value of the magnitude responses
of the transfer functions to the outputs of both opamps will not be equal. The
consequence of this is that one of the opamps will prematurely limit the maxi-
mum input amplitude the filter can handle. Like in active-RC filters, therefore,
the component values have to be adjusted so that the peak magnitude responses
at both opamp outputs are the same. As an example, suppose that we wish to
increase the peak magnitude at the output of the first opamp in Figure 8.19 by a
factor �. This is accomplished by reducing Ca by a factor �, and lowering C3 by
the same factor, as shown in Figure 8.21 (assume � = 1 for the time being). This
way, the transfer function from Vi to Vo remains unchanged.

b. Noise scaling: By increasing all capacitors in an integrator by the same factor �,
the noise spectral density (NSD) due to that integrator is reduced by a factor �.
When applied to the first integrator of Figure 8.19,C1, C2, andCa are all increased
by a factor �. Increasing all capacitors by � will not only need all switch sizes to
be increased by � to maintain the same charging time constant, but an opamp
that supplies � times the current (which will necessitate � times the power dissi-
pation). The noise of the second integrator can be similarly scaled bymultiplying
C3∕�, C4, Cb by a factor 
.
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Figure 8.21 Dynamic-range and impedance scaling in a switched-capacitor biquad. The transfer func-
tion from the input to the output of the first opamp is multiplied by �, and the noise spectral density due
to the first integrator is reduced by a factor �.

To summarize, the biquad of Figure 8.19 has six design variables, namely
C1,⋯ , C4, Ca and Cb. These are needed to set the values of the following quantities.

1. dc gain, !o, and Q.
2. Peak gain at the output of the first opamp, and impedance scaling factors of the

first and second integrators.

High-order switched-capacitor filters are realized by cascading biquads, much in
the same way as their active-RC counterparts discussed in Chapter 7.

8.3 Switched-Capacitor Amplifiers

Amplifiers are important building blocks of many analog subsystems. Not surpris-
ingly, the parasitic-insensitive integrators derived previously can be readily modified
to result in amplifiers. The basic idea is the following. The memory of an integra-
tor is due to the capacitance in the feedback path of the opamp. By “zapping” C2 in
Figures 8.7 and 8.10 every clock cycle, the integrators’ memory is erased as shown in
Figure 8.22.
Referring to Figure 8.22a, C1 has a voltage vi across it during p1. Consequently, a

positive charge C1vi flows into the top plate of C2. The output voltage at the end of p1,
therefore, is given by−(C1∕C2)vi. In p2, both C1 and C2 are discharged. Furthermore,
during this phase, the opamp is in a negative feedback loop with unity feedback, and
the output voltage is zero. The p1 switch in series with vo(t) indicates that the output
is available during p1.
Figure 8.22b shows a non-inverting amplifier with a gain C1∕C2. Here, charge from

C1 is transferred to C2 during p2 with vo being available at the end of this phase. C2
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Figure 8.22 Switched-capacitor amplifiers based on the parasitic-insensitive (a) non-delaying integra-
tor and (b) delaying integrator.

must therefore be zapped in p1. As before, the phasing on the switch in series with
vo(t) indicates that the output is available during p2.

Figure 8.23 A parasitic-insensitive switched capacitor amplifier with a gain (1 + C1∕C2).
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Figure 8.23 shows a non-obvious switched-capacitor amplifier. During p1, the
inverting terminal of the opamp is shorted to its output. C1 and C2 are in parallel, and
have a voltage vi across them. During p2, C1’s bottom plate is connected to ground,
while that of C2 is flipped around to connect to the opamp’s output. To calculate vo
during p2, we reason as follows.

a. The charge on C1 and C2’s top plates at the end of p1 are −C1vi and −C2vi
respectively.

b. During p2, the charge on C1’s top plate is forced on toC2’s top plate, thereby caus-
ing the latter’s charge to be −(C1 + C2)vi.

c. The output voltage during p2 is thus given by

vo = (
C1 + C2
C2

) vi = (1 +
C1
C2
) vi.

Necessity of DC Negative Feedback Around the Opamp

Figure 8.24 (a) Thenon-inverting integratorwith the input set to 0. (b)DC feedbacknetwork around
the opamp in p1. (c) DC feedback network around the opamp in p2.

As we have seen so far in this chapter, the operation of opamp-based switched
capacitor circuits is based on the inverting terminal of the opamp being a virtual-
ground node. This is possible only if there is dc negative feedback around
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the opamp. The reader may readily verify the presence of dc feedback during both
phases p1 and p2 in all the circuits we have seen so far. Figure 8.24a shows a
non-inverting integrator with the input set to 0. During p1, the dc feedback path
around the opamp is provided through C2 which acts like a battery, as shown in
Figure 8.24b. Thanks to this, the inverting terminal’s potential stays at ground, and
vo does not “fly off.” Figure 8.24c shows the feedback path during p2. It consists of
the capacitive divider formed by p1 and p2.

Figure 8.25 An attempt to realize an amplifier with gain C1∕C2. It does not function as intended
due to the absence of dc negative feedback around the opamp.

Figure 8.25 shows an attempt at realizing a switched capacitor amplifier by replac-
ing the input and feedback resistors in a continuous-time inverting amplifier with
switched-capacitor equivalents. It is evident that the opamp in this circuit does not
have dc negative feedback around it in p1 or p2. Consequently, the inverting ter-
minal is no longer a virtual ground, and the circuit does not function as intended.

8.4 Nonideal Effects in Switched-Capacitor Circuits

As discussed earlier, by using only capacitors to determine its time constants, a
switched-capacitor circuit can achieve superior accuracy in realizing a prescribed
transfer function. Nevertheless, all components of the implemented circuit suffer
from nonidealities. In this section, the main effects will be described, and some
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methods for mitigating them will be discussed. Before we proceed, however, we will
discuss some practical aspects of switched-capacitor circuits.

8.4.1 Single-Supply Operation

In all our discussions so far, the non-inverting terminal of the opamp was connected
to ground, and the input and output voltages were referred to ground. Thanks to neg-
ative feedback, the inverting terminal of the opampwill also be at ground. Thismeans
that the common-mode voltage of the opamp’s input terminals will be zero. Most
practical circuits operate with a single supply, and a typical opamp will not be able to
function with an input common-mode that is zero. To address this problem, all volt-
ages are referred to the so-called “analog” ground, often chosen to be Vdd∕2 where
Vdd denotes the supply voltage of the opamp.

Figure 8.26 A non-inverting switched capacitor integrator with single-supply operation.

The non-inverting switched-capacitor integrator, therefore, is implemented in prac-
tice as shown in Figure 8.26. The information-carrying input voltage vi “rides on”
Vdd∕2. The non-inverting terminal of the opamp is also tied to Vdd∕2. Assuming that
the voltage across C2 is zero, the output of the opamp will be at a potential Vdd∕2.
During p1, the voltage across C1 is vi. During p2, the bottom plate of C1 is connected

to Vdd∕2. Thanks to negative feedback, the opamp’s inverting terminal will remain
at Vdd∕2, forcing charge from C1 to flow into C2. The opamp’s voltage will thus be
Vdd∕2 + (C1∕C2)vi. If we referred the potential of every node in the circuit to analog
ground, which has a potential Vdd∕2, all the analyses of the preceding section holds.
When circuits are depicted, therefore, the analog ground’s potential of Vdd∕2, as well
as the supply voltage details of the opamp are omitted.
In Chapter 7, we saw the benefits of fully differential operation in active-RC filters.

The same motivation and benefit applies to switched-capacitor circuits. It is thus no
surprise that differential operation is the norm. Figure 8.27 shows the schematic of
a non-inverting differential integrator. Each of the inputs rides on a common-mode
voltage Vcm (which is usually chosen to be Vdd∕2). The quantity of interest is the
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Figure 8.27 A fully-differential non-inverting switched-capacitor integrator.

difference between the two inputs. The opamp is a fully-differential structure, which
produces a large output differential voltage in response is a small differential input.
The opamp’s internal circuitry maintains the common-mode component of the out-
put nodes’ potential at a fixed value Vcm.
During p1, the capacitors C1 are charged to vi and −vi. Assuming zero voltage

on the C2 capacitors and an infinite-gain opamp, the differential input and output
voltages of the opamp are zero. The common-mode component at the opamp input
and output nodes is Vcm. During p2, charge is transferred from the C1 capacitors to
the C2 capacitors. vo is given by (C1∕C2)vi. While practical circuits are fully differ-
ential, single-ended schematics are often drawn for simplicity and to reduce clutter
in diagrams.

8.4.2 Opamps Versus OTAs
So far, we have assumed ideal opamps, and have treated them as voltage-controlled
voltage sources with infinite gain. Several practical considerations, which we will not
go into here,4 indicate that a voltage-controlled current source with a “large enough”
transconductance is preferable to using an opamp. Such a VCCS is referred to as
an operational transconductance amplifier (or OTA). An ideal OTA is a VCCS with
an infinite transconductance, but is approximated in practice by a sufficiently large-
valued transconductor.
Figure 8.28a shows the basic switched-capacitor integrator, but where an OTAwith

transconductance Gm is used in place of the opamp. During p1, C1 is charged to vi.
During p2, theC1 is connected to the virtual-ground node a . As soon as the p2 switch
is closed, va jumps to vi. Thanks to negative feedback, a current Gmva(t) is pulled
out of the node, causing its potential to decay toward zero (Figure 8.28b) with a time
constant C1∕Gm. When va = 0, all the charge on C1 is transferred on to C2.

4The motivation for using an OTA rather than an opamp is lower noise, and usually a
superior output swing.
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Figure 8.28 (a) The basic switched-capacitor integrator using an OTA in lieu of an opamp. (b) Voltage
waveform at the virtual-ground node, which decays to zero with a time constant C1∕Gm.

Gm cannot be infinite, and is considered “large enough” if va(t) can get sufficiently
close to zero at the end of phase p2. For instance, choosing C1∕Gm to be a tenth of the
duration of p2 results in more than 99.99% of the charge on C1 being transferred on to
C2. In practice, theOTAhas parasitic capacitances at its input and output nodes, caus-
ing the discharge time constant to increase. Gm must be appropriately increased to
ensure the appropriate degree of settling. Even though an OTA is used, it has become
common practice to continue to use the symbol of an opamp in schematics, and we
are guilty of that same indiscretion.

8.4.3 Switches

8.4.3.1 Nonzero “on” Resistance

Figure 8.29a shows again a parasitic-insensitive SC integrator, illustrating the basic
elements—switches, capacitors and opamp. As described earlier, the “ground” poten-
tial refers to Vdd∕2. NMOS transistors are used to realize the switches. The gate ter-
minal of the transistor must be connected to the supply voltage Vdd to turn it on, and
to zero to turn it off. Ideally, each switch should become a short circuit in one of the
clock phases, and an open circuit in the other. In reality, when a switch is turned on,
it gradually builds up a conducting layer (the channel) between its source and drain
terminals. Assuming an n-channel (NMOS) switch device, the channel will contain
electrons. To generate the channel, the gate voltage Vg of the device must be higher
than Vs + VT, where Vs is the voltage at the source, and VT is the NMOS threshold
voltage. This condition is easy to satisfy for the three switches in the integrator which
are connected to real or virtual ground but may be difficult for the switch in the input
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Figure 8.29 (a) A parasitic-insensitive switched-capacitor integrator, with switches realized using
NMOS transistors. (b) Turning the switch on requiresVg to be greater thanVs + VT whereVT is the tran-
sistor’s threshold. (c) The switch is turned off by setting Vg = 0.

branch, since its source voltage is the variable input voltage vi. Thus, the switch will
need a clock voltage at its gatewhich satisfiesVdd > vi + VT for all input voltages. This
restricts the allowable input voltage range significantly. State-of-art fine line technol-
ogy also restricts the value of Vdd to prevent breakdowns in the devices.

Figure 8.30 Using a transmission gate to realize the input switch.

A simple, but incomplete remedy is the use of a transmission gate, the parallel com-
bination of an NMOS and a PMOS device, as shown in Figure 8.30. Now the NMOS
switch will turn on for vi < Vdd − VT, and the PMOS device for vi > |VT|. If Vdd is
greater than the sum of the threshold voltages, at least one of the devices will be able
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to conduct; otherwise, there will be a dead zone, usually around the middle of the
range of vi.

8.4.3.2 Charge Injection and On-Resistance Modulation
Even if there are no forbidden zones for the input voltage, there are effects by which
the switch influences the signal charge flow. Two important ones are charge injection
and on-resistance modulation.
When an NMOS switch is turned on with a gate voltage Vdd, the magnitude of

charge in the (conducting) channel formed between the source and drain is given
by qcℎ = CoxWL(Vdd − VS − VT), where VS denotes the potential of the source, and
the other terms have their usual meanings. The resistance of the switch is given
by Rcℎ = 1∕[�nCox(W∕L)(Vdd − VS − VT)]. It is thus seen that the qcℎRcℎ product is
L2∕�n. This indicates that a small switch resistance can only be achieved by a large
channel charge. Furthermore, qcℎ depends on VS in a nonlinear manner due to the
modulation of VT by VS.

Figure 8.31 Addressing charge-injection error using dummy switches.

Consider the input switch in the integrator of Figure 8.29a. When the clock signal
goes low and the switch turns off, its channel charge qcℎ must leave the channel. It
may return to the signal source, or it may be injected into the capacitor C1. In the
latter case, it will appear as a signal-dependent error on the sampled input, causing
harmonic distortion in the filter. The phenomenon of channel charge causing an error
on the held voltage is called charge injection.
There are several simple techniques for mitigating the effects of charge injection.

One is the use of dummy switches (Figure 8.31). The dummy switchD in Figure 8.31a
has half the channel area of switch S1 and is driven by the complement of its clock
signal p1. It is intentionally short circuited. When p1 is high, S1 conducts, and when
it cuts off it deposits an error charge approximately equal to qcℎ∕2 into C1. Once this
process is completed, the dummy device is turned on, and it extracts a charge qcℎ∕2
out of C1, canceling the charge injection. More elaborate versions of the circuit are
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available. That in Figure 8.31b is aimed at making the distribution of charges from S1
symmetric; the remaining circuits show how the principle is applied to transmission
gates.

8.4.3.3 Advance-Cutoff Switching

Figure 8.32 The concept of advance-cutoff switching. The bottom plate of C1 is disconnected first.

An efficient and economical remedy for the distortion caused by charge injection is
the use of advance-cutoff switching [3]. It is illustrated for the simple integrator in
Figure 8.32. The clock signal p1e of the added switch is similar to p1, but it cuts off
earlier. Since it is a grounded switch, when it cuts off its charge injection is signal
independent. It causes a dc offset in the output of the integrator, which is usually
harmless. (In fact, it appears as a common-mode jump in a differential integrator, and
is of no consequence in the differential output). Since S3 is open, most of the charge
of S1 will return into the input source, rather than into C1.

Figure 8.33 A stray-insensitive integrator with advance-cutoff switching.

In the stray insensitive integrator, no added switch is needed to implement the
advance cutoff scheme, since S1 is already present (Figure 8.33). Note that p1e and p1
must not overlap with p2. A simple logic circuit which can generate two clock phases
p1 and p2 and their advanced versions from a single clock signal clk is shown in
Figure 8.34.
A more frequent problem with switches trying to sample a continuously-variable

input (as opposed to sampled-and-held inputs) is the nonlinear distortion caused by
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Figure 8.34 A circuit that generates non-overlapping clocks p1 and p2, as well as their advanced
versions.

Figure 8.35 The operating principle behind the bootstrapped switch.

the signal-dependent on-resistance. Recall that the switch resistance is dependent on
(Vdd − vi − VT). As is evident from this expression, the root cause of this problem is
that the gate-overdrive voltage of the switch varies with vi. This suggests the following
solution. Suppose the gate, rather than being connected to the fixed voltage Vdd to
turn it on, was connected to the varying voltage (Vdd + vi). This way the overdrive
would be (Vdd − VT) irrespective of vi, resulting in linear operation.
Figure 8.35 shows the basic idea of how this could be implemented. During p1, the

gate is connected to the ground to turn it off. At the same time, the capacitor C is
charged to Vdd. During p2, the capacitor is connected between the gate and source of
the switch, resulting in a gate voltage that is ideally given by (Vdd + vi). As a result,
even though vi is varying, the overdrive voltage remains (Vdd − VT), a value that is
independent of vi (neglecting the modulation of VT by vi). This technique is termed
“bootstrapped sampling.”
While the basic idea is straightforward, one needs to be very careful about the imple-

mentation of the extra switches to ensure that the devices used to realize them are not
subject to unacceptably large voltages. At the cost of a complex added circuitry it is
possible to eliminate these effects as well.

8.4.4 Capacitor Nonidealities

Under ideal conditions, the transfer function H(esTs) of a switched-capacitor net-
work depends only on the ratios of capacitances, rather than on their absolute val-
ues. Hence, their structures and layout need to achieve accurate matching. Parasitic
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Figure 8.36 Example capacitor array to realize three capacitors with ratio 1:2:4. The shaded unit cells
are dummies, so that all “active” unit capacitors see the same environment.

capacitances affect these ratios, and must be neutralized by using stray insensitive
circuitry. The errors in the realized capacitance values must also be considered. They
may be systematic, usually due to processing, or random, due to granularity of their
plates or oxide layer.
Systematic errors may be corrected by using unit cells (equal-valued small capaci-

tors) and applying common-centroid layout for all the capacitors requiringmatching.
Figure 8.36 illustrates schematically the arrangement of three capacitorsC1,C2 = 2C1,
and C4 = 4C1. This arrangement makes the centers of these capacitors coincide, and
compensates for gradual changes in fabrication, thus keeping the ratio of these capac-
itors accurate. The shaded unit cells are dummies, placed so that the environment
around every active unit capacitor is nominally identical.
Systematic errors usually occur at the edges of the capacitor plates, due to etching

undercut and fringing electric fields. If the matched capacitors are constructed from
equal-valued unit elements, then these errors will not affect their ratio.
Random errors may be due to the granularity of the conductive plates of the

capacitors, or random variation of the oxide thickness between them. They become
significant for very small capacitance values, in the femtofarad range. For such val-
ues, fringe (side wall) capacitors containing metal electrodes in the top metal layers
of the chip may be used.

8.4.5 Operational-Amplifier Nonidealities
In switched-capacitor circuits, the opamp is in a negative feedback configuration, and
is used to create a virtual short circuit between its input terminals. In single-ended
circuits, the non-inverting input node is grounded, and the inverting input becomes a
virtual ground if the opamp is ideal. Furthermore, it is able to drive any load, thanks
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to its zero-output impedance. The above will not be true for a practical opamp, and
it is thus important to develop estimates for the effects of opamp nonidealities on the
actual performance of basic switched capacitor stages. Understanding these effects
is a key to developing measures that can be taken to mitigate problems due to these
nonidealities. These topics will be discussed next.

8.4.5.1 Finite Opamp Gain

Figure 8.37 Finite gain of the opamp results in incomplete charge transfer from C1 to C2, as well as
leakage of charge from C2 to C1.

We have so far assumed that the opamps have infinite gain. In reality, it is finite (sur-
prise?) and can be traced down to the finite output resistance of transistors in the
opamp. To understand the effect of finite gain on the performance of a switched-
capacitor circuit, it is instructive to analyze the performance of the delay-free integra-
tor. As shown in Figure 8.37, the effective capacitance looking into the virtual ground
node is (A + 1)C2. From the analysis of Section 8.1.1, and using (A + 1)C2 in place of
C2, we can relate vd to vi according to

vd[n] = (1 − �)vi[n] + �vd[n − 1] (8.19)

where � = (1 + A)C2∕(C1 + (A + 1)C2). Intuitively, the charge transferred from the
input every cycle is slightly smaller than the ideal value C1vi since the capacitance
looking into the virtual ground is no longer infinite. More importantly, a small
amount of charge is transferred from the (A + 1)C2 capacitor to the input through
C1. This causes integrator leakage, and can be understood as follows. Suppose C2 had
an initial voltage across it. If vi = 0, the integrator output would asymptotically reach
zero, as C2 would lose a small amount of charge in every cycle. The integrator output
is given by −Avd. Straightforward analysis yields

H(z) =
Vo(z)

Vi(z)
≈ −

C1
C2

1

1 − �z−1
. (8.20)

As a sanity check,H(z) approaches the ideal transfer function as A→∞.
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8.4.5.2 Opamp Offset

Figure 8.38 (a) Switched-capacitor integrator with opamp offset. (b) Circuit during p1. (c) Circuit
during p2.

To understand the effect of opamp offset, it is instructive to analyze the non-
inverting switched capacitor integrator of Figure 8.38a. The offset is modeled as a
voltage source vx in series with the non-inverting terminal. During p1, C1 is charged
to vi. Due to negative feedback, the inverting terminal of the opamp is at a potential vx,
as shown in Figure 8.38b. During p2, the bottom plate of C1 is grounded, and the top
plate is connected to the opamp’s inverting terminal (Figure 8.38c). Consequently, the
charge transferred to the top plate of C2 is given by −C1(vi + vx). The output voltage
of the opamp, therefore, increases by (C1∕C2)(vi + vx). Thus, even with a zero input,
the integrator output voltage increases by (C1∕C2)vx every clock cycle.
Having understood how opamp offset affects the integrator’s output, we are in a

position to address this problem. The basic idea is the following. The opamp’s offset
manifests at its inverting terminal. During the input sampling phase, namely p1, the
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opamp is “idle” and its offset is stored on a capacitor Ca, as shown in Figure 8.39a. At
the end of this phase, C1 is charged to vi, and Ca has vx across it.
In the charge-transfer phase p2, when the charge on C1 is transferred to C2, Ca is

connected in series with the opamp’s inverting terminal, as shown in Figure 8.39b.
Its bottom plate is the new virtual ground of the opamp. Since Ca acts like a battery
of voltage vx, the potential of its bottom plate, i.e., the virtual ground voltage, is zero.
The output is offset free, since the combination ofCa and the opamp is equivalent to a
zero-offset opamp. The final circuit diagram is shown in Figure 8.39c. Since the offset
is sampled in one phase and canceled in the next, this technique is called correlated

Figure 8.39 Evolution of a stray-insensitive integrator with CDS. (a) C1 is charged to vi , while Ca stores
the opamp’s offset during p1. (b) During p2, Ca is placed in series with the opamp, essentially canceling
opamp offset. (c) Final circuit.
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double sampling (CDS) [4]. CDS can also be applied to SC amplifiers and sample-and-
hold stages.
A useful aspect of CDS is that it addresses any slowly-changing component of the

virtual ground voltage. Flicker noise is one example of such a component. Another
such instance is the following. Suppose the opamp has a finite gain, and vi is a
low-frequency signal. The virtual ground node of opamp will therefore consist of a
low-frequency component during p1. Thanks to CDS, this component will be largely
eliminated during p2. In effect, therefore, the apparent gain of the opamp appears to
have increased. The analysis is left as an exercise for the reader.

8.4.5.3 Finite-Bandwidth Effects

Figure 8.40 (a) Non-inverting switched-capacitor integrator driving a load Cl . (b) Equivalent circuit
during phase p2.

Another practical aspect of switched-capacitor circuits is the finite bandwidth of the
opamps, or finite transconductance of the OTAs. The result is an incomplete charge
transfer, and consequently, a settling error. We illustrate this for the non-inverting
switched-capacitor integrator of Figure 8.40, where an OTA with a finite Gm is used.
Cl denotes the load of the second stage.
The input is sampled on C1 during p1. In p2, C1 is connected to the virtual ground,

while Cl is connected to the OTA’s output as shown in Figure 8.40b. The resulting
network is of the first order, though there are three capacitors. Analysis shows that
the time constant is given by

� =
C1C2 + C2Cl + ClC1

GmC2
. (8.21)
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The settled value of vo[n] is vo[n − 1] + (C1∕C2)vi. For more than 99.9% settling accu-
racy (0.1% settling error) at the end of p2, � < 0.5Ts∕7 (assuming a 50% duty cycle
for p2). This constraint leads to a minimum allowable value for Gm.
In addition to the finite bandwidth, the accuracy of the charge transfer in the

SC integrator is also limited by the finite slew rate of the OTA. In the circuit of
Figure 8.40, C1 is charged to vi in p1. In p2, when C1 is switched to the virtual ground,
the initial voltage at that node is given by vy = −vi (assuming a nonzero resistance
for the switches). If the OTA was linear, the initial current flowing out of the OTA
should be Gmvi. In practice, however, there is a limit on the OTA’s maximum current
output, which we denote by Imax . To a first approximation, this limit will occur for all
|vi| ≥ Imax∕Gm, which we term the linear range of the OTA. For inputs exceeding the
linear range, the initial output of the OTAwill be a rampwith a slope Imax∕Ctot where

Ctot =
ClC2 + C2C1 + C1Cl

C1 + C2
.

Assuming vi is positive, vy (which initially started from a negative value) will ramp up
towards zero. After some time, vy will enter the linear range of the OTA, after which
the dynamics of the circuit is linear. To summarize, slewing causes the network to
operate in a nonlinear fashion for a part of the clock cycle. As a designer, one must
ensure that the output settles to the desired value after taking into account both the
slewing phase and linear settling phase.

8.5 Noise in Switched-Capacitor Circuits

In CMOS analog circuits, the noise sources are the resistors and opamps. The former
generate thermal noise, while the latter add both thermal and flicker (1∕f) noise.
The single-sided noise voltage power spectral density (PSD) of a resistor R is given
by 4 kTR, where k is the Boltzmann constant, and T is the absolute temperature. The
input-referred thermal noise PSD of an opamp can usually be estimated from Sa =

16 kT∕3 gm, where gm denotes the transconductance of the opamp’s input devices.

8.5.1 The Noise Penalty Due to Sampling

Consider the track-and-hold circuit of Figure 8.41, which is a basic building block
of switched-capacitor circuits. The switch is turned on periodically (with period
Ts = 1∕fs) and a duty cycle given bym. As seen in Chapter 2, the mean-square noise
on the capacitor is given by kT∕C. How does this compare with that which would be
obtained without sampling? A few practical approximations are in order here.

a. The bandwidth of the input signal is assumed to be fs∕2, so as to satisfy the
Nyquist sampling criterion.

b. For good tracking of the input, RC ≪mTs.
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Figure 8.41 A track-and-hold circuit. For good tracking, RC ≪mTs, where m and Ts denote the duty
cycle and period with which the switch is operated.

Without sampling, the mean-square noise in the signal bandwidth would be
4kTR(fs∕2). The ratio of the mean-square sampled noise to that without sampling is
given by

� =
kT∕C

4kTR(fs∕2)
=

Ts
2RC

.

Since RC ≪mTs, it is evident that � ≫ 1, indicating a significant noise penalty asso-
ciated with sampling. In the frequency domain, this can be interpreted as follows. In
the tracking phase, the spectral density of the noise voltage across the resistor has a
bandwidth 1∕(2�RC)≫fs. In the hold phase, where this noise is “trapped” on the
capacitor, the broadband noise due to the resistor aliases, or folds into the frequency
range 0−fs∕2, thereby increasing the in-band NSD by a large factor. This increase is
often referred to as the noise penalty due to sampling.

8.5.2 Noise in Passive Switched-Capacitor Circuits

Figure 8.42 Apassive switched-capacitor filter. Each switch ismodeled as an ideal switch in series with
a resistor that adds noise.

In networks consisting of only switches and capacitors, we can exploit passivity to
determine the average NSD and total integrated noise, as seen in Chapter 6.
Consider, for instance, the first-order switched-capacitor filter shown in Figure 8.42.

The total integrated noise across C2, obtained using the energy approach of
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Chapter 6, is given by kT∕C2. The average single-sided output noise voltage spectral
density is given by

So(f) = 4kTRe{Zo(j2�f)}

where Zo(j2�f) is the zeroth-order harmonic driving point impedance looking into
the output node.

8.5.3 Noise in a Switched-Capacitor Integrator

Figure 8.43 A parasitic-insensitive switched-capacitor integrator. The resistance of the switches, and
the opamp add thermal noise.

We now analyze the thermal noise in the switched-capacitor integrator of
Figure 8.43. Assuming an ideal opamp, the accumulated noise charges q1,1 and q1,2
in C1 at the end of the two clock periods both have the mean square value kTC1, as
shown in Figure 8.44.

Figure 8.44 Mean-square noise charges on the capacitor C1 at the end of phases p1 and p2.

At the end of phase p2 the difference of the two charges q1,1 and q1,2 enters the vir-
tual ground. Since these charges are uncorrelated randomprocesses, themean square
value of the entering charge is going to be the sum of their powers, that is 2kTC1. The
combined effect of the noise due to the switches can be modeled by an equivalent
white noise voltage source at the input. The mean square value of this source is seen
to be 2kT∕C1 [5].
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Figure 8.45 (a) Using an OTA in lieu of the opamp. (b) Noise due to the OTA.

Next, the input representation of the thermal noise of the opamp will be found.
Figure 8.45a shows the circuit with the opamp and its associated noise source. The
opamp, in practice, is an OTA whose transconductance is denoted by gm. It turns out
that the input-referred noise voltage spectral density of the OTA is given by 16kT∕gm.
Cl models the load capacitance driven by the integrator (which is the sum of its own
output parasitic capacitance and the input-sampling capacitor of the next stage).
To analyze the effect of OTA noise, we assume that the switches are ideal. During

p1, C1 charges to vi. In p2, C1 is connected to the OTA’s virtual ground, resulting in
the equivalent circuit shown in Figure 8.45b. Just when C1 is connected to the virtual
ground, va = −vi. Without OTA noise, the negative feedback loop thenworks in a way
as to bring va to zero with a time constant proportional to 1∕gm. Assuming complete
settling, the virtual ground voltage would be zero and all the charge on C1 would be
transferred to C2 during p2.
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Due to the OTA’s noise, however, the virtual ground voltage is not zero. Analysis
shows that the transfer function from the noise source to node a is given by

Ha(s) =
1

1 + s
Cl+C1∥C2

gm
(1 +

C1

C2
)

resulting in a mean-square noise voltage

v2a =
4kT

3Ceq�
where Ceq = Cl +

C1C2
C1 + C2

and � = 1 +
C1
C2
.

As a consequence of this noise voltage, the residual noise charge with mean-square
value C2

1v
2
a remains on C1 at the end of p2. This is equivalent to saying that the OTA

is noise free, and the input vi is corrupted by a noise source with mean-square noise
given by v2a.

Figure 8.46 Model for the switched-capacitor integrator of Figure 8.45a including thermal noise due
the switches and the OTA.

The noise model of the integrator considering the switches and the OTA is given
in Figure 8.46. An observation is in order here. To reduce the input referred mean-
square noise by a factor of 2 (i.e., 3 dB) while keeping the transfer function the same,
C1 (and C2) would both have to be doubled. For the output of the integrator to settle
to the same degree as before, the switch resistance would have to reduce by a factor
of 2, while the OTA’s transconductance would have to scale up by 2×. Consequently,
the power dissipation of the OTA and the clock drivers (needed to drive the switches)
would increase by a factor of 2. We thus see that to reduce noise by 3 dB, or equiva-
lently, to increase the peak SNR by 3 dB, the power dissipation would have to double.
This is hardly surprising.

Simulating Noise in Switched-Capacitor Networks

Switched-capacitor circuits are linear and periodically time-varying (LPTV) sys-
tems, varying at the clock frequency fs. As discussed in Chapter 6, the NSD of an
LPTV network at a frequency f consists of contributions from all frequencies of
the form (f + lfs) where l is an integer.
The average NSD and total integrated noise in a switched capacitor network can
be determined using the periodic noise analysis (referred to in most RF simulators
as the .PNOISE analysis). The sequence of steps is the following.
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a. Determine the periodic operating point using the.PSS analysis. This is nec-
essary since the simulator, by default, assumes that the network is nonlinear.
The first order of business, therefore, is to determine the periodic operating
point about which the circuit is linearized. The result is a small-signal network
which is LPTV.

b. To find the average NSD at a frequency f, theH−l(j2�(f + lfs))must be found
for all noise sources in the network. Inside the simulator, this is accomplished
in a computationally-efficient manner using the frequency-reversal theorem
as discussed in Chapter 6.

c. The spectral density of the noise sources is known from the components’ noise
models.

d. Assuming p uncorrelated stationary noise sources, the average NSD is
given by

So(f) =
p∑

m=1

∞∑

l=−∞

Sm(f + lfs)|H−l,m(j2�(f + lfs))|
2 (8.22)

where Sm denotes the spectral density of the mth noise source, and
H−l,m(j2�(f + lfs)) denotes the −lth-order harmonic transfer function from
themtℎ noise source to the output.

e. In the equation above, the indexm sums over all the noise sources, while the
index l sums over all frequencies of the form (f + lfs). Recall that noise fromall
these frequencies folds to the frequency f. In practice, the infinite inner sum-
mation has to be approximated as a finite one. The limit on l is thus restricted,
and is referred to as the maximum number of sidebands. The limit, which is
an input to be specified by the user, is not known a priori. A good strategy to
achieve reliable results to keep doubling the maximum number of sidebands
until the change in So(f) is negligible.

f. Integrating the averageNSDover the frequency range 0−∞ gives the total inte-
grated noise.

g. In many cases, it is the sampled output of the switched capacitor network that
is relevant. For example, a switched-capacitor filter might be driving an ADC.
The continuous-time output of the filter is sampled by the ADC once every
clock period. It is the noise at the sampling instants that is relevant. RF simu-
lators have the option to determine the spectral density of the sampled noise,
which must be integrated over the frequency range 0−fs∕2 to yield the mean-
square noise.
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8.6 The History of Switched-Capacitor Filters

Figure 8.47 Maxwell’s method of capacitance measurement. The average value of i(t) is proportional
to C.

The key idea of switched-capacitor (SC) circuits, which is to use switches and capac-
itors to realize resistors, is surprisingly old. James Clerk Maxwell published it in his
groundbreaking book [6] nearly 150 years ago. He used it to show how a test set-up
for measuring resistors can also measure the size of capacitors. He connected a
capacitor C to a constant voltage V1 through polarity-reversal switches as shown in
Figure 8.47. Each reversal caused a charge 2CV1 to flow through the capacitor. If the
reversals are performedwith a periodTs, the average current will be i(t) = (4C∕Ts)V1.
This is the same value as for a resistor R = Ts∕4C. Thus, by measuring the average
current through C, its value can be found.
Nearly a hundred years later, Fried extended the concept to the design of sampled-

data filters [7]. It took three more years before the idea of switched-capacitors was
applied to analog-to-digital converters [8], and five years before researchers used it to
design a variety of switched-capacitor (SC) filters [9]. Switched-capacitor circuits have
since been (and continue to be) used in countless applications. They cover communi-
cations, consumer electronics, aerospace, and biomedical devices, containing filters,
amplifiers, data converters and other analog stages.

Chapter Summary

• Motivation and Principle
▪ Continuous-time active filters suffer from poor accuracy due to large varia-
tions in resistors and absolute component values.

▪ Switched-capacitor (SC) circuits replace resistors with capacitors and
switches, realizing time constants using capacitor ratios and clock frequency,
both of which can be made highly accurate.

▪ A switched capacitor emulates a resistor with an equivalent value
Req = 1∕(fsC).
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(Continued)

• First-Order SC Filters
▪ Replacing the resistor in anRC lowpass filterwith a switched capacitor yields
a first-order SC filter.

▪ The filter’s transfer function depends only on capacitor ratios and fs, making
it robust to process, voltage, and temperature variations.

▪ At low frequencies (f ≪ fs), SC filters closely approximate their continuous-
time RC counterparts.

• Sampling Effects
▪ Sampling introduces aliasing, requiring an anti-alias filter before the SC
network.

▪ The sample-and-hold operation produces spectral images, which are
removed by a reconstruction (smoothing) filter.

▪ Thehold operation introduces sinc droop, usually negligiblewhenfs ismuch
larger than the signal bandwidth.

• Switched-Capacitor Integrators
▪ Integrators are the fundamental building blocks for SC filters.
▪ Practical integrators are realized using opamps (or OTAs) and exploit the
Miller effect to achieve effective infinite capacitance.

▪ Stray-insensitive integrators eliminate sensitivity to parasitic capaci-
tances by careful switch placement.

▪ Both delaying and non-delaying, inverting and non-inverting SC integrators
are possible.

• SC Filter Design
▪ Higher-order filters are built by replacing continuous-time integrators in RC
prototypes with SC integrators.

▪ First- and second-order (biquad) SC filters are derived directly from active-
RC prototypes.

▪ Filter parameters such as cutoff frequency, center frequency, and quality fac-
tor depend only on capacitor ratios and clock frequency.

▪ High-Q designs use capacitive damping to reduce capacitor spread and
improve robustness.

▪ Dynamic-range scaling and noise scaling are achieved by appropriate capac-
itor sizing.

• Switched-Capacitor Amplifiers
▪ By periodically resetting the integrating capacitor, SC integrators can be con-
verted into accurate voltage amplifiers.

▪ Both inverting and non-inverting SC amplifiers are realizable.
• Nonideal Effects

▪ Switch nonidealities: finite on-resistance, charge injection, and nonlinear
resistance.
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(Continued)

▪ Mitigation techniques: transmission gates, dummy switches, advance-cutoff
switching, and bootstrapped switches.

▪ Opamp/OTA nonidealities: finite gain, offset, finite bandwidth, slew rate,
and noise.

▪ Correlated Double Sampling (CDS) effectively cancels opamp offset and
reduces low-frequency noise.

• Noise in SC Circuits
▪ Sampling introduces a significant noise penalty due to aliasing of wideband
thermal noise.

▪ Thermal noise arises from switch resistance and opamps/OTAs.
▪ Reducing noise typically requires larger capacitors and higher transconduc-
tance, increasing power consumption.

• Implementation Considerations
▪ Single-supply and fully differential implementations are standard in
practice.

▪ Accurate capacitor matching is achieved using unit capacitors, common-
centroid layout, and dummy structures.

▪ SC circuits trade higher power and complexity for excellent accuracy and
programmability.

Problems

Figure 8.48

Problem 1. For the circuit of Figure 8.48, find:
a. The difference equation between vi and vo.
b. The transfer functionH(z).
c. The values of C1∕C2 for which the circuit is stable.
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What function will the circuit perform if C1 = C2? Comment on the sensitivity of this
circuit to stray capacitances.

Figure 8.49

Problem 2. The sample-and-hold stage shown in Figure 8.49 uses an opamp with a
dc gain of 60 dB and an offset voltage of 3 mV. The input voltage is 1 V. Assuming ideal
switches, find the output voltage when p1 is high, and when p2 is high.

Figure 8.50

Problem 3. In the circuit of Figure 8.50, all capacitors are of the same size. Find:
a. the transfer functionH(z) of the stage;
b. the pole and zero locations in the z-plane;
c. the dc gain of the stage;
d. the 3-dB frequency for fs = 10MHz;
e. the output dc offset for an opampwith infinite dc gain and an input dc offset of 2mV.
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Figure 8.51

Problem 4. In the circuit of Figure 8.51, determine the transfer function H(z) =

H(esTs) and the frequency response.

Figure 8.52

Problem 5. In the circuit of Figure 8.52, the active element is an OTA with Gm =

0.5mS. The switches have an on-resistance of 1000Ω, and C1 = 0.2 pF.
Determine the transfer function from vi to the voltage across C1 during p2. What is the

time constant of the stage during sampling? What is the highest clock frequency for 0.1%
and for 0.01% settling accuracy?



Problems 461

Figure 8.53

Problem 6. In the circuit of Figure 8.53, fs = 10 MHz, and 10% of each phase is
allowed for slewing. Assume C1 = 2C2 = 2 pf, and |vi,max| = 1.
a. Find the charge delivered by the amplifier during the two clock phases in the gain

circuit shown below if the load is negligible.
b. Find the slew rate required.
c. How large can the output current be if all the charge is delivered during the slewing

period?

Figure 8.54

Problem 7. In the circuit of Figure 8.54:
a. Find the transfer function of the filter stage shown.
b. Find the value of C1 so that the dc gain is 0 dB.
c. Sketch the anticipated frequency response if fs = 100 MHz. Calculate (or estimate)

the −3 dB frequency.



462 8 Switched-Capacitor Circuits and Filters

Problem 8. Design a single-ended stray-insensitive switched-capacitor (SC) stage
realizing the transfer function

H(z) =
−4 + 3z

1 − z

with all element values positive. The sum of all capacitances should be 10 pF.

Figure 8.55

Problem 9. For the SC stage in Figure 8.55, assume that both the input and output
signals are sampled at the end of the clock phase p1.
a. The transfer function H(z) under ideal conditions.
b. The DC gain of the stage.
c. The pole and zero values.
d. The steady-state output voltage for zero input and an input-referred offset vos.
e. Can capacitance inaccuracies cause the circuit to become unstable? Do they affect the

DC gain?
f. The transfer function if a finite-gain opamp is assumed.

Figure 8.56
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Problem 10. Figure 8.56 shows a switched-capacitor network.
a. Determine its transfer functionH(z) = Vo(z)∕Vi(z), assuming ideal operation.What

function does the stage perform?
b. FindH(z) if the opamp has a finite DC gain A.
c. Draw the differential implementation, without any inverters.

Figure 8.57

Problem 11. For the circuit shown in Figure 8.57:
a. The output voltage Vo(z) assuming ideal components.
b. The steady-state DC output offset due to an opamp input offset vos.
c. The output voltage Vo(z) if the opamp has a finite DC gain A.
d. Is the circuit guaranteed to be stable? Why or why not?
e. What are the limitations on the DC gains?

Figure 8.58

Problem 12. Find the transfer function of the circuit of Figure 8.58. How can the cir-
cuit be simplified if C1 = C2?
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Problem 13. What is the unity-gain frequency fu of an SC integrator with

H(z) =
kz−1

1 − z−1

for k = 1, 2, and 4? What is the phase shift at fu for k = 1?

Figure 8.59

Problem 14. Analyze the circuit shown in Figure 8.59. Is it stable? Why or why not?
What if node (A) is connected to the opamp’s output terminal, rather than ground?

Figure 8.60
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Problem 15. The circuit of Figure 8.60 has the transfer function

Vo(z)

Vi(z)
= −

z − 1

2z − 1

The smallest allowable capacitor value is 0.1 pF.
a. Find all capacitor values.
b. Draw (qualitatively) the frequency response of the stage.
c. What are the lowest andhighest values of the gain?Atwhat frequencies do they occur?
d. What will the circuit do if two of its clock signals are accidentally interchanged, as

shown in the figure? Why?
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